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The research results obtained during this project were published in international scientific
Jjournals. They were also made publicly available at https://arxiv.org/. They contributed to an
active area of mathematical research related to physics, and to the training of young researchers.

The research activities of this project led to several new mathematical
results on the tt*-Toda equations, and to a deeper understanding of theoretical aspects of
supersymmetry. All solutions on C* of the tt*-Toda equations for the Lie group G = SL(n,C) were
found, and all their asymptotic data and monodromy data were computed. For any complex simple Lie
group G, the asymptotic data of solutions at infinity, and their relation to Stokes data, was
elucidated in Lie-theoretic terms. A physical interpretation of this data was found. Activities such

as lecture series, seminars, workshops, and conferences were carried out jointly with
Co-Investigators. These activities facilitated the interaction of researchers in both classical and
modern methods.
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Since the 1980’s, many important developments in geometry were influenced by
developments in theoretical physics such as Yang—Mills theory, conformal field theory
string theory, supersymmetry, and mirror symmetry. These developments have revealed
deep and unexpected connections within mathematics itself, linking differential
geometry, symplectic geometry, and algebraic geometry. In most cases the central
concept is a nonlinear differential equation with special solutions (conjecturally)
related to geometry.

The tt* equations (topological—antitopological fusion equations) were introduced by
the theoretical physicists Cecotti and Vafa in the 1990’ s. They are related to geometry
(harmonic bundles, quantum cohomology, Frobenius manifolds) and they may be studied by
integrable systems methods (loop groups, isomonodromy theory). They exhibit interesting
structures at the heart of modern geometry as well as nontrivial classical o.d.e.
theory (Stokes Phenomenon, WKB theory, theory of Painleve equations).

This project has investigated the geometry of the tt* equations by combining classical
and modern methods. The tt* equations span 3 rather different areas of mathematics:
(i) nonlinear p.d.e. theory (especially the theory of integrable systems), (ii)
geometry (Lie group theory, differential geometry, and moduli spaces of special
solutions), (iii) classical isomonodromy theory (Painleve equations, the Stokes
Phenomenon). This project has used combinations of all of these methods and ideas, in
the particular case of the tt*-Toda equations, in order to obtain a complete
understanding of those solutions which are relevant to physics

2. WHEOHM

The general aim of this project was to study the tt* equations and related equations

and the existence and properties of special solutions related to quantum
cohomology/Frobenius manifolds, in joint research projects with researchers in Japan
and abroad, by carrying out individual research projects and organizing seminars,
workshops, and international conferences

The specific aim was to extend the previous joint work of the Principal Investigator
with Claus Hertling (Mannheim, Germany ), Nan—Kuo Ho (NTHU, Taiwan), Alexander Its
(TUPUI, USA), and Chang-Shou Lin (NTU, Taiwan) on the tt*-Toda equations, i.e. the tt*
equations of Toda type

An important aspect of this was to focus on the relations between (finite and infinite
dimensional) Lie theory and the isomonodromy theory of differential equations (Stokes
matrices and connection problems), and their relations with theoretical physics. It

was expected that links with other areas of geometry, both classical and modern, would
be revealed in the process of carrying out this program.

3. WDk
The project involves several sub—projects

Sub—project 1: Generalization of previous joint work with Its and Lin on the tt*-Toda
equations to any complex simple Lie group G.

Sub-project 2: Clarification of previous joint work with Hertling by using the loop
group L SL(2,C) and its action on the infinite—dimensional Grassmannian.

Sub-project 3: Symplectic aspects of the tt*-Toda equations, and their applications

Sub-project 4: Applications to differential geometry.



Sub—project 5: The tt* equations beyond Toda type.

Sub—project 6: Asymptotics and representation theory
4. BFIERRAR

During this 5 year project, the most substantial progress was made with subprojects
1,5. Progress was also made with aspects of subprojects 3,4, 6.

