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Mathematical analysis of epidemic models formulated by delay equations: loss of
immunity and instability
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Analyzing delay models of epidemic models, we have obtained insight into
disease transmission dynamics caused by loss of immunity and boosting of immunity of individuals.
Using a simple mathematical model, we show that heterogeneity of susceptible individuals can cause
an epidemic outbreak with time delays (delayed outbreak). We also formulate a mathematical model
that incorporates decline and boosting of immunity using a Volterra type integral equation, and
obtain a sufficient condition for the uniqueness of the equilibrium. Furthermore, for a logistic
equation with time delay, which is derived from an epidemic model that explain periodicity of a
childhood infectious disease, we show the existence of a period-2 solution expressed by Jacobi
elliptic functions.
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