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Dark matter is one of the greatest puzzles in physics, and is a mystery that has gone unsolved for
decades. Understanding the nature of dark matter has a direct impact on our very own existence in
the universe, since without the effect of dark matter on the cosmos, we would not be here.

This research furthered our understanding of effective field theory,
developing and generalising previously known techniques for their construction so as to be
applicable to a much wider range of physical systems. A key achievement was to develop a broader
understanding of the effective field theories relevant for dark matter direct detection in the case
that the dark matter has a de Broglie wavelength greater than the interatomic spacing of condensed
matter systems. New effective field theories that describe the phonons within such condensed matter
systems were written down. A new understanding of so-called outer-automorphism symmetries was
uncovered. A new way of breaking a symmetry but not having any Nambu-Goldstone bosons in the
effective field theory was elucidated.
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The evidence for dark matter in the universe is overwhelming, ranging from the detailed measurements of
the cosmic microwave background to observations of colliding galaxy clusters and rotation curves of stars
in galaxies. We know that dark matter contributes to the energy budget of the universe, but as we only see
the gravitational interactions of dark matter, we do not have any indication of its mass scale. Past
theoretical and experimental efforts have been focused on a very narrow window of masses that are
associated with the so-called weakly interacting massive particle. However, null results from underground
experiments and the large hadron collider at CERN have thrown this paradigm into question. And so new
theoretical and experimental effort is being put into understanding other regions of possible dark matter
mass.

One such region is to consider particles that are less massive than the typical weakly interacting massive
particle, with mass below a MeV. For such dark matter, there exist theoretical models which can explain
the relic abundance (amount) of dark matter in the present-day universe, and so their study is motivated.
It is possible that such dark matter in the milky way could be detected through a non-gravitational
interaction in a laboratory experiment. These experimental efforts typically utilise on research and
development ideas in new quantum technologies, because the amount of energy deposit is very small
(around a million times smaller than the mass-energy of the dark matter).

However, a crucial point is that at such small masses, the de Broglie wavelength of the dark matter
becomes larger than the typical interatomic spacing in condensed matter systems. Thus the dark matter
does not scatter of individual atoms of the detector material, but rather interacts with collective modes of
the detector (e.g. phonons), So the relevant theory needs to take this into account.

Effective field theories are ‘catch-all’ quantum theories that can quantitatively parameterise unknown
physics, and can also been seen as a systematic organisation of the intuition we obtain from the so called
renormalization (coarse-graining procedure) of quantum field theory. In principle, an effective field theory
can be written down knowing two things: the known degrees of freedom at the relevant energy scale, and
the symmetries of the system.

My prior work dealt with systematically understanding the effective field theory construction in the case
that there was Poincare symmetry (relativistic symmetry). However, the motivation for this project was to
be able to systematically write down effective field theories for condensed matter systems that act as dark
matter detectors, and that can describe the dark matter - detector interaction. These non-relativistic
condensed matter systems fall outside of the symmetries considered in the prior work,

The key motivation for this effective field theory approach to describe dark matter - detector interactions
is that broad lessons could be learned about how dark matter interacts with proposed materials for such
detectors. For example, it is crucial to understand how scattering rates may be increased, as this will lead
to a greater chance of discovery of non-gravitational dark matter interactions. And indeed, prior
background work showed that naive expectations (from e.g. dimensional analysis) of dark matter -
detector cross sections were wrong.

Another motivation was that in generalising the systematic study of effective field theories to systems that
are non-relativistic, more foundational aspects of their mathematical structure could be elucidated.
Already in relativistic systems connections were made to conformal representation theory, commutative
algebra and cohomology, as well as the spinor helicity formalisms from scattering amplitudes. Because
the structure of non-relativistic theory is much richer, it was expected that deeper mathematical lessons
could be extracted.

2. HEOHMN

The objective of this research was to develop the method of systematically constructing effective field
theories that are relevant for the field of light dark matter detection. The plan was to build upon prior
work of mine that uncovered systematic frameworks for the construction of effective field theories, and
develop these frameworks to be of use for dark matter physics where the mass of the dark matter particle
is below an MeV.
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A key tool for the systematic construction of relativistic effective field theories was a mathematical object
called a Hilbert series. These enabled a systematic enumeration of the various types of physical couplings
that can be present in the effective interactions of the various relevant degrees of freedom of the system,
subject to symmetry constraints. Developing the Hilbert series technology was a key method in the
research plan.