Regarding subproject 1, the third in the series of publications ”“Isomonodromy aspects
of the tt* equations of Cecotti and Vafa I, II,III” (M. A. Guest, A. R.Its, and C.-S

Lin) was completed during Year 1 of the project. This series solved the tt*-Toda
equations on the punctured plane Ck in the case G=SL(4,C), and computed explicitly the
corresponding asymptotic data at zero and infinity, and also the monodromy data (Stokes
data and connection matrix data). First, classical p.d.e. techniques were used to
establish the existence and uniqueness of solutions in terms of their boundary
conditions. Then, loop group techniques were used to related the asymptotic data at
zero to the monodromy data. Finally, Riemann-Hilbert techniques were used to relate
the monodromy data to the asymptotic data at infinity

During Years 2-5 of the project considerable effort was devoted to generalising these
techniques and results to the case G=SL(n,C) for any n. Although the strategy of the
proofs was the same as in the case n=4, it was necessary to improve the efficiency of
the methods, and this presented several technical difficulties. To resolve these
difficulties, Lie—theoretic concepts were very useful in several places. Most of the
proofs were completed by Year 5, and a preprint “The tt*-Toda equations of A_n type”
(M. A. Guest, A. R.Its, and C.-S. Lin, arxiv:2302.04597) was completed in that year.

In order to treat the tt*-Toda equations for other Lie groups G, new ideas were needed

In previous joint work with Ho, the foundational step had been made by expressing the
Stokes data in Lie—theoretic terms the case G=SL(n,C). This was generalised to the
case of any simple Lie group G in the publication “Kostant, Steinberg, and the Stokes
matrices of the tt#*-Toda equations” (M. A. Guest, N.-K.Ho). In that work, the Stokes
data was represented efficiently by an element of a Steinberg cross—section of the
space of conjugacy classes of G. This cross—section is an affine space, composed of a
finite number of root spaces of G. It was found (using work of Kostant) that the root
spaces could be described in a version of the Coxeter Plane, a figure consisting of a
finite number of points in a real 2-plane. Thus the Stokes data (part of the monodromy
data) was quite well understood at the start of this project. Some progress was made
with the (more difficult) problem of describing Lie—theoretically the connection matrix
data (the remaining part), and this was reported in a plenary talk given at the 66th
Geometry Symposium of the Mathematical Society of Japan in 2019. Work on this problem
is continuing, with the aim of describing efficiently the entire monodromy data.

Substantial progress was made with the problem of generalizing the Riemann-Hilbert
argument from the case G=SL(n,C) to the case of any simple Lie group G. This was
based on the above description of the Stokes data in terms of the Coxeter Plane -
rather surprisingly, the rays through the points in the Coxeter Plane provide a suitable
contour for a Riemann-Hilbert which can be solved in an analogous way to that in the
case G=SL(n,C). This gave rise to an efficient description of the asymptotics at
infinity of solutions of the tt*-Toda equation. Furthermore, this description
illuminated the role of the Stokes data in these asymptotics, thereby confirming and
making precise the 1990’ s predictions of the physicists Dorey, Lerche, Vafa, and Warner
that the Stokes data can be expected to describe ”“solitonic particles”. In the context
of the tt*-Toda equations, in the case where a solution corresponds to a physically
realistic field theory, this also confirms a prediction of the physicists Cecotti and
Vafa that the Stokes data enumerates BPS solitons. The publication “Topological-
antitopological fusion and the quantum cohomology of Grassmannians” (M. A. Guest)
reported these results.

In the same publication, progress on subproject 5 was reported. This was motivated by
1990’ s work of the physicist Bourdeau on (conjectural) solutions of the tt* equations
corresponding to the quantum cohomology of the Grassmannian. In this case the tt*



equations are not of “Toda type”. However, Bourdeau gave a physical argument to show
that the these solutions were equivalent to a collection of solutions to the tt*-Toda
equations which correspond to the quantum cohomology of projective space (to be more
precise, the solution corresponding to the Grassmannian Gr_k(C'n) was predicted to be
a re—arrangement of the solution corresponding to the projective space CP  (n-
1)=6r_1(C"n)). A mathematical explanation for this phenomenon was suggested in the
above publication.

