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The motivation for studying random walks in random environments is to provide into the transport
properties of disordered media. The results of this project focussed on regimes where anomalous

behaviour can be observed, and thus it helps explain what features lead to a break from typical

behaviour.

A range of random walks in random environments were studied, many motivated

by problems in mathematical physics. One of the important examples for which significant new results
were proved was the uniform spanning tree in two and three dimensions, which is a fundamental
example of a random tree constrained by Euclidean space and arises as a limit of a certain model in
statistical physics. Another model for which new results were obtained was Mott variable range
hopping, which is a model for electron transport in inhomogeneous media. In both cases, scaling
limits were obtained that show the long-time behaviour of the processes in question. Other models
considered included the random conductance model, the Bouchaud trap model and percolation on certain

random planar maps. In all cases, a theme of the analysis was the use of resistance forms, which
were originally developed in the context of analysis on fractals, but are now being seen to be
useful for understanding random environments.
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1. WFEBHsA 4D E (Initial background of the study)

As described in the original proposal, the focus of this project was in random walks
in random environments, as motivated by wanting to describe properties of disordered
media. Examples of such arise in statistical physics, such as percolation clusters and
uniform spanning trees, or computer science, where various network models are applied
The particular regime of interest was for models which demonstrate some kind of large—
scale fractal behavior, for which anomalous behavior of the associated random walks is
expected. The study of random walks on fractal-like graphs and their scaling limits
was initiated in the 1980s, and since then, more general techniques based on

“resistance forms” , as introduced by Kigami, have been developed to understand them.
The goal of this project was to further advance these techniques to cover more complex
and challenging examples.

2. W2 HK) (Objectives of the research)

The proposal contained several detailed aims, which we recall the topics of here (see
the original proposal for details), and briefly describe progress made upon them.

Aim 1. Apply resistance form framework to deduce random walk scaling limits
(a) Random walk on the critical percolation IIC

In the original proposal, various problems relating to understanding random
walks on critical percolation clusters conditioned to be large were indicated
Whilst the Euclidean setting still remains open, in this direction, together
with Eleanor Archer (Paris Nanterre), | demonstrated the scaling limit expected
to be seen in high—-dimensions is seen for a related model based on random
planar maps. This model could be seen as an interpolation between critical
trees, as had been studied previously, and the high—dimensional Euclidean case
It suggests the general techniques for studying random walks will be robust
enough to handle the Euclidean case once the geometry is better understood

(b) Random walk on uniform spanning trees (USTs)

Together with Martin Barlow (UBC) and Takashi Kumagai (Waseda), we derived
detailed heat kernel estimates for the two—dimensional UST, which show an
interesting difference between the quenched (typical) and annealed (averaged)
behavior. In a subsequent paper with Daisuke Shiraishi (Kyoto) and Satomi
Watanabe (CUHK), we explored this phenomenon in more detail for a simpler (but
strongly) related model of random walk on a loop—erased random walk. As for
the case of the three—dimensional UST, together with Omer Anger (UBC), Sarai
Hernandez—Torres (UPAM) and Daisuke Shiraishi (Kyoto), we adapted the two—
dimensional arguments to derive a scaling limit for the associated random walk.

(¢) Biased random walk on spatially embedded graphs

Together with Adam Bowditch (UCD), 1 studied the biased random walk on
supercritical percolation, demonstrating non—Gaussian fluctuations occur in a
certain part of the ballistic regime. This aspect of the problem was more
challenging than previous results on non—-Gaussian fluctuations in the sub-—
ballistic regime, since it required a detailed understanding of the second—
order behavior of the model.

(d) Mott process in one dimension and in more general spaces

Together with Ryoki Fukushima (Tsukuba) and Stefan Junk (Gakushuin), I wrote
two papers on the Mott process in one dimension, describing in detail the kinds



of behavior that can occur in the zero—speed regime. The proofs depended on a
careful analysis of the state—space as a resistance network. In a related work
for a simpler one-dimensional random conductance model, with Daniel Kious
(Bath) and Carlo Scali (TUM), I studied an ‘aging’ property, which might also
be expected to be seen in the Mott model.

Aim 2. Apply resistance form framework to study properties of the limiting processes
(a) Heat kernel estimates

Over the course of the project, I worked on several papers concerning heat
kernel estimates. Firstly, with Ben Hambly (Oxford) and Takashi Kumagai
(Waseda), we derived heat kernel estimates for the one—dimensional FIN process
An interesting aspect of these was a ‘law of large numbers’ —type result for
the off-diagonal part of the heat kernel, which demonstrated how the
fluctuations of the environment even out over a certain time—space scale. With
Hao Van Can (Vietnam Academy of Science and Technology) and Takashi Kumagai
(Waseda), I derived new results on the spectral dimension of simple random walk
on a long-range percolation cluster. Moreover, with Sebastian Andres
(Braunschweig) and Takashi Kumagai (Waseda), 1 gave some quantitative local
limit theorems for the one—dimensional Bouchaud trap model. In each of the
three cases mentioned, although the particular models studied were quite simple,
we expect the techniques to be adaptable to more complex settings.

(b) Cover times

Although on this part of the project, I was not able to complete an article
before the end of the grant, together with George Andriopoulos (NYU Abu Dhabi)
Laurent Menard (Paris Nanterre) and Vlad Margarint (Charlotte), I will shortly
release one on the cover time of the Brownian continuum random tree (CRT),
which is a canonical example of a random fractal. In particular, together with
known scaling results for random walks and their local times, our result will
imply convergence of cover times for various graphs that have the Brownian CRT
as their scaling limit, as is expected to be the case for high—dimensional
critical percolation

(¢) Trapping phenomena

Trapping phemomenon appeared in a number of the studies already outlined above,
and indeed various aspects of the anomalous random behaviour seen could be
attributed to it. A summary of some part of this story is provided by a survey
article I wrote with Sebastian Andres (Braunschweig) and Takashi Kumagai
(Waseda).

3. #W%ED 5 (Research methods)

As per the original plan, the main approach of this project was to develop resistance
form techniques to understand the various models of interest. In general, the PI
attempted to balance the abstract theoretical arguments with the study of particular
models. In this way, it could be ensured that the technical conditions assumed in the
general results were checkable for models of genuine interest.

4. WrEERE (Research results)

These have been outlined in part 2 of the report. Here, I would stress that, whilst
most of the results derived are of interest in their own right, a number were obtained
for ‘simple models’ , and can therefore be seen as test cases for more challenging
settings. The results of the project thus naturally give a number of interesting
directions for future research, many of which I plan to work on further with my
collaborators.
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