The Hilbert series technique had previously been identified with the construction of a partition function of
the free theory of the relevant degrees of freedom. Partitions are complicated objects to study, and the
precise combinatorial calculations becomes very cumbersome and computationally expensive. One well-
known analytic handle is to study their asymptotic behaviour (as in the famous Ramanujan formula for
partitions of integers), and this approach could be generalised to apply to Hilbert series as well.

Another important method was to actually construct and study scattering in effective field theories that
are relevant for condensed matter systems, with particular attention being paid to the mathematical
structures that are relevant for doing so. In particular the spinor helicity method and related geometric
understanding was to be further elucidated.

4. WIFEER

One of the first key main results of this project was to write down a novel effective field theory for
phonons in a material that consists of two distinct types of atoms. Attention was paid to the symmetry
breaking pattern that in turn dictates the interactions of the theory. The symmetry breaking was describing
how the Poincare symmetry (and an internal symmetry) was broken, so as to give rise to Nambu
Goldstone bosons which are identified as the phonons of the theory. It was shown that such symmetry
arguments lead to some of the phonons getting a small ‘gap’ (in that their energy does not go to zero as
their momentum goes to zero). We dubbed such phonons pseudo-acoustic phonons, and pointed out that
one such material that they are of relevance to is bi-layer graphene. One of the results was to understand
how phonons may get a ‘gap’ purely on symmetry (i.e. effective field theory) arguments, as this can
change their detection probability and the rate at which dark matter scatters off them. This research was
done with international collaboration, led to a publication in an international journal, and to talks at
international conferences and seminars.

Another main result was how the spinor helicity variables motivated a geometerization of a number of
scattering observables in quantum field theory, such as differential cross sections. This work was
published in an international journal, and was done with international collaboration.

The asymptotic handle on Hilbert series was developed over two papers published in international
journals, with international and domestic collaboration, and was presented at a number of international
workshops and seminars. It was shown that by developing a mathematical theorem of Meinardus (from
the 1950s) it could be applied to Hilbert series relevant for effective quantum field theories including
particles of various helicity, and with various internal quantum numbers.

The Ising model is the archetypal condensed matter field theory, as many microscopic theories of interest
fall within this universality class. With international collaborators I developed techniques to renormalise
the quantum effective field theory of a real and a complex scalar field, and compute the anomalous
dimensions to state-of-the-art loop order. We proved novel ‘non-renormalization’ theorems that give
important information on how the coupling constants of the effective field theory change upon coarse-
graining. This elucidated new structure in effective field theory. The results were published in two papers
in international journals.

One of the unexpected results came about in discovering that an important symmetry that determines how
a dark matter particle may interact with normal matter (that are known as outer-automorphism
symmetries) may in fact be ‘anomalous’ (not preserved in the quantum theory). Because the organisation
of interactions by these outer-automorphism symmetries is important, it was necessary to understand this
surprising fact. This resulted in domestic and international collaboration, and resulted in a paper that was
published in an international journal, and presented at an international conference.

Another key development of the Hilbert series technology was elucidating how it can be used to construct



effective field theories where a gauge symmetry is spontaneously broken. This had actually not been
understood in the relativistic setting, and this was achieved during the course of this research. It was
shown that Hilbert series can also be applied to this important class of effective field theories. This was
done within a domestic and international collaboration, and resulted in a paper that was published in an
international journal, and presented at an international conference.

A novel and unexpected result, which has led to new research directions, is a new mechanism that
describes the ability to ‘evade’ the theorem that Nambu Goldstone bosons are present when a symmetry is
spontaneously broken. Famously, one such mechanism is the Higgs mechanism, where a vector boson
acquires a mass. In this case, the degree of freedom associated with the Nambu Goldstone boson shows
up in the longitudinal degree of freedom of the massive boson. In an international collaboration we
showed how free choices of the electric and gravitational fields in the quantum theories of
electromagnetism and gravity is equivalent to the existence of a charged or gravitational fluid in these
theories respectively. This fluid breaks Lorentz symmetry, but does not have an associated Nambu
Goldstone boson degree of freedom. This is possible down to the gauge nature of these theories. This
work is currently submitted to a journal, and has been presented in international conferences and talks.
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