Another test case for subproject b was investigated by Tadashi Udagawa (PhD student at
Waseda University). This was also motivated by 1990’ s work of the physicists Cecotti
and Vafa, who predicted the existence of solutions of the tt* equations corresponding
to the “fusion ring”, an algebra constructed from representations of SU_n. In the case
n=2, Udagawa showed that such solutions exist, and are constructible from solutions of
the n=2 tt*-Toda equations. A preprint “Solutions of the tt*—equations constructed
from the (SU_2)_k-fusion ring, and Smyth potentials” (T. Udagawa) was completed in
Year 5 of the project. This research is also related to subproject 4 as one of the
results was an explicit formula for the DPW potentials, in the sense of harmonic map
theory and surface theory. Work on the case of the (SU_n)_k-fusion ring for n>2 is
ongoing

From the physical point of view, quantum cohomology rings and fusion rings are examples
of chiral rings of a conformal field theory. Solutions of the tt* equations
corresponding to such objects have the property that all Stokes matrices have integer
entries. This property was investigated for solutions of the tt*-Toda equations by
Yoshiki Kaneko (PhD student at Waseda University), and his results were published in
“Solutions of the tt*-Toda equations from the quantum cohomology of minuscule flag
manifolds” (Y. Kaneko, Nagoya Math. Jour., 2022), and “On some Lie—theoretic solutions
of the tt*-Toda equations with integer Stokes data” (Y. Hateruma and Y. Kaneko, Jour.
Phys. A, 2024).

Regarding subproject 3, some progress was made with the explicit construction of a
symplectic form on the space of “local solutions” of the tt*-Toda equations, in joint
projects with Nan—Kuo Ho (NTHU, Taiwan), and with Ryosuke Odoi (PhD student at Waseda
University). The existence of a symplectic structure is expected from general results
of Boalch, but it is of interest to construct it explicitly. In the case n=4, Odoi
studied those solutions which are smooth in (some) neighbourhood of zero, and found a
natural symplectic form together with canonical coordinates which can be written in
terms of monodromy data, thus generalising a well known construction for the Third
Painleve equation. He used this to solve the “constant problem” for global solutions

i.e. the problem of finding the constant which relates the asymptotics of the tau
functions associated to the solution at zero and infinity. This was published as
“Symplectic aspects of the tt*-Toda equations” (R. Odoi, Jour. Phys. A, 2022). It forms
part of an ongoing joint project with Alexander Its (IUPUI, USA)

Regarding subproject 6, an unexpected advance was made in joint work with Takashi
Otofuji (Nihon University). In this work, the Stokes data of the tt*-Toda equation (in
the form of the Steinberg cross—section) was used to provide a mathematical explanation
of an observation made by the physicists Fredrickson and Neitzke which related positive
energy representations of the loop group to the holomorphic data (DPW potential) of a
solution of the tt*-Toda equation. This was published as “Positive energy
representations of affine algebras and Stokes matrices of the affine Toda equations”
(M. A. Guest and T. Otofuji, Adv. Theor. Math. Phys. 2022). In related joint work with
Katrin Wendland (UC Dublin, Ireland) the modular aspects of the classification of
conformal field theories were studied. This project is ongoing.

Discussions with project members were essential for the work described above, and these
often took place on the at lecture series, seminars, workshops, and conferences. The
budget for this project was used mainly for partial support of such events. During
Years 3 and 4 (2020-22) the worldwide Covidl9 pandemic forced the cancellation or
postponement of face—to—face activities. Some activities were held online, or in hybrid
(face—-to—face and online) format. The main events co-organised by members of the
project were as follows (online or hybrid events are denoted by *):



(1) UK-Japan Winter School on Variational problems in Geometry and Mathematical Physics
7-10 January 2019, University of Leeds, UK. Foreign speakers included: P. Dorey,
I. McIntosh, F. Burstall.

(2) The 2nd International Conference on Geometry of Submanifolds and Integrable Systems
22-26 March 2019, Osaka City University. Foreign speakers included: Fran Burstall,
Udo Hertrich—Jeromin, Young Jin Suh, Peng Wang, Seong—Deog Yang.

(3) Workshop on Hamiltonian Systems and Lie theory 6 April 2019, Waseda University.
Foreign speakers included: Peter Crooks

(4) The 2nd Taiwan—Japan Joint Conference on Differential Geometry 1-5 November 2019,
NCTS, National Taiwan University, Taiwan. Foreign speakers included: Chen—-Yu Chi,
Hung-Lin Chiu, Sheng—Fu Chiu, Ulrich Menne, Wei-Bo Su, Ryosuke Takahashi, Ye—-Kai
Wang, Siye Wu.

