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We performed a quantitative analysis of witnesses of the existential
theorems such as Church--Rosser theorem and normalization theorem in reduction systems.
Ketema--Simonsen posed an open problem about upper bounds on the size of Church--Rosser theorem in
lambda-calculus (ACM Trans. on Computational Logic, 2013). On the contrary to their conjecture that

upper bound functions should be in the 5th level of the Grzegorczyk hierarchy, we have proved that
the upper bound function belongs to the 4th level of the hierarchy. This quantitative proof method
is extended to typed systems such as Godel"s system T, Girard"s system F, and Pure Type Systems as
well. We also invented a new proof method for confluence in the style of divide-and-conquer, by
extending the so-called Z theorem.
Moreover, we established a neighbourhood and lattice model based on the duality between Kripke and
algebraic models, and proved its completeness w.r.t. 2nd-order intuitionistic propositional logic.
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Given a reduction system — with term size | |

(A): 3 binary relation = C A? and translation * : A = A:
@ If M - N then M = N.
B If M = N then M —» N.
@ If M = N then N = M*.
(B): 3 monotonic functions f,g: N — N:
If M = N then M —¢ N with { < g(|M]) and
IN| < F(IM]), where f and g are respectively in the p-th
and g-th Levels of the Grzegorczyk hierarchy.

Theorem (Quantitative Church—Rosser Theorem)

If M L<—; N then there exists a term P such that
M —™ Pk* and N =" Pk* where k < min{(, 7},
r—1 =1
Bm<) grOamMD), n<) g(FP(ND), and
1=0 =0
m, n are bounded by functions in the Level of
max{p + 1, g} > 2 of the Grzegorczyk hierarchy.23 / 56




Quantitative Church—Rosser for A3, A\GBn

Proposition (Church—Rosser for AB, A\Bn)

If M %% N then there exists a term P such that
M —™ Pk* and N —™ P& where

E & =10, 7] < min{l, 7},
B m < Vv2,_1(M]), and
B n < V2,_1(|N|) for [M|, |N| > 4.

M {t,r) N
<

PK*
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