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 Representation Theory.
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１．研究開始当初の背景 

(1) (Overview)  
Six Painleve equations had been discovered and studied by Paul Painleve, now more  
than 100 years ago. Since his fundamental Third Memuar (1922), these equations have  
been extensively investigated by wide variety of Mathematicians around the World  
and, have been found numerous applications in Mathematics and Physics. The most  
general among Painleve equations is the Painleve VI (P-VI for short). This equation 
depends on 4 parameters, and appeared to have many deep, surprising and unexpected 
properties, which have been discovered later by many Scientists. For a general set of 
4 parameters mentioned above, solutions to P-VI are highly transcendental functions 
which are still need to be further investigated. For special values of parameters, which 
depend on two non-negative integers n and m, it was discovered, by K.Okamoto and 
H. Umemura among many others, that P-VI has two parameter families of algebraic 
solutions, which satisfy rather complicated recurrence relations. These recurrence 
relations allow computing recursively all that algebraic solutions in explicit form (up 
to degree 6). Since the recurrence relations for algebraic solutions to P-VI are very 
complicated and sophisticated, the observation that 2-parameter family of polynomials 
associated with those algebraic solutions (the so-called Umemura polynomials) have 
integer coefficients was very mysterious and surprising and very attractive for many 
Mathematicians.  
 The main objective of our Project was to explain and clarify that integer coefficients 
phenomenon of P-VI, and gibe its combinatorial interpretation(s).  

 
(2) (Background.)  
I have written and pub; published several papers concerning interrelations between  
various branches of Mathematics and Mathematical Physics including Algebra 
(Fomin-Kirillov algebras,...), Representation Theory (Quantum groups, Yangians,q-
weight multiplicities, Kirillov-Reshetikhin modules,...), Integrable Systems 
(Heisenberg, Calogero-Moser, Sine-Gordon, Macdonald-Ruijsennar, Poschl-Teller 
models,. ..), Special Functions (Dilogarithm Identities, q-Clebsch-Gordon coefficients  
(aka Askey-Wilson polynomials),...), Combinatorics (Fermionic formulas for parabolic  
Kostka polynomials  (aka Rigged Configuration Bijection (Kirillov)), Tropical 
Combinatorial Bethe Ansatz, ...Robinson-Schensted-Knuth Correspondence  
(Berenstein-Kirilloov birational map), ...), Low Dimensional Topology (R-matrices  
knot invariants,...),Algebraic Geometry (Schubert, Grothendieck, Hessenberg  
Calculi,...), Probability (Berenstein-Kirillov birational maps and probabilistic model  
of KPZ type,...),... . I also was familiar with basic definitions and results of Painleve  
equations theory.  
 

 
 
２．研究の目的 

Purpose of research  
In fundamental papers by K.Okamoto and that by H. Umemura certain polynomials  
associated with algebraic solutions to Painleve V and VI have been introduced and  
studied. Their definition was given as solutions to rather complicated and 
sophisticated recurrence relations between these polynomials. These recurrences  
relations allow computing these polynomials (now called by Umemura polynomials)  
for some cases. It was observed that in all cases which had been computed, Umemura  
polynomials have an integer coefficient. This integer coefficient phenomenon for  
coefficient of Umemura polynomials is rather mysterious, since the tier definition  
involves very complicated recurrence relations. To enplane that integer phenomenon 
of Umemura polynomials coefficient was the main motivation for me to study 
Umemura polynomials. Yet another motivation for me was my observation that it was 
very surprising and mysterious, the list of Umemura polynomials coefficients coincides 
with that for certain polynomials associated with solutions to Poschl-Teller model.  
 

 



 

 

 
３．研究の方法 

Research method  
My approach was based on my joint papers with Ph. van Diejen concerning explicit  
formulas for (algebraic) solutions to the Poschl-Teller famous equations (aka spherical  
functions for some homogeneous spaces). My key observation was that the numbers  
which appeared in the Umemura polynomials and that in the study Poshl-Teller 
models are the same! This observation looks rather mysterious, since it is still there 
are no conceptual explanations of a connection between P-VI and Poschl-Teller models. 
Note that for one parameter Umemra polynomials a combinatorial; formula for its 
coefficient was suggested by S. Okada and has been proved by M. Taneda and S.Okada-
K. Okamoto , H.Umemura and M. Noumi. However, in general, a combinatorial 
interpretation of coefficients for two parameters Umemura polynomials is still missed, 
except for some important special coefficients, which is one of the main results in the 
body of the Project.  
 Our proofs are based on checking fundamental recurrence relations for two 
parameters Umemura polynomials discovered by K. Okamoto and H. Umemura, for 
certain (given explicitly by A.N. Kirillov and Ph. van Diejen) modification of 
polynomials coming from the study of solutions to the Poschl-Teller models. To check 
the fundamental recurrence relations among two parameters Umeura polynomials for 
our modified solutions to Poschl-Teller model(s), first of all, we provide an explicit 
determinantal formula for our modified polynomials, of secondly, to prove certain new 
recurrence relations between determinantal formulas in questions. This is rather 
technical and involved part of our proof of mail result on the Project. For poofs some 
identities we need, we have used several classical results from the theory of symmetric 
functions and hypergeometric series. It remains to be observed that for small values 
of parameters both polynomials in question are the same.  
 Part of the results obtained in the body of our Project has been presented at 
international workshops in Matsumoto, Okayama, Osaka, Tokyo, and Kyoto.  
 

 
 
４．研究成果 

Result  
The key idea to prove the integer coefficient phenomenon for two parameters 
Umemura polynomials was based on the use of recurrence relations and of some  
determinantal formulas for solutions to Poschl-Teller model, and show that the former  
after some modification (a rather technical part) also satisfy the same recurrence  
relations as for P-VI. It gives explicit formulas for two-parameter Umemura  
polynomials. Note that the numbers we obtained for the coefficients mentioned, look 
far from being integer one, but I and Ph. van Diejen proved that they are really 
integers in our paper concerning Poschl model. My result (collaboration with M. 
Taneda) that the coefficients for two parameters Umemura polynomials for Painleve 
VI and that for polynomials associated with certain algebraic solutions to Poschl-Teller 
model are in one-to-one correspondence, gives a simple product formula for the 
coefficients o the two parameters Umemura polynomials. This result is a 
generalization of a formula for one parameter Umemura polynomials coefficients 
suggested by S.Okada and has been proved a bit earlier by M.Taneda, and S.Okada-
K.Okamoto-H.-Umemura-M.Noumi.  
Since our product formulas for the two parameters Umemura polynomials coefficients 
admit natural polynomial q-analogs, we are planning to extend our results to quantum 
and discrete versions of the celebrated Painleve VI equation. 
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