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We developed analytical tools in the context of quantum scattering theory.
They exhibit properties of physical systems which are robust under perturbations. We also performed
bibliometric research on mathematical papers, and developed new tools for computing the effective
reproduction number.

Stability results of quantum systems are important, since these systems are constantly subject to
perturbations. Bibliometric investigations provide a _clear link between international collaborations
and citations. New methods for computing the effective reproduction number can have a huge impact.

We have developed analytical tools in the context of quantum scattering
theory. These results are necessary for exhibiting properties of physical systems which are robust
under perturbations. Because of the pandemic, we have also performed bibliometric research on
mathematical papers, and developed new tools for computing the effective reproduction number of the
COVID-19 epidemic.
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1. WFZEBHAE Y 9D 5 Background of the research

In 1949, the American mathematician N. Levinson published a paper which contains in a
parenthesis a rather surprising equality: the number of bound states of a physical system can be
computed from the scattering part of the system. During more than 50 years, physicists and
mathematicians have then extensively generalized this result (also called Levinson’s theorem) and
numerous research papers and chapters in books are devoted to this equality. However, it is only
in 2006 that we mentioned for the first time that this equality is in fact an index theorem and that
a C*-algebraic framework can tremendously extend the applicability and the interest of such an

equality.
2. #F%ED HHJ Purpose of the research

Our approach takes its root in the algebraic framework of non-commutative geometry developed
by A. Connes and in a very precise analysis of one of the main objects of scattering theory, namely
the wave operators. For the last 15 years, our general aim has been to show how fruitful the
interactions of these two subjects (non-commutative geometry and scattering theory) can be. For
example, it led to the exhibition of new explicit formulas for the wave operators for many physical
models, and prompted the development of new purely analytical tools, as some new formulas for
the resolvent expansion at embedded thresholds. New propagation estimates are also necessary
for the applicability of the algebraic framework. More recently, some links have also been
exhibited between our topological approach of Levinson’s theorem and very recent researches on
topological insulators. These developments lead again to the need of refined analytical estimates
for their implementation in an algebraic framework. Thus, our general aim is to develop some
analytical tools and further develop the C*-algebraic framework such that these two subjects can

be combined harmoniously and lead to new unexpected results.
3. WD JilE Research methods

Since this research was mainly based on the study of models of quantum systems we spent a lot
of time performing spectral and scattering investigations on such models. These investigations
were realized in collaboration with several researchers worldwide, and with my PhD students H.
Inoue and Q. Sun. Thus, during the first two years of this proposal we visited several collaborators
in Japan, in France, in Chile, and in China, and we also invited some of them for collaboration in
Japan. During these two years, we also attended several conferences and delivered numerous talks
for discussing the results of our investigations. Then, during the FY2020 and FY2021 the COVID-
19 pandemic had a huge impact on our research program: no trips were possible, meaning that no
visit to collaborators abroad took place, and no collaborators could be invited to Japan. After a
period of transition, we have adapted our research methods to this new framework, and reoriented
part of our research. As a consequence, the diversity of the results obtained has increased. Another
consequence of the pandemic has been the extension of this research project, from 3 years to 4

years.



4 . MRS Research results

As indicated below, the outcomes of this period of research consists in 14 published papers. Most
of these publications are directly linked to the initial project, with several developments on various
aspects of spectral and scattering theory, and a few papers are related to the new projects
developed because of the pandemic.

For the projects directly related to the initial proposal, let us mention [8,11,12,16], in which
integrable models are thoroughly investigated, from the analytical point of view and then from
the C*-algebraic point of view. These papers contain new and unexpected extensions of
Levinson’s theorem, and [11] has been published in the leading journal of non-commutative
geometry. The two companion papers [10] and [15] contain a fairly deep analysis of so called
quantum walk systems in an anisotropic setting. The complementarity of the analytical approach
and of the algebraic approach is the key of some of the proofs. Papers [3,4,5,7,9,14] contain
additional investigations in the framework of spectral and scattering theory. Among them, [5]
deals with a study of photonic crystals, while [ 7] contains complementary analytical and algebraic
results on 2D Schrodinger. Let us finally mention [2] and [13] with contain propagation estimates
obtained in a very general framework and with numerous applications.

For the projects not initially planned, let us mention [6] in which we have performed a
bibliometric research on papers published in mathematics. This is a subject that we wanted to
investigate for a long time, and the restrictions due to the pandemic gave us the perfect opportunity
to develop it. Another project focusing directly on COVID-19 has resulted in the publication [1].
This paper corresponds to a fruitful collaboration with prof. Miyoshi, from RIKEN, and with an
undergraduate student and a master student. None of us had a prior knowledge on epidemiology,
but together we developed new tools for computing the effective reproduction number, one of the
main indicators for the propagation of an epidemic. These investigations are based on a particle

filter scheme, one technique used in data assimilation, the field of expertise of prof. Miyoshi.
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1) Global Noncommutative Geometry Seminar (Worldwide), online, December 6, 2021.
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