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We investigated the computational power and the applications of large-scale
guantum computers. We first rigorously established a quantum advantage (i.e., showed that quantum
computers can be faster than supercomputers) for fundamental problems such as high-precision
chemistry calculations. We developed several fast quantum distributed algorithms and proved a
guantum advantage for distributed computing as well. We also investigated the potential of shallow
(i.e., low depth) quantum circuits and demonstrated that they can be significantly more powerful
than classical shallow circuits.



Quantum computing is a computation paradigm based on the principles of quantum
mechanics that has first been proposed in the 1980’s. Early results showed that quantum
computers can handle certain computational problemsin away incomparableto classica
(i.e., non-quantum) computers. The most celebrated such result is without doubt Shor’s
algorithm [Shor, SIAM Journa on Computing 1997], which computes the factorization
of an integer exponentially faster than all known classical algorithms. This discovery and
its consequences to cryptography attracted much attention to quantum computing and to
quantum algorithms. Two decades of efforts lead to a better understanding of the power
of quantum computers and to the development of a small number of primitives and
techniques for quantum algorithm design such as quantum search, quantum walks or
guantum phase estimation.

Significant progress has been made in the past five years towards the actual realization
of quantum computers. mgjor IT companies(e.g., IBM or Google) announced the creation
of small-scale quantum computers; several companies (e.g., Microsoft) launched their
own programming languages and compilers for quantum computers. We are entering an
erawhere computation using small-scale quantum computers is now possible and where
the construction of medium-scale, and then ultimately even large-scale, quantum
computers may finally become within reach.

In view of the significant recent progress made on the hardware side of quantum
computing, the main question is not anymore whether a large-scale quantum computer
can be constructed, but rather whether it will beworth building such adevice, i.e., whether
large-scale quantum computers will be useful enough to justify the huge amount of effort,
time and investments needed in the next decades for their development. Two decades of
works on quantum algorithms have unfortunately not yet given a satisfying answer to this
question: known applications of quantum computers (including integer factoring) can
hardly be considered asimportant enough to justify by themselves such asignificant cost.
Additionally, most theoretical research on quantum algorithms has focused on showing
the superiority of quantum computing for abstract models of computations (e.g., query
complexity) that are not directly related to the actual performance of quantum algorithms.
The most pressing question at this stage of development of quantum computersis thus to
discover new, concrete and important problems for which quantum algorithms perform
significantly better than the best known classical algorithms.

The purpose of this research proposal was to significantly enlarge the ream of
applications of quantum agorithms by developing new quantum agorithms and
identifying new fields in theoretical computer science for which quantum computation
gives significant advantage over classical computation. The three main directions of this
proposal were as follows.

A. New algorithmic applications of quantum search techniques
Quantum search, first introduced by Grover in 1996, is still one of the most generic
tools for designing quantum algorithms. Besides the apparent simplicity of this
technique, algorithms based on quantum search are delicate to design since significant
familiarity in both quantum computing and techniques from classical computation is
required. Recent breakthroughs [Boroujeni et al., SODA 2018] [Ambainis et al.,
SODA 2019] have nevertheless shown that quantum algorithms based on quantum



search can lead to some of the most striking applications of quantum algorithms. The
first goal of thisresearch proposal wasto develop new applications of quantum search
techniques. The plan was to especially focus on applications to computational tasks
extremely time-consuming for today’s computers.

B. Investigation of quantum distributed algorithms

Distributed algorithms is a well-established important area in algorithm design. The
second research direction of this proposal was to establish the field of quantum
distributed algorithms, i.e., to bridge and combine two areas of research in computer
science that have mostly been studied independently so far: research on quantum
computing and quantum algorithms on one side, and research on distributed
computing on the other side. These investigations were expected to lead to the
discovery of several new computational tasks for which quantum computation
outperforms classical computation and thus cast light on a whole new area of
applications for quantum computers.

C. Average-case analysis of quantum algorithms

The most traditional measure of performance of agorithmsisthe running time on the
worst-case input. However, such aworst-case input may not be found efficiently, and
may actually never be encountered in practice. The field of average-case complexity
ams at analyzing the performance of algorithms with respect to random inputs
according to some natural distribution. Most of the prior research on quantum
algorithms has been done with respect to worst-case complexity. In contrast, our goal
was to develop the theory of average-case quantum complexity, and show quantum
advantage in this setting as well.

Research was conducted in each of the three directions according to the methodol ogy and
schedule described in Figure 1 below.
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Figure 1: Methodology, Organization and Schedule of our Research Proposal



We explain below the results obtained during the 4 years of the project. Due to space
constraints, we only describe some of the most significant results.

[Quantum string algorithms] We have constructed new quantum algorithms for several
important string problems: computing the Longest Common Substring (LCS), computing
the Longest Palindrome Substring (LPS) and estimating the Ulam distance. All these
fundamental string problems can be classically solved in near linear time. We constructed
for the first time sublinear time quantum algorithms, along with quantum lower bounds.
Our results shed light on avery surprising fact: Although the classical solutions for LCS
and LPS are almost identical, their quantum computational complexitiesare very different.

