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研究成果の概要（和文）：2次元正規特異点の整閉イデアルに関し．渡辺は奥間智弘山形大教授，吉田健一日本
大学教授と共に，以前，「Pg イデアル」の概念を提唱し，有理特異点が「すべての整閉イデアルが Pg イデア
ルである」という性質で特徴づけられる事を示した．今回は 奥間，吉田教授と，Grnova 大学の Evelina Rossi
 教授との共同研究で，pg イデアルに次ぐ「良い」イデアルとして「楕円イデアル」の概念を導入した．これに
より，楕円型特異点のイデアル論が特徴づけられた．また，整閉イデアルの，正規還元数が異なる例を初めて発
見した．
また正標数の特異点論に於いてはHilbert=Kunz 重複度の新たな上限を与えた．

研究成果の概要（英文）：I studied with Tomohiro Okuma (Yamagat Univ.) and Ken-ichi Yoshida (Nihon 
Univ.) integrally closed ideals in a 2-dimensional normal singularities.  After our previous work on
 pg-ideals, we proposed a new class of ideals called "elliptic ideals" and showed nice properties of
 such ideals. This notion came up during the joint work with Okuma, Yoshida and M.-E. Rossi (Genova 
Univ.).　This notion is useful to characterize "elliptic singularities". We also found a new example
 where the 2 notions of "normal reduction numbers" are different.

In theory of positive characteristics, I found a new lower bound of Hilbert-Kunz multiplicities 
(joint work with Yoshida, I. Smirnov et. al)  and       
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研究成果の学術的意義や社会的意義
可換環論は代数幾何学と深く結びついている，可換環論の最も重要な対象であるイデアルに対して，その環論的
性質を幾何学的に解析する事は今まで行われて来なかった．本研究は，2次元の正規特異点に対して幾何学的な
情報を用いて，環論的性質を導くもので，大変独自性が高い．実際，今まで知られていなかった，正規還元数を
持つイデアルを幾何学的情報によって発見でき，またその代数的な表現を与えた事は大変大きな成果であった．
また，正標数の可換環論の手法を用いて，幾何学的な性質を与える事は将来幾何学的な情報をコンピューターで
計算を可能にするために役に立つ可能性を持っている．

※科研費による研究は、研究者の自覚と責任において実施するものです。そのため、研究の実施や研究成果の公表等に
ついては、国の要請等に基づくものではなく、その研究成果に関する見解や責任は、研究者個人に帰属します。



「特異点の解消を用いた可換環論の研究」(2020-2024)　研究報告

渡辺　敬一

１．研究開始当初の背景

渡辺は山形大学の奥間智弘教授，日本大学の吉田健一教授と共に，特異点の解消
を用いた整閉イデアルの研究の準備を行い，pg イデアルの概念や，normal reduction
number r̄(I), nr(I) の概念を得ていた．この研究を一層発展させるのが本研究の目的
であった．
正標数の可換環論を用いた Hilbert-Kunz重複度，F-signature等の概念 (以下では

「正標数の手法」と略) については渡辺と吉田が例えば「A が正則⇐⇒ eHK(A) = 1
(eHK(A) は Hilbert-Kunz 重複度)，A が正則でない時，dimA = 2 なら eHK(A) ≥
3/2，dimA = 3 なら eHK(A) ≥ 4/3」 等々の基礎的な部分を研究していた．

２．研究の目的

2次元の正規局所環 (A,m)を与えたとき，Aの整閉イデアルI に対して，̄r(I), nr(I)
及び 4. で述べられる概念 q(I) のすべての可能性を決定し，「 A のイデアルの挙動
のすべての可能性を決定する」(例えば A が有理特異点の場合，すべての I につい
て r̄(I) = nr(I) = 1, q(I) = 0) のが研究の目的であった．
正標数の手法に関しては Hilbert-Kunz 重複度や F-signature の更なる理解が求め

られる．

３．研究の方法

数学の研究は，対話によって進んでいく面がある．「対話」もある程度はメールな
ので代替できる部分もあるが，実際に対面で議論を重ねるのは質的に充実感，効果
が異なる．しかし，この研究の準備段階では全く予期しなかった covid19 の蔓延に
より，2021 年度の終わりまでは，出張による研究連絡が全く不可能であった．その
間は,しかし，全く予見できなかった on line により世界各国の「セミナー」に出席
が可能となった．実際，渡辺も California, Mumbai のセミナーに「出席」し，講演
も行った．このために，書画カメラ，タブレットなどの，on line での講演のための
機材も今回の研究費で購入した．しかし，一方で，これらの「セミナー」は対面で
の講演に遠く及ばない面もあった．

４．研究成果

この項では国際的な学術雑誌より出版されたもの，投稿中または準備中の結果を
解説する，発表はすべて英語でなされており，また，多くの数学的な述語などが登
場し，しかもそれらの術語の和訳はまだ存在しないものが多いので，以下は英語で
記述する．
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Results obtained in this research.

1. Integrally closed ideals in 2 dimensional normal singularities

We want to study a 2 dimensional local ring (A,m). To study the properties of
the ring A, the behavior of the ideals are essential as we will see later. So we want
to study the properties of an integrally closed m-primary ideal I of A.

