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研究成果の概要（和文）：気体液体間の状態の遷移に代表される、相転移現象は、平衡状態においてはよく理解
されているが、エネルギーや物質の流れが非平衡環境ではまだ理解が進んでいない。そのため私は、その理論的
解析に必要な連続体方程式を、細胞組織や自己推進粒子系に対して構築するとともに、相転移現象の普遍性を分
類するために有用である繰り込み群の手法の発展にも取り組んだ。

研究成果の概要（英文）：Phase transition phenomena in equilibrium environments are well understood, 
but phase transition phenomena in non-equilibrium environments, where energy and material flows 
exist, are not well understood. In order to investigate phase transition phenomena in 
non-equilibrium environments, I constructed several continuum equations for active materials, such 
as cellular tissues and self-propelled particles, and developed the method of renormalization group,
 which is useful for defining universality classes of phase transition.

研究分野： ソフトマター

キーワード： 繰り込み　多重臨界点　細胞組織　連続体理論　自己推進粒子
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様 式 Ｃ－１９、Ｆ－１９－１、Ｚ－１９、ＣＫ－１９（共通） 
１．研究開始当初の背景 
 （1）化学反応系、自己推進粒子系、細胞
組織など非平衡状態において、平衡系の相転
移現象に類似したパターンの転移現象（非平
衡相転移）は数多く知られている。しかし、
平衡系における相転移現象が、かなり詳しく
分類されているのに比べて、非平衡相転移が
どのように分類されるかはかなり未知の部
分が多かった。 
 （2）特に、自己推進粒子系や細胞組織な
どのアクティブマターと呼ばれる物質群に
関しては、理論的解析のもととなる連続体方
程式も定式化が十分なされていない系が多
数あった。 
 （3）一方、化学反応系などにおいては、
繰り込み群の解析により、いくつかの普遍性
クラスが発見されそれらを記述する場の理
論が特定されている。このような観点から、
繰り込み群の技法の発展も非平衡相転移の
理解に重要なことが示唆されていた。 
２．研究の目的 
 アクティブマターなどに対する連続体方
程式の構築を進めるとともに、非平衡相転移
を記述するための繰り込み群の技法を様々
な方面において発展させる。特に、非平衡相
転移に関する研究に最近数多く用いられて
いる、非摂動繰り込み群に着目し、その計算
精度の向上や、新しい普遍性クラスの発見を
試みる。 
３．研究の方法 
 自己推進粒子系や細胞組織などのアクテ
ィブマターに対し、これまでのソフトマター
物理で用いられていた２元混合系や液晶の
流体力学方程式を化学エネルギーの消費の
効果を考慮に入れて拡張することで連続体
方程式を構築した。 
また、非摂動繰り込み群理論に関しては、
技法を学ぶ過程で、平衡系で最も簡単な系で
ある O(N)模型の臨界現象に関し、いかなる次
元、成分数においてもガウス固定点に一致し
ないという意味で非摂動的な固定点が存在
するという非自明な結果を発見した。さらに
これより少し複雑な O(N)×O(2)模型におい
て同様の現象が存在するかを調べた。 
４．研究成果 
 （１）まず、私が以前構築した自己推進す
る液滴のモデルを、液滴多体系に適用する第
一歩として、東北大 AIMR の義永那津人准教
授ともに、2 体の液滴の正面衝突に関する解
析を行った。モデルの流体方程式を液滴の重
心自由度に縮約を行うことにより、分岐点の
近傍、液滴間の距離が大きい場合に解析的な
液滴の運動方程式を導出した。またモデルの
流体方程式を直接数値計算することも行っ
た。その結果、分岐点近傍では液滴の弾性的
な衝突が起こり、より粘性率を下げて分岐点
から離れると液滴の融合が生じることを示
した。 
 
 

