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We have investigated the geometric structure of 5-dimensional Einstein
spacetimes from the multiple viewpoints of partial differential equations, differential geometry,
differential topology, and theoretical physics. In particular we succeeded in formulating the
stationary Einstein spacetime with axial symmetries as harmonic map, and show the existence and
uniqueness of such maps under a set of natural boundary conditions.Through these results, we have
contributed to the field of mathematical relativity. On the other hand, even though we were
initially only interetsed in asymptotically flat (AF) spacetimes, by considering space-periodic,
non-AF static spacetimes, we managed to construct a family of 5 dimentional gravitational solitons,
which in turn induced a 4-dimensional gravitational instanton of generic holonomy, which is an
unexpected development.
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