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The goal of my research project is to study the boundedness of Fano
varieties and related topics. According to Minimal Model Program, Fano varieties form a fundamental
class in birational geometry. Hence it is very interesting to understand the basic properties of
this class, such as boundedness. This is one of the most important and interesting problems in
birational algebraic geometry. | am interested in the boundedness of Fano varieties as a family, and

also the boundedness of various invariants of Fano varieties. 1 want to develop both general theory
and explicit calculation. Also | use the methods and results in the study of Fano varieties to
study varieties of other type. | made two main research achievements: firstly, | proved that
K-semistable Fano varieties with volumes bounded from below form a bounded family; secondly, with my
collaborators, we established the optimal Noether inequality for most threefolds of general type.

Birational geometry of algebraic varieties
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Birational geometry is one of the most popular topics in algebraic geometry. | am interested
in boundedness of Fano varieties. My starting point is the famous Borisov-Alexeev-Borisov
conjecture, which says that, for a fixed positive integer d and a positive real number e, the
set of d-dimensional Fano varieties with e-Ic singularities forms a bounded family. This
conjecture is related to the termination of flips and other topics in birational geometry. At
the point of application, I solved two weak versions of this conjecture in dimension 3.

The purpose of this research is to investigate the boundedness of Fano varieties, or more
general, varieties of Fano type. According to Minimal Model Program, varieties of Fano
type form a fundamental class in birational geometry. Hence it is very interesting to
understand the basic properties of this class, such as boundedness. This is one of the most
important and interesting problems in birational algebraic geometry.

I studied Fano varieties from many different aspects:

(1) Singularities: as we are interested in singular Fano varieties, the study of singularities
is necessary. Also kit singularities can be viewed as local version of Fano varieties, so the
study of singularities interacts with the study of Fano varieties as well. Especially, | study
the alpha-invariant which is an important invariant measuring the singularities of Fano
varieties and plays important roles in many area such as boundedness and K-stability.

(2) Fano fibrations: in birational geometry, one main idea is to cut down the dimension and
do induction. In this process, Fano fibration appears naturally, and the study of Fano
fibrations helps us understand more about the geometry of Fano varieties.

(3) Birationality of linear systems: it is important to understand when a linear system gives
a birational map, for example, anti-pluri-canonical linear systems of Fano varieties. We
have many different ways to study this property, for example, the Angehrn-Siu type
argument for general theory, and the Chen-Chen method for explicit geometry of 3-folds.

(4) Surfaces and 3-folds: Other than developing general theory working for any dimension,
we can try to firstly solve special cases in lower dimensions. So the study of surfaces and
3-folds help us to understand lower dimensional varieties and sometimes gives clue for
general dimensions.

(5) Positivity or boundedness of other invariants: for example, boundedness of volumes,
positivity of Chern classes, etc.

(1) Using the methods and results from boundedness of Fano varieties, with my
collaborator, we showed that for a smooth uniruled projective variety and a big and
semiample line bundle on it, there exists a proper closed subset containing all subvarieties
with bigger fujita a-constant than that of the variety. This confirms a conjecture of
Lehmann, Tanimoto, and Tschinkel, and plays an important role in the study of geometry
side of Manin’s conjecture. This result was published in Algebraic Geometry.

(2) with my collaborator, we investigated torsion exceptional sheaves on a weak del Pezzo
surface of degree greater than two whose anticanonical model has at most A-singularities.
We show that every torsion exceptional sheaf can be obtained from a line bundle on a
(-1)-curve by acting spherical twist functors successively. This result was published in
Journal of Algebra.

(3) With my collaborator, we investigated Kawamata’s effective non-vanishing conjecture
for manifolds with trivial first Chern classes and confirmed it for all hyperkahler varieties
of dimension at most 6.

(4) 1 showed that K-semistable Fano manifolds with the smallest alpha invariant are
projective spaces.

(5) I proved that K-semistable Fano varieties with volumes bounded from below form a



bounded family. Both K-stability and boundedness are central topics of the study of Fano
varieties. K-stability is expected to be the right condition in order to construct a good
moduli space for Fano varieties and boundedness is the first step towards the construction
of a moduli. My study of boundedness of K-semistable Fano varieties combines these two
central topics. This result was accepted by Annales scientifiques de I'ENS.

(6) With my collaborator, we continued our joint work on the study of the explicit geometry
of terminal (weak) Fano 3-folds. We studied the behavior of pluri-canonical system of
terminal weak Fano 3-folds, and showed that any terminal weak Fano 3-fold is birational
to another terminal weak Fano 3-fold with the 52nd-canonical system giving a birational
map. This result generalized our first joint work which is published on J. Differential Geom.
in 2016.

(7) Working with collaborators, we used the methods in the study of boundedness of Fano
varieties to study boundedness of rationally connected Calabi-Yau varieties, which are
varieties with some similar properties with Fano varieties. We showed that rationally
connected Calabi-Yau 3-folds with klt singularities form a birationally bounded family, and
they form a bounded family modulo flops assuming mld’s are bounded away from 1.

(8) Working with collaborators, we considered geography problem for varieties of general
type and proved an optimal Noether inequality for 3-folds of general type. Surprisingly,
methods used for Fano varieties such as global log canonical thresholds and connectedness
lemma are involved and become keys to the final solution of the problem.
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