 （２）また、細胞組織は、細胞より大きな
スケールで見ると、ソフトな弾性体であると
ともに、細胞の自発運動、変形極性の異方性、
アクティブなストレスなどこれまでのソフ
トマター物理では考慮に入れられていない
特徴を持つ。細胞組織の挙動を理解すること
は基礎科学的にも、医療への応用面でも重要
性は極めて高いが、このような特徴を統一的
に記述する理論はこれまで存在していなか
った。 
私は、キュリー研究所の Philippe Marcq
博士と共に、これまで細胞骨格のパターンダ
イナミクスの記述に成功しているアクティ
ブゲル理論を拡張することにより、空間 1次
元でこのような特徴を統一的に記述できる
連続体方程式を構築し、もっとも単純な応用
例として、組織成長速度や密度波の理論的記
述を行った。 

液滴の衝突ダイナミクスの時空間プロ
ット。（左）粘性率が低く分岐点から離
れている場合（右）分岐点の近くの場合 

我々の細胞組織の連続体モデルから得
られた進行波の時空間パターン（空間一
次元の場合で、密度場（上）、速度場（下）
を示す） 
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limit N ¼ ∞ is in fact peculiar because in all the dn with
n ≥2, and only in these dimensions, there also exists a line
of FPs. In d ¼ 3, this line corresponds to tricritical FPs
sharing all the same (trivial) critical exponents. This line
starts at G and terminates at the Bardeen-Moshe-Bander
(BMB) FP whose effective potential is nonanalytic at
vanishing field, see Fig. 1 [13–16].
It is surprising that this common wisdom about theOðNÞ

models raises a simple paradox that, to the best of our
knowledge, has remained unnoticed up to now.
Let us first assume that for the OðNÞ models, the exact

RG flow equation of the Gibbs free energy Γ—also called
effective action—is continuous in d and N. Then, assuming
moreover that the FPs Γ$ of these flows are well-defined
functions of d and N, they must also be continuous
functions of these parameters and can therefore be followed
smoothly in the (d, N) plane. For constant fields, the
functional Γ$½ϕ& reduces to the effective potential U$ðϕÞ.
If U$ can be Taylor expanded: U$ðϕÞ ¼

P
m g

$
m ðϕ2Þm with

ϕ ¼ hφi, the smoothness of Γ$ as a function of d and N
implies that of the g$m , which can, therefore, be followed
continuously along a given path of the (d, N) plane. Notice
that we do not need in the following to expand U$ and we
indeed do not expand it. However, the same continuity
argument can be used on the function U$ itself rather than
on its couplings.
Let us now consider, for instance, the tricritical FP T2.

The paradox appears when we try to follow smoothly T2

from a point in the (d, N) plane where we know from
perturbation theory that it exists to a point where, according
to the common wisdom, it is believed not to exist. We
consider, for instance, the path shown in Fig. 2 starting at Q
in d ¼ 3− and N ¼ 40 and going to N ¼ ∞ in d ¼ 2.8.
How can we solve the apparent contradiction that T2 should
evolve continuously and that it exists at one end of the path,

that is, in Q, and not at the other end? The simplest solution
is that either T2 disappears before reaching N ¼ ∞ or it
becomes singular at N ¼ ∞. We shall see in the following
that both these possibilities are indeed realized depending
on the path followed to reach N ¼ ∞. In particular, we
shall see that there exists a line NcðdÞ [or, equivalently,
dcðNÞ], see Fig. 2, such that when T2 is followed along
a path that crosses this line—such as the path shown in
Fig. 2 that starts in Q—it collapses with another FP on the
line NcðdÞ and disappears. This is why T2 is not found at
N ¼ ∞ for d < 3. And the paradox is now clear: According
to the common wisdom, no known FP is available for
collapsing with T2. We must therefore conclude that the
common wisdom yields an incomplete picture and that
there is a new FP—that we indeed find and call C3—with
which T2 collapses on NcðdÞ. Part of the solution to the
paradox above is that C3 is nonperturbative: It cannot
emerge from G in any upper critical dimension because the
stability of G in the OðNÞ models is well known for all d
and N from perturbation theory. This is why C3 has never
been found previously. Some natural questions are then:
What is the stability of C3? Does it exist in d ¼ 3 for some
values of N? Is it the only nonperturbative FP of the OðNÞ
models? Since, most probably, it does not appear alone,
where does it appear and together with which other FP?
Does it exist in the large-N limit and why is it not found in
the usual 1=N expansion [2,3,12]? It is the aim of this
Letter to provide a first study of these different questions.
The method of choice for studying FPs beyond pertur-

