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Numerical analysis based on hyperfunction theory
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Hyperfunction theory is a theory of generalized functions which is based on
complex function theory. Hyperfunction theory expresses singular functions, which is difficult to
treat with in numerical computations, by analytic functions, and, therefore, it is expected to be
applicable to numerical computations.

In this study, we dealt with numerical integration, integral equation and Fourier transform. We
proposed a numerical integration method which gives desired integrals via complex integrations. We
found that it converges exponentially and is efficient especially for integrals with power
singularities. Numerical solution for integral equations is an application of this numerical
integration method. Besides, we proposed a numerical method for Fourier transform by the analytic
continuation of a complex analytic function given by Fourier-Laplace transform.

Fourier



(hyperfunction)

Cauchy

f(x)

f(x)= F(x+i0)—F(x—i0)

F(2)
8(x) Heaviside Y(x)

509 = o525 (x)={1(x>°)=—

Dirac

L flog(~(x+10)) ~log(~(x—i O))},

27\ x+i0 x-i0 0(x<0) 27
log z -m<Imlogz=argz T
Cauchy Hadamard Fourier
Fourier
@ 1 28
b
£x) j f (X)W(X)dx W(x)

b 1 W(X)
j f (X)W(X)dx = —§ f (2)®(2)dz, O(2) = j Lo

a 27 J¢C

C (a,b)

Hadamard

DE

[ x*“e"dx (=T(a), a > 0)



DE
x=0

100

dpha=0.5  + dpha=05  +

alpha=0.5 alpha=0.5

alpha=0.1 2 alpha=0.1

apha=0 1 alpha=0 1

alpha=0.01 4L alpha=0.01

alpha=0.01 alpha=0.01
- apha=0.0001  » = alpha=00001 =
8 alpha=0.0001 e -6 alpha=0.0001
g € ol

192 b
14 b
- 16 .
60 80 100 0 80
N
DE
DE
N
of(x
Hadamard I de (f(x) fO0)z0 )
1 X
1 ()
[—Fdx (¢>0)
¢ X
e >0+
@ 2 29 2 Fredholm

KX, y), F(x)

U0+ [ K (% y)u(y)w(y)dy = f ()

w(x)

W)+ [[ (x-Eu() 1 A-£)" e = g(x) (a = f=10")

Fredholm

log10(error)

DE Gauss-Jacobi
O T
Fﬁ\ﬁrv
10 i
20 . * rho,=1.2
- = =1. + -
\ rhog=2.0 x
rho.=4.0 x
-30 |- tho=6.0 0o A
tho,=8.0 =m
DE ——
-40 - Gauss-Jacobi b
50 |- -
_60 Il Il
0 60 80 100




®

absolute error

N rhoc

)
3 30 Fourier
FIFIE) = [ f(9exp(=2ri&x)dx
Fourier f(x)
Fourier Fourier-Laplace
Fourier
DE
@
f (X) = (1) tanh(7x), (2) (L+ x*) 2, (3) log | X |, (4) coth(zx), (5) cosech x
(b)

f(X) = (@) coth(nx), (2) cosechx
Fourier AAE )

1.0e+000 T T T T T T ] 1.0e-010 [ T T T T (|1) T ]
g ] [ @ — ]
1.0e-010 [ ] [ ]
M‘v-ﬂl/\\*w 1.0e-015 1
1.0e-020 N ] N
; m—1 & 020 |
1.0e-030 [ @ — ] g 10e020 ¢
: 3 1@ [
1.0e-040 |- -: 1.0e-025 i
1.0e-050 -\\\\,\ww/’/fﬂ— i
I 1.0e-030
1.0e-060 L—1—1 1 L [
2 145 1 05 0 05 1 15 2
xi xi
@ ®

Fourier AAE)

5
Hidenori Ogata, A numerical method of Fourier transform based on hyperfunction theory,
ArXiv:1808.03460, 2018.
Hidenori Ogata and Hiroshi Hirayama, Numerical integration method based on
hyperfunction theory, Journal of Computational and Applied Mathematics, 327
(2018) 243-259.

27 2018 8-15
2037
2017 57-60
26
2016 33-43
14
Hidenori Ogata, A numerical analytic continuation and its application to Fourier
transform, AppIMathl8 (Ninth Conference on Applied Mathematics and Scientific
Computing), Sibenik, Croatia, 18 September 2018.
Fourier 2018
2018 9 5
2018
2018 7 9
Hidenori Ogata, Numerical Fourier transform based on hyperfunction theory, ECMI2018



(The 20™ European Conference on Mathematics and Industy), Danubius Hotel Helia,
Budapest, Hungary, 21 June 2018.

2018
2018 3 15
Hadamard
2017 12 16
2  Fredholm
2017 9 8

Hidenori Ogata, Hyperfunction method for numerical integration and Fredholm integral
equations of the second kind, Computational Methods and Function Theory, Maria Curie
Sktodowska University, Lublin, Poland, 13 July 2017.
Hadamard

2016 9 12
Hidenori Ogata, Numerical integration method on the hyperfunction theory, The 6%
China-Japan-Korea Joint Conference on Numerical Mathematics, NIMS, Daejeon, 23
August 2016 (invited speech).
Hidenori Ogata and Hirayama Hiroshi, An application of the hyperfunction theory to
numerical integration, ECMI 2016 (The 19" European Conference on Mathematics for
Industry, Santiago de Compostela, Spain, 17 June 2016.

2016
2016 3 19

Hidenori Ogata and Hiroshi Hirayama, Numerical integration based on the hyperfunction
theory, Second International ACCA-JP/UK Workshop, Kyoto, 19 January 2016 (invited
speech).

0



