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The Grigorchuk cogrowth formula gave a relationship between the exponent of
convergence for the isometric action of normal subgroups on the Cayley graph of the free group and
the bottom of the spectrum of the discrete Laplacian on the quotient graph. Similar results were
proved by Sullivan for Kleinian groups acting on the hyperbolic space and for the Laplacian on the
hyperbolic manifold. A common phenomenon is that the phase transition of the exponents occurs at 1/2

of that of the base group. In this study, even when the lengths of edges of the Cayley graph of a
free group is varied, a weighted discrete Laplacian depending on the exponent of convergence of a
normal subgroup determines the spectrum, and the generalization of the cogrowth formula was proved
for this. The phase transition at 1/2 of the exponent was also verified in this case.
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