bation theory is the nonperturbative (also called functional)
renormalization group (NPRG) which is the modern
implementation of Wilson’s RG. It allows us to devise
accurate approximate RG flows. The NPRG is based on the
idea of integrating fluctuations step by step [17]. In its
modern version, it is implemented on the Gibbs free energy
Γ [18–21]. A one-parameter family of models indexed by a
scale k is thus defined such that only the rapid fluctuations,
with wave numbers jqj> k, are summed over in the
partition function Zk. The decoupling of the slow modes
(jqj< k) in Zk is performed by adding to the original
OðNÞ-invariant ðφ2Þ2 Hamiltonian H a quadratic (mass-
like) term which is nonvanishing only for these modes,

Zk½J& ¼
Z

Dφi expð−H½φ&−ΔHk½φ& þ J · φÞ; ð1Þ

with ΔHk½φ& ¼ 1
2

R
q Rkðq2ÞφiðqÞφið−qÞ—where, for in-

stance, Rkðq2Þ ¼ αZ̄kq2½expðq2=k2Þ−1&−1 with α a real
parameter and Z̄k the field renormalization—and J · φ ¼R
x JiðxÞφiðxÞ. The k-dependent Gibbs free energy Γk½ϕ& is
defined as the (slightly modified) Legendre transform of
logZk½J&:

Γk½ϕ& þ logZk½J& ¼ J · ϕ−
1

2

Z

q
Rkðq2ÞϕiðqÞϕið−qÞ; ð2Þ

2.6

FIG. 2. The two curves NcðdÞ and N0
cðdÞ, respectively,

defined by T2 ¼ C3 and C2 ¼ C3 and the curve 3.6=ð3−dÞ.
NcðdÞ is calculated with the LPA (red circles) and at order 2 of
the derivative expansion (blue squares). We show a path joining
the point Q located at (d ¼ 3−, N ¼ 40) to the point at N ¼ ∞
and d ¼ 2.8.
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with
R
q ¼

R
ddq=ð2πÞd. The exact RG flow equation of Γk

reads [19]

∂tΓk½ϕ%¼
1

2
Tr
h
∂tRkðq2Þ(Γ

ð2Þ
k ½q;−q;ϕ%þRkðqÞ)

−1i
; ð3Þ

where t ¼ logðk=ΛÞ, Tr stands for an integral over q and a
trace over group indices, and Γð2Þ

k ½q;−q;ϕ% is the matrix of
the Fourier transforms of the second functional derivatives
of Γk½ϕ% with respect to ϕiðxÞ and ϕjðyÞ.
For the systems we are interested in, it is impossible to

solve Eq. (3) exactly and we therefore have recourse
to approximations. The most appropriate nonperturbative
approximation consists in expanding Γk½ϕ% in powers of
∇ϕ [22–31]. At order two of the derivative expansion, Γk
reads