The point of this research is to study the properties of I by a resolution of singu-
larities

f : X → Spec(A)

of A such that IOX = OX(−Z), where we put E =
∪r

i=1Ei and Z =
∑r

i=1 niEi

is a cycle on X.
We will denote I = IZ in the following.
In this Section, let (A,m) be a Noetherian commutative local ring with the unique

maximal ideal m and the residue field k = A/m. Also, we assume that A is a
two-dimensional excellent normal local domain (which is not regular) containing an
algebraically closed field k.

It was well known that

pg(A) = dimk H
1(X,OX)

is a very important invariant of the singularity. For example, “A is a rational
singularity” is equivalent to say “pg(A) = 0”.

Also, another invariant was defined;

pa(A) = max{pa(Z) | where Z > 0 positive cycle on E}
Likewise the case of rational singularities, “Elliptic Singularities” are defined by

pa(A) = 1.
The notion of reduction numbers is very important in ideal theory. LetQ ⊂ I = IZ

be a minimal reduction of I; namely Q = (a, b) is generated by a parameter system
(a, b) of A and QOX = IOX = OX(−Z).

The notion of reduction numbers are very important in ideal theory and since we
are interested in integrally closed ideals, we define the notion of normal reduction
numbers. For any m-primary integrally closed ideal I ⊂ A and its minimal reduction
Q, we put

nr(I) = min{r ∈ Z≥1 | Ir+1 = QIr},
r̄(I) = min{r ∈ Z≥1 | In+1 = QIn for all n ≥ r}.

Also we define nr(A) and r̄(A) the maximum of nr(I), r̄(I), respectively for all
m-primary integrally closed ideals I in A.

Also, we defined the notion

q(I) = q(IZ) = dimk H
1(X,OX(−Z))

and
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q(nI) = q(In) = dimk(H
1(X,OX(−nZ)).

This definition includes the case that q(0I) = dimk H
1(X,OX) = pg(A).

We have found that the sequence {q(nI)} is a non-increasing sequence of n and
if q(nI) = q((n+ 1)I) for some n, then q(nI) = q(mI) for very m ≥ n [OWY1].

We defined the notion of pg-ideal.

Definition 1.1. ([OWY1]) I = IZ is a pg ideal if q(I) = pg(A). Then I is a pg-ideal
if and only if r̄(I) = 1.

In this context, we see that A is a rational singularity if and only if every integrally
closedm-primary ideals in A is a pg-ideal, or, in another word, r̄(A) = 1. Also Okuma
found that if A is an elliptic singularity, then r̄(A) = 2.

Up to this point the result above was obtained before the beginning of this re-
search. The most important results obtained during this research was the following.
These results are obtained by joint work with T. Okuma and K. Yoshida.

Main Results.

(1) In the case A is a normal hypersurface given by a homogeneous polynomial
of degree d. Then succeeded to prove that r̄(A) = nr(m) = d−1. This result
was published in [OWY5]. Also we gave the first example of I such that
nr(I) < r̄(I). Actually, for all positive integer g ≥ 2, we gave an example
of I, such that nr(I) = 1 and r̄(I) = g + 1 = pg(A) + 1. We also give an
“algebraic” expression (the expression by defining equation and generators
of the ideal) ([OWY5]).

(2) We studied throughly the property of I with r̄(I) = 2. We introduced the
name “elliptic ideal” for I with r̄(I) = 2. This work was a joint work with
M.E. Rossi of Genova University ([ORWY]).

(3) We gave a new bound for r̄(A) as r̄(A) ≤ pa(A)+1, extending Okuma’s result
for elliptic singularities. Actually the invariant pa(A) seldom appear in the
literature except the case pa(A) = 1. So our result gives a new meaning to
this invariant. We are preparing the manuscripts containing this result as
well as the next one.

2. Hilbert-Kunz multiplicity, Method of positive characteristics.

Methods using commutative ring theory of positive characteristics are extensively
used in commutative rings as well as minimal model programs in algebraic geometry
and singularity theory. In this research, I worked on the problems related to the the-

ory of Hilbert-Kunz multiplicity defined by eHK(I) = limq=pe→∞
ℓA(A/I

[q])

qd
. Also,

V. Trivedi defined the notion of “Hilbert-Kunz density function” HKd((A, I);x) for
a standard graded ring and graded ideal I of finite colength with the property∫ ∞

0

HKd((A, I);x)dx = eHK(I).

The main results of this research are the following;
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Main Results.

(1) Extended the definition of HKd((A, I);x) to general graded rings and gave
explicit form for invariant rings. This was a joint work with Vijatlaximi
Trivedi (Tata Institute of fundamental researches) and published as [TrWa].

The followings results were obtained from a joint work with Jack Jeffries
(Univ. Nebraska), Ilya Smirnov (Basque Center of Applied Mathematics),
Yusuke Nakajima (Kyoto Industrial University) and Ken-ichi Yoshida (Nihon
UNiversity) and published as [JNSWY].

(2) Gave a new better lower bound of eHK(I) relative to Hilbert-Samuel multi-
plicity e(I).

(3) It was known that s(A) ≤ 1/n (n = 2, 3, . . .) if dimA = 2 and A is not
regular. Gave an upper bound of s(A) in case dimA = 3. Namely, s(A) ≤
2/3 if the multiplicity of A is 2 and s(A) ≤ e(A)/24 if A is Gorenstein and
e(A) ≥ 3. Also we showed that s(A) ≤ 1/2 if A is not Gorenstein and
determined the condition for s(A) = 1/2.
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