(5) The 3rd International Workshop “Geometry of Submanifolds and Integrable Systems,
2-6 December 2019, OCAMI, Osaka City University. Foreign speakers included: Luis
Pedro Castellanos Moscoso, Josef Dorfmeister, Lynn Heller, Eduardo Mota Sanchez,
Thomas Raujouan.

(6) Topics in the Geometry and Topology of Moduli Spaces 25 January 2020, Waseda
University. Foreign speakers included: Florent Schaffhauser.

(7) Koriyama Geometry and Physics Days 2020 “Integrable systems, projective invariants,

and related topics” Feb 8-10, 2020, Nihon University Koriyama.

(8) International Workshop on Geometric Evolution Equations and Related Fields 8-9
March 2021, OCAMI, Osaka City University*. Foreign speakers included: Jui-En Chang,
Chih-Wei Chen, Siao-Hao Guo, Chun—Chi Lin, Yukihiro Seki, Wei-Bo Su, Chung-Jun
Tsai, Chin-Tung Wu.

(9) The 27th Osaka City University International Academic Symposium: Mathematical
Science of Visualization, and Deepening of Symmetry and Moduli 21-26 March 2021,
OCAMI, Osaka City University*. Foreign speakers included: Ulrich Pinkall, Konrad
Polthier.

(10) Toda equations, parabolic Higgs bundles, and related topics 56 October 2021,
Waseda University*. Foreign speakers included: Georgios Kydonakis, Qiongling Li,
Claudio Meneses, Florent Schaffhauser, Szilard Szabo.

(11) The 3rd Japan-Taiwan Joint Conference on Differential Geometry 1-3 November 2021,
OCAMI, Osaka City University*. Foreign speakers included: Chin-Yu Hsiao, Adeel
Ahmad Khan, Hsuan—Yi Liao, Hsueh-Yung Lin, Jesse Madnick, Chin—-Lung Wang, Yi-Sheng
Wang, Albert Wood.

(12) Koriyama Geometry and Physics Days 2021 “tt*%-Toda equations and infinite—
dimensional Lie algebras” Nov 14-15, 2021, Nihon University Koriyama.

(13) Special Geometry, Mirror Symmetry, and Integrable Systems 29 November — 2 December
2021, Waseda University*. Foreign speakers included: Murad Alim, Yalong Cao,
Vicente Cortes, Liana David, Claus Hertling, Ian Strachan, Andrew Swann.

(14) The 4th International Workshop “Geometry of Submanifolds and Integrable Systems”
20-23 February 2022, OCAMI, Osaka City University*. Foreign speakers included:
Fran Burstall, Emma Carberry, Robert Kusner, Katrin Leschke, Xiang Ma, Francisco
Martin, Magdalena Toda, Martin Traizet

(15) Differential Geometry and Integrable Systems (13th MSJ] Seasonal Institute), 1-21
March 2022, Osaka City University*. Foreign speakers included: Fran Burstall,
Josef Dorfmeister, Lynn Heller, Sebastian Heller, Nigel Hitchin, Robert Kusner,
Katrin Leschke, Hui Ma, Franz Pedit, Ulrich Pinkall, Iskander Taimanov, Martin
Traizet, Michael Wolf

(16) Applications of Harmonic Maps and Higgs Bundles to Differential Geometry 28 May —
2 June 2022, RIMS Workshop (Type A), RIMS Kyoto. Foreign speakers included: Fran
Burstall, John Loftin, Martin Traizet

(17) Geometry, Stochastics & Dynamics: Celebrating 20 years of UK—Japan Winter Schools
12-16 September 2022, Imperial College London. Foreign speakers included: Kenji
Fukaya, Chris Budd, Martin Hairer, Darryl Holm, Terry Lyons, Mark Pollicott, Graeme
Segal, Peter Topping

(18) Workshop on symplectic geometry and its applications 15 October 2022, Waseda
University. Foreign speakers included: Eckhard Meinrenken.

(19) 2nd Shot of The 13th MSJ-SI “Differential Geometry and Integrable Systems”

26 November — 1 December 2022, Takamatsu. Foreign speakers included: Indranil
Biswas, Emma Carberry, Shu—Cheng Chang, Robert Kusner, Franz Pedit, Mao—Pei Tsui.

(20) Online workshop on "Modular Forms in Geometry and Physics”, 14 January 2023, Waseda

University*. Foreign speakers included: Chang—Shou Lin.
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