Γk½ϕ% ¼
Z

x

!
1

2
ZkðρÞð∇ϕiÞ2 þ

1

4
YkðρÞðϕi∇ϕiÞ2

þ UkðρÞ þ Oð∇4Þ
"
; ð4Þ

where ρ ¼ ϕiϕi=2. Within this approximation, all critical
exponents are accurately computed for all d and N. The
LPA’ (Local Potential Approximation’) is a simpler
approximation consisting in setting in Eq. (4), YkðρÞ ¼ 0
and ZkðρÞ ¼ Z̄k, a field-independent field renormalization.
From Z̄k is derived the running anomalous dimension
ηt ¼ −∂t log Z̄k that converges at the FP to the anomalous
dimension η. The LPA consists in setting Z̄k ¼ 1, which
implies η ¼ 0. The RG flow is one-loop exact in the
ϵ ¼ 4 − d (or ϵ ¼ 3 − d for T2) expansion for both the
LPA and LPA’ and is also one-loop exact for the LPA’ for
N > 1, in the ϵ0 ¼ d − 2 expansion. Most importantly for
what follows, even within the LPA, the flow of the effective
potential Uk is exact at N ¼ ∞. We give the flow of the
effective potential Uk for any N at the LPA in the
Supplemental Material [32].
We have numerically integrated the fixed point equation

for the effective potential ∂t
~U' ¼ 0, Eq. (S.3) in the

Supplemental Material [32], at the LPA and LPA’. As
expected, we find T2 for anyN emerging from G in d ¼ 3−.
For sufficiently small values of N, typically N < 19, we
find that we can follow this FP down to d ¼ 2 using the
LPA’. For N > 19, we find that by decreasing d at fixed N,
T2 disappears in a dimension dcðNÞ by collapsing with a
3-unstable FP that we call C3 as already explained above,
see Figs. 2 and 3. We find that the line NcðdÞ is asymptotic
to the d ¼ 3 axis, see Fig. 2, as expected for the dis-
appearance of T2 just below d ¼ 3 at large N. A very good
fit of the NcðdÞ curve is 3.6=ð3 − dÞ, see Fig. 2. We note
that this result is fully consistent with six-loop calculations
performed within the ϵ ¼ 3 − d expansion, see Pisarski
[33] and Osborn and Stergiou [34]. Within this ϵ expansion,

these authors found that at leading order in 1=N, T2 can
exist only when Nϵ < 36=π2 ≃ 3.65, which is our bound
NcðdÞ up to the numerical uncertainty on the prefactor 3.6
of our fit above. While this bound has been interpreted as
the radius of convergence of the ϵ expansion at large N
[34], our results show that it is the location of the
coalescence of T2 with C3.
We have checked that the picture above is quantitatively

stable when we go from the LPA to the order two of the
derivative expansion, Eq. (4), see Fig. 2. This is completely
consistent with the fact that η is very small on the curve
NcðdÞ for N sufficiently large and decreases at large N
which makes the LPA flow of Uk exact at N ¼ ∞. For
instance, for N ¼ 40, we find dcð40Þ ¼ 2.924 and in this
dimension, η ¼ 1.7 × 10−3. Thus, although we have no
rigorous proof, we can safely claim that the existence of C3

is doubtless and that the curve NcðdÞ approaches N ¼ ∞
when d → 3. We show the T2 ¼ C3 FP potential shape
on N ¼ NcðdÞ in the Supplemental Material [32]. It is a
regular function of ρ at N ¼ ∞, which is not the case for
the BMB FP, which shows a cusp.
Let us now follow C3 by increasing d. We choose for

instance N ¼ 33 and we follow the path shown in Fig. 3(a)
starting at dcðN ¼ 33Þ ¼ 2.90. We find that C3 exists on
this path up to d ¼ 3.09which shows that a nonperturbative
FP can exist in d ¼ 3. In d ¼ 3.09, it collapses with a
2-unstable FP, that we call C2 and both these FPs do not
exist for d > 3.09. The FPC2 cannot be T2 because T2 does
not exist above d ¼ 3. By changing the value of N, we
generate a line where C3 ¼ C2 that we call N0

cðdÞ, see
Figs. 2 and 3.