[Dequantization of the Quantum Singular Value Transformation] The Quantum
Singular Vaue Transformation (QSVT) is a recent technique that gives a unified
framework to describe most quantum algorithms discovered so far. We first investigated
the hardness of classically simulating the QSVT. A recent result by Chia, Gilyén, Li, Lin,
Tang and Wang (STOC 2020) showed that the QSVT can be efficiently "dequantized" for
low-rank matrices. We focused on the other main class of matrices considered in
applications of the QSVT:. sparse matrices. We first showed how to efficiently
"dequantize”, with arbitrarily small constant precision, the QSV T associated with alow-
degree polynomial. We applied thistechnique to design classical algorithmsthat estimate,
with constant precision, the singular values of a sparse matrix. We also discussed how
this dequantization technique may help make progress on the central quantum PCP
conjecture.

[Quantum advantagefor quantum chemistry] We showed that acentral computational
problem considered by quantum algorithms for quantum chemistry (estimating the
ground state energy of a local Hamiltonian when given, as an additional input, a state
sufficiently close to the ground state) can be solved efficiently with constant precision on
aclassical computer. As acomplementary result, we proved that with inverse-polynomial
precision, the same problem becomes BQP-complete. This gives theoretical evidence for
the superiority of quantum algorithms for chemistry, and strongly suggests that said
superiority stems from the improved precision achievable in the quantum setting. Then
we showed that the BQP-completeness aso holds for 2-local physically motivated
Hamiltonians on a 2D square lattice or a 2D triangular lattice. Beyond the hardness of
estimating the ground state energy, we aso showed BQP-hardness persists when
considering estimating energies of excited states of these Hamiltonians instead. Those
make further steps towards establishing practical quantum advantage in quantum
chemistry.

[Quantum distributed algorithmsfor graph-theor etic problems] The starting point of
these investigations was the recent work by Le Gall, 1zumi (co-1) and Magniez on
quantum distributed computing, which showed that triangle detection by quantum
distributed algorithms is easier than triangle listing, while an analogous result is not
known in the classical case. We developed a framework for fast quantum distributed
clique detection, which improves upon the state-of-the-art for thetriangle case, and isalso
more general, applying to larger cligue sizes. Our main technical contribution is a new
approach for detecting cliques by encapsulating this as a search task for nodes that can be
added to smaller cliques. To extract the best complexities out of our approach, we
devel oped aframework for nested distributed quantum searches, which employs checking
procedures that are quantum themselves. Moreover, we showed a circuit-complexity
barrier on proving a lower bound of the form Q(n*®) for detecting a clique of size p for



any p> 4, evenin the classical (non-quantum) distributed CONGEST setting.

[Lower bounds for quantum distributed algorithms] We investigated quantum
multiparty communication complexity in the setting where communication is oblivious.
This requirement, which to our knowledge is satisfied by al quantum multiparty
protocols in the literature, means that the communication pattern, and in particular the
amount of communication exchanged between each pair of players at each round isfixed
independently of the input before the execution of the protocol. We showed, for a wide
class of functions, how to prove strong lower bounds on their oblivious quantum k-party
communication complexity using lower bounds on their two-party communication
complexity. We applied this technique to prove tight lower bounds for all symmetric and
obtained an optimal lower bound on the oblivious quantum k-party communication
complexity of the n-bit Set-Digjointness function. We a so showed the tightness of these
lower bounds by giving (nearly) matching upper bounds.

[Quantum disgtributed state synthess| The generation and verification of quantum
states are fundamental tasks for quantum information processing that have recently been
investigated by Irani, Natargjan, Nirkhe, Rao and Yuen [CCC 2022], Rosenthal and Yuen
[ITCS 2022], Metger and Yuen [FOCS 2023] under the term state synthesis. We have
studied this concept from the viewpoint of quantum distributed computing, and especially
distributed quantum Merlin-Arthur (dQMA) protocols. We first introduced a novel task,
on a line, called state generation with distributed inputs (SGDI). We gave a dQMA
protocol for SGDI and utilized this protocol to construct a dQMA protocol for the Set
Equality problem studied in prior works. We also showed how to convert any dQMA
protocol on an arbitrary network into another dQM A protocol wherethe verification stage
does not require any quantum communication.

[Efficient tests of quantumness] Recently Brakerski, Christiano, Mahadev, Vazirani and
Vidick (FOCS 2018) have shown how to construct a test of quantumness based on the
learning with errors (LWE) assumption: atest that can be solved efficiently by aquantum
computer but cannot be solved by a classical polynomial-time computer under the LWE
assumption. This test has led to several cryptographic applications. In particular, it has
been applied to producing certifiable randomness from a single untrusted quantum device,
self-testing a single quantum device and device-independent quantum key distribution.
We have shown that this test of quantumness, and essentially all the above applications,
can actually be implemented by a very weak class of quantum circuits. constant-depth
quantum circuits combined with logarithmic-depth classical computation. This reveals
novel complexity-theoretic properties of this fundamental test of quantumness and gives
new concrete evidence of the superiority of small-depth quantum circuits over classical
computation.

[Average-case superiority of noisy quantum circuits] We developed methods for
analyzing the average-case performance of quantum circuits. While prior works assumed
that no noise occurs during the computation, we extended this approach to the much more
realistic model of noisy quantum circuits. We showed that even in the presence of noise
and even on average inputs, quantum circuits are more powerful than classical circuits,
which gives another compelling evidence of the superiority of quantum computing. A key
tool to achieve this goa was randomness extraction techniques first developed in
[Trevisan, JACM 2001].
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