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When designing certain networks, one needs to put a "secured" device on each path on k vertices of

the communication graph. Our results may be useful in situations where one needs to reconfigure the
networks without changing its security.

In a Token Sliding (TS) reconfiguration problem, each configuration is a set

of tokens placed on vertices of a graph G, and two token-sets are adjacent if one can be obtained
from the other via a single token-slide from an occupied vertex to one of its neighbors. In this
research, we initiated the study of some reconfiguration variants of this problem under TS and some
other rules, where each token-set forms a k-path vertex cover (k-PVC) of G, i.e., each path on k
vertices of G has at least one token. We succeeded in determining whether they are easy/hard to
solve for different graph classes. The k-PVC concept arises when designing certain secured sensor
networks. This research may be useful when we want to slightly change the network while keeping its
secured property.
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For the last decade, reconfiguration problems have attracted the attention from both theoret-
ical and practical aspects of computer science [1, 2]. An instance of a reconfiguration problem
consists of (1) a description of what a configuration is, and (2) a reconfiguration rule indicating
how to “transform” one configuration into another. The question is whether there is a sequence
of configurations that transforms one configuration into another such that each intermediate con-
figuration is obtained from its predecessor by applying the reconfiguration rule exactly once. In
several contexts, one may indicate a computational problem as a source problem, and identify each
configuration with a solution of that source problem.

As an example, consider the RoBoT MOTION problem [3],
where robots and obstacles are placed in an environment, and
one needs to figure out a way to move robots to their final desti-
nations without having collision with other robots or obstacles.
In a reconfiguration setting for modeling this problem, robots
and obstacles placed in an environment are identified with la-
beled and unlabeled tokens placed on vertices of a graph. A
reconfiguration rule, called the Token Sliding rule, can be de-
fined by allowing a token to move only to one of its adjacent
vertices. Analogously, one needs to determine if there is a re- 1 An example of modeling
configuration sequence that transforms an initial configuration =~ ROBOT MOTION using reconfig-
where the robots are placed at their sources to a target config- ~ uration.
uration where the robots are placed at their final destinations.

Naturally, it is also required that the number of “sliding” operations must be minimized in the
desired reconfiguration sequence.

From the theoretical viewpoint, reconfiguration problems provide a new frame-
work for gaining insightful knowledge of fundamental problems in the compu-
tational complexity theory. As one may recall from the theory of computation, for
the fundametal complexity classes P, NP, and PSPACE, we always have P C NP C PSPACE.
Great effort has been made toward determining whether P #

NP, or NP # PSPACE, or P # PSPACE. In genral, reconfiguration (1) + B\ pspace-hard
problems tend to be PSPACE-hard. However, when they are / PSPACE \
restricted by some initial constraints, the complexity of the 2) NP-hard
resulting problems may sometimes be in NP-hard or even in NP )
[Provided that P C NP C PSPACE]
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P. For a more precise example, one can refer to a variant of
RoOBOT MOTION described before where no obstacles exist and
all robots are identical, i.e., they are all identified by unlabeled
tokens. In this case, one can design in polynomial time a plan
for moving each robot to its final target. However, even when
only one robot is different from all other robots, the problem is
NP-hard [1]. In a different variant where all robots are identical
and no edge of the input graph connects two tokens, even the problem of asking whether the
reconfiguration sequence exists is indeed PSPACE-hard [4]. In short, reconfiguration problems, in
some sense, “characterize” these fundamental complexity classes, and provide useful intuition for
determining whether they are all different.

(1) All robots are identical
(2) One robot is different
(3) No edge connects two robots

2 Reconfiguration “charac-
terizes” complexity classes.
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Motivated by the importance of reconfiguration problems in both complexity theory and the
modeling of ROBOT MOTION, in this research, we aim to draw the borderlines between the
tractablility /intractability of different reconfiguration problems under Token Sliding
rule. From the theoretical viewpoint, classifying computational problems based on their tractabil-
ity /intractability is one of the major subjects in the computational complexity theory. To the best
of our knowledge, there is only a few number of source problems whose reconfiguration variants
have been considered under the Token Sliding rule, namely INDEPENDENT SET, VERTEX COVER,
CLIQUE, MATCHING, DOMINATING SET, SPANNING SUBGRAPH, INDUCED SUBGRAPH. As a result,
it is important to build a systematic understanding of the tractability /intractability
of the reconfiguration problems that employ Token Sliding as a reconfiguration rule.
It is hoped that by achieving its primary goal, this research will not only contribute to the un-
derstanding of reconfiguration problems but also extend the current knowledge of the well-known
complexity classes P, NP, and PSPACE.
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We plan to approach reconfiguration problems under Token Sliding rule from the following di-
rections: (1) Tackle reconfiguration variants of different source problems to see which structural
property of a problem makes it easy/hard to solve under Token Sliding; (2) Consider reconfigu-
ration problems whose reconfiguration rule relates to “moving tokens on graphs” (e.g., the Token
Swapping rule that allows only two adjacent tokens can be swapped) to understand why the prob-
lems under Token Sliding are easier/harder comparing to other “token-moving” reconfiguration
rules; (3) Study different “types” of Token Sliding rule, for instance, by allowing multiple tokens
to be simultaneously moved, or by restricting that only certain tokens can be moved, and so on.
Toward the first direction, we aim to tackle the reconfiguration variants of some well-known NP-
hard source problems. As these source problems have been well-investigated for years, we hope
that some intuitive ideas for solving source problems can also be useful for understanding their
reconfiguration variants. Toward the second direction, we aim to compare Token Sliding with
other “similar” reconfiguration rules via characterizing the computational complexities of the cor-
responding reconfiguration problems that employ the same source problem. In this way, we hope to
explain why it is sometimes more useful to consider Token Sliding in certain restricted conditions.
Toward the third direction, we aim to understand how a slight modification in the Token Sliding
rule affects the computational complexity of the corresponding reconfiguration problem. In this
way, we hope to use the obtained results as a tool for efficiently modeling ROBOT MOTION.

4. WRZERCR

In a Token Sliding (TS) reconfiguration problem, each configuration is given as a set of tokens
placed on vertices of a graph GG, and two token-sets are adjacent if one can be obtained from the
other via a single token-slide from an occupied vertex to one of its neighbors. The main task is
to decide whether there is a sequence of token-slides between two given token-sets. We initiated
the study of different reconfiguration variants of this problem where each token-set forms a k-path
vertex cover (k-PVC) of G (i.e., a vertex-subset I such that each path on k vertices contains at
least one of its members). We showed that the problems under TS and some other rules (namely,
TJ, where a token can “jump” to any unoccupied vertex; and TAR(k), where each step involves
either adding or removing a token such that the resulting token-set contains at least £ members, for
some positive integer k) are PSPACE-hard for different input graphs, including planar and bounded
bandwidth graphs of maximum degree 3, bipartite graphs, and chordal graphs. On the positive
side, we designed efficient algorithms for solving some variants on paths, cycle, trees. We presented
these results at WALCOM 2020 [5]. The k-PVC concept arises when designing certain secured
sensor networks [6]: the devices are vertices of the corresponding communication graph, two devices
are adjacent if they can communicate, and one need to put a “secured” device on every k-vertex
path. This research may be useful when we want to slightly change the network while keeping its
secured property.
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3 A summary of our results [5]. Each rectangle indicates a graph class, and the arrow
from G to H tells us H is a subclass of G.
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