(a) (b)

FIG. 3. Singular point S and the two lines NcðdÞ (red squares)
and N0

cðdÞ (blue stars). Starting from P, the FP T2 is followed
along a clockwise (left) or anticlockwise (right) closed path
surrounding S. On the clockwise path, T2 becomes C2 after a full
rotation. On the anticlockwise path, T2 collides with C3 on NcðdÞ
and disappears. It actually becomes complex-valued and remains
so all along the dashed path. On N0

cðdÞ it becomes real again but
is now C2. The path joining NcðdÞ and N0

cðdÞ at fixed N ¼ 33 is
also shown in panel (a). In panel (b), we indicate which (real)
multicritical FPs exist in each region. In the white region, there is
only one multicritical FP with two directions of instability that
can be continuously followed from both T2 and C2 depending on
the path followed.
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For general d and η, the exponent 1/2 in Eq.(12) is
changed to β/ν = (d− 2+ η)/2 (see Appendix A). Thus,
Eq.(1) follows for z ≫ z0 at d = 3.
The above z0 exceeds the microscopic length a0 for

b0h1/C0 ∼ b20h1/kBTc < 1, (14)

where we assume a0 ∼ b0. Then, in the range a0 < z <
z0, ψ assumes the following surface value,

ψs = (b0/z0)
1/2/2 = (b0h1/2C0)

1/3, (15)

which is smaller than 1 under Eq.(14). If the reverse
inequality b20h1/kBTc > 1 holds, the algebraic behavior
(12) holds down to a0 and the surface concentration sat-
urates to 1. For z0 ≪ ξB, the z integral of ψ(z) yields

the excess adsorption Γ1d ∼ ξ1−β/ν
B (independent of h1).

If we define the correlation length near the surface by
ξs = ξ(ψs) = b0ψ−2

s from Eq.(4), we have z0 = ξs/2 >
b0 ∼ a0 under Eq.(14). If we recover η, we have the

scaling relations ξs ∝ h−ν/(2ν−β)
1 and ψs ∝ ξ−β/ν

s . That
is, with Eqs.(2) and (8) at significant h1, there appear
no special surface critical exponents such as ∆1 and β1
[25, 28]. However, for very small h1, it is known that
the effect of the surface on the critical fluctuations be-
comes relevant [24, 26, 27]. See the comment in Sec.I and
experiments in critical mixtures at very small h1 [13, 15].

B. Sphere

We fix the position of an isolated solid sphere with
radius a in an near-critical fluid, where ψ depends only
on the distance r from the sphere center. Experimentally,
the bulk correlation length ξB can much exceed a, where
our theory can be used in the space region a < r < ξB.
Starting with Eqs.(9) and (10) we introduce a scaled

order parameter Ψ and a scaled surface field H1 by

Ψ = 121/4b−1/2
0 a1/2ψ, (16)

H1 = 121/4b−1/2
0 a3/2h1/C0, (17)

where H1 = 31/4(a/2z0)3/2 in terms z0 in Eq.(13)[6]. Us-
ing the scaled distance x = r/a we obtain

Ψ′′ + 2x−1Ψ′ = Ψ5, (18)

Ψ′ = −H1 (x = 1), (19)

with Ψ(∞) = 0. Here, Ψ′ = dΨ/dx and Ψ′′ = d2Ψ/dx2.
Remarkably, Eq.(18) can be solved exactly as

Ψ(x) = 31/4x1/2
0 /(x2 − x2

0)
1/2, (20)

which diverges as x → x0 with x0 being a lower bound
in the range [0, 1] (inside the sphere). In terms of x0, H1

and Ψ1 = Ψ(1) are expressed as

H1 = Ψ1/(1− x2
0) = 31/4x1/2

0 /(1− x2
0)

3/2. (21)
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FIG. 1: (Color online) (a) Normalized order parameter Ψ(x)
and (b) xΨ(x) as functions of x = r/a around a solid sphere
with radius a in a fluid at criticality. They are written accord-
ing to the exact solution (17) including the sphere interior
(x < 1). Three curves are obtained for x0 = 0.9, 0.5, and 0.1,
for which (H1,Ψ1,α) = (15.1, 2.86, 1.64), (1.43, 1.08, 1.22),
and (0.423, 0.418, 0.548), respectively. Here, Ψ(x) diverges

as x → x0 and decays as α/x with α = 31/4x1/2
0 for x > 2.

We plot Ψ(x) and xΨ(x) in Fig.1, while we show the
relations among x0, H1, Ψ1 and α in Fig.2 (see Eq.(26)
for α). In Appendix A, we shall see the exact profile
around a sphere at bulk criticality for general d and η
using Eq.(3). See Remark (i) in Sec.V also.
We are interested in the strong adsorption regime

H1 ≫ 1, which is realized for b0h1/C0 ≫ (b0/a)3/2 from
Eq.(17). For large a, this condition can be realized even
under Eq.(14). From Eq.(21) we express x0 and Ψ1 in
terms of H1 in the weak and strong adsorption limits as

x0
∼= 3−1/2H2

1 , Ψ1
∼= H1 (H1 ≪ 1), (22)

1− x2
0
∼= 31/6H−2/3

1 , Ψ1
∼= 31/6H1/3

1 (H1 ≫ 1). (23)

For H1 ≫ 1, x0 approaches 1 and Ψ1 grows. From
Eqs.(16) and (21)-(23) the surface order parameter ψs

in the original units behaves as follows:

ψs = ψ(a) ∼= ah1/C0 (H1 ≪ 1) (24)
∼= (b0h1/2C0)

1/3 (H1 ≫ 1) (25)

We can derive Eq.(24) from ψ ∼= ψsa/r (r > a) for H1 ≪

e
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Eq.(1) follows for z ≫ z0 at d = 3.
The above z0 exceeds the microscopic length a0 for

b0h1/C0 ∼ b20h1/kBTc < 1, (14)

where we assume a0 ∼ b0. Then, in the range a0 < z <
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is, with Eqs.(2) and (8) at significant h1, there appear
no special surface critical exponents such as ∆1 and β1
[25, 28]. However, for very small h1, it is known that
the effect of the surface on the critical fluctuations be-
comes relevant [24, 26, 27]. See the comment in Sec.I and
experiments in critical mixtures at very small h1 [13, 15].
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We fix the position of an isolated solid sphere with
radius a in an near-critical fluid, where ψ depends only
on the distance r from the sphere center. Experimentally,
the bulk correlation length ξB can much exceed a, where
our theory can be used in the space region a < r < ξB.
Starting with Eqs.(9) and (10) we introduce a scaled

order parameter Ψ and a scaled surface field H1 by

Ψ = 121/4b−1/2
0 a1/2ψ, (16)

H1 = 121/4b−1/2
0 a3/2h1/C0, (17)

where H1 = 31/4(a/2z0)3/2 in terms z0 in Eq.(13)[6]. Us-
ing the scaled distance x = r/a we obtain

Ψ′′ + 2x−1Ψ′ = Ψ5, (18)

Ψ′ = −H1 (x = 1), (19)

with Ψ(∞) = 0. Here, Ψ′ = dΨ/dx and Ψ′′ = d2Ψ/dx2.
Remarkably, Eq.(18) can be solved exactly as

Ψ(x) = 31/4x1/2
0 /(x2 − x2
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1/2, (20)

which diverges as x → x0 with x0 being a lower bound
in the range [0, 1] (inside the sphere). In terms of x0, H1

and Ψ1 = Ψ(1) are expressed as
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FIG. 1: (Color online) (a) Normalized order parameter Ψ(x)
and (b) xΨ(x) as functions of x = r/a around a solid sphere
with radius a in a fluid at criticality. They are written accord-
ing to the exact solution (17) including the sphere interior
(x < 1). Three curves are obtained for x0 = 0.9, 0.5, and 0.1,
for which (H1,Ψ1,α) = (15.1, 2.86, 1.64), (1.43, 1.08, 1.22),
and (0.423, 0.418, 0.548), respectively. Here, Ψ(x) diverges

as x → x0 and decays as α/x with α = 31/4x1/2
0 for x > 2.

We plot Ψ(x) and xΨ(x) in Fig.1, while we show the
relations among x0, H1, Ψ1 and α in Fig.2 (see Eq.(26)
for α). In Appendix A, we shall see the exact profile
around a sphere at bulk criticality for general d and η
using Eq.(3). See Remark (i) in Sec.V also.
We are interested in the strong adsorption regime

H1 ≫ 1, which is realized for b0h1/C0 ≫ (b0/a)3/2 from
Eq.(17). For large a, this condition can be realized even
under Eq.(14). From Eq.(21) we express x0 and Ψ1 in
terms of H1 in the weak and strong adsorption limits as

x0
∼= 3−1/2H2

1 , Ψ1
∼= H1 (H1 ≪ 1), (22)

1− x2
0
∼= 31/6H−2/3

1 , Ψ1
∼= 31/6H1/3

1 (H1 ≫ 1). (23)

For H1 ≫ 1, x0 approaches 1 and Ψ1 grows. From
Eqs.(16) and (21)-(23) the surface order parameter ψs

in the original units behaves as follows:

ψs = ψ(a) ∼= ah1/C0 (H1 ≪ 1) (24)
∼= (b0h1/2C0)

1/3 (H1 ≫ 1) (25)
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Fig. 10, we display (a) v, (b) v ! vc, and (c) !l~rmþ cv at t/t0 =
9.28, where vc = !0.448(a/t0)ez is the particle velocity with ez

being the unit vector along the z axis. The maximum velocity is
of order a/t0 = D/a, which is ten times larger than that in
Fig. 5(a). Here, for LW, we have a/t0 = 1.7 # 10!3 cm s!1 for a =
200 nm. In (b), the adsorption layer moves with the particle and
squeezing takes place between the particles. In (c), the con-
vective transport within the adsorption layer is crucial. In
Fig. 11, we compare cvr and !lrrm as in Fig. 6, which
demonstrates that the convective transport dominates over
the diffusive transport.
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Fig. 7 Profiles of c(r,z)/ca in the r–z plane (in gradation) with t/ta = !8
and cN = !1.31ca in strong adsorption. (a) The initial state for cases 2 and
3, where l/a = 1.69. (b) The final state in case 2, where l/a = 1.09. (c) The
final state in case 3, where l/a = 0.69.

Fig. 8 Time evolution of c(r,0,t)/ca on the midplane z = 0 vs. r/a, where
(a) t/t0 = 0, 8, 8.5, 9, and 10 in case 2 and (b) t/t0 = 0, 5, 5.5, 5.75, 6, and 6.5
in case 3. In (a), a well-defined bridging domain appears with a flat profile in
the time range 9 o t/t0 o 10. In (b), c(r,0,t) increases abruptly in the time
range 5 o t/t0 o 6, where the adsorption layers of the two particles merge.

Fig. 9 (a) Separation distance l(t) divided by a vs. t/t0, where the max-
imum of |dl(t)/dt| is 0.457a/t0 at t = 9.24t0 in case 2 and 1.27a/t0 at t =
6.00t0 in case 3. The initial separation l(0) is about 11x. (b) Averaged
velocity amplitude vf in eqn (18) divided by a/t0 vs. t/t0 in cases 2 and 3.
Peaks are at squeezing.

Fig. 10 (a) Velocity field v, (b) v ! vc, and (c) concentration flux cv ! lrm
at t/t0 = 9.28 in case 2 (point A in Fig. 9), where vc = !0.448(a/t0)ez is the
particle velocity. Arrow lengths are written according to standard lengths
given by 1.0a/t0 in (a) and (b) and 2.0caa/t0 in (c). In (b), the adsorption layer
with c 4 0 (in gray) moves with the particle far from the midplane.
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