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I _studied with Tomohiro Okuma (Yamagat Univ.) and Ken-ichi Yoshida (Nihon
Univ.) integrally closed ideals in a 2-dimensional normal singularities. After our previous work on
pg-ideals, we proposed a new class of ideals called "elliptic ideals" and showed nice properties of
such ideals. This notion came up during the joint work with Okuma, Yoshida and M.-E. Rossi (Genova

Univ.). This notion is useful to characterize "elliptic singularities”. We also found a new example
where the 2 notions of "normal reduction numbers" are different.

In theory of positive characteristics, | found a new lower bound of Hilbert-Kunz multiplicities
(oint work with Yoshida, I. Smirnov et. al) and

Gorenstein Hilbert-Kunz
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Results obtained in this research.

1. INTEGRALLY CLOSED IDEALS IN 2 DIMENSIONAL NORMAL SINGULARITIES

We want to study a 2 dimensional local ring (A, m). To study the properties of
the ring A, the behavior of the ideals are essential as we will see later. So we want
to study the properties of an integrally closed m-primary ideal I of A.

The point of this research is to study the properties of I by a resolution of singu-
larities

f:X — Spec(A)

of A such that IOx = Ox(—Z), where we put E = |J_, E; and Z = )|, n; E;
is a cycle on X.

We will denote [ = I in the following.

In this Section, let (A, m) be a Noetherian commutative local ring with the unique
maximal ideal m and the residue field &k = A/m. Also, we assume that A is a
two-dimensional excellent normal local domain (which is not regular) containing an
algebraically closed field k.

It was well known that

py(A) = dimy, H'(X, Ox)
is a very important invariant of the singularity. For example, “A is a rational
singularity” is equivalent to say “p,(A) = 0.
Also, another invariant was defined;

Pa(A) = max{p,(Z) | where Z > 0 positive cycle on E}

Likewise the case of rational singularities, “Elliptic Singularities” are defined by
pa(A) = 1.
The notion of reduction numbers is very important in ideal theory. Let Q C [ = I,

be a minimal reduction of I; namely @ = (a,b) is generated by a parameter system
(a,b) of Aand QOx = I0x = Ox(—2).

The notion of reduction numbers are very important in ideal theory and since we
are interested in integrally closed ideals, we define the notion of normal reduction
numbers. For any m-primary integrally closed ideal I C A and its minimal reduction

Q, we put
nr(I) = min{r € Zs, | I'1 = QI"},
t(I) = min{r € Zs, |I""1 = QI" for all n > r}.
Also we define nr(A) and 1(A) the maximum of nr(/),t(), respectively for all

m-primary integrally closed ideals I in A.
Also, we defined the notion

q(I) = q(Iz) = dimy, H'(X, Ox(—Z2))

and



q(nl) = q(I") = dimy(H' (X, Ox(—nZ2)).
This definition includes the case that ¢(0I) = dimy H' (X, Ox) = p,(A).
We have found that the sequence {g(nl)} is a non-increasing sequence of n and
if g(nl) = q((n+ 1)I) for some n, then g(nl) = g(mI) for very m > n [OWY1].
We defined the notion of p,-ideal.

Definition 1.1. ([OWY1]) [ = I, is a p, ideal if ¢({) = py(A). Then I is a p,-ideal
if and only if T(1) = 1.

In this context, we see that A is a rational singularity if and only if every integrally
closed m-primary ideals in A is a p,-ideal, or, in another word, T(A) = 1. Also Okuma
found that if A is an elliptic singularity, then T(A) = 2.

Up to this point the result above was obtained before the beginning of this re-
search. The most important results obtained during this research was the following.
These results are obtained by joint work with T. Okuma and K. Yoshida.

Main Results.

(1) In the case A is a normal hypersurface given by a homogeneous polynomial
of degree d. Then succeeded to prove that T(A) = nr(m) = d — 1. This result
was published in [OWY5]. Also we gave the first example of I such that
nr(/) < ©(7). Actually, for all positive integer g > 2, we gave an example
of I, such that nr(/) = 1 and (/) = g + 1 = py(A) + 1. We also give an
“algebraic” expression (the expression by defining equation and generators
of the ideal) ([OWY5]).

(2) We studied throughly the property of I with ¥(/) = 2. We introduced the
name “elliptic ideal” for I with t(/) = 2. This work was a joint work with
M.E. Rossi of Genova University ([ORWY]).

(3) We gave a new bound for 7(A) asT(A) < p,(A)+1, extending Okuma’s result
for elliptic singularities. Actually the invariant p,(A) seldom appear in the
literature except the case p,(A) = 1. So our result gives a new meaning to
this invariant. We are preparing the manuscripts containing this result as
well as the next one.

2. HILBERT-KUNZ MULTIPLICITY, METHOD OF POSITIVE CHARACTERISTICS.

Methods using commutative ring theory of positive characteristics are extensively
used in commutative rings as well as minimal model programs in algebraic geometry

and singularity theory. In this research, I worked on the problems related to the the-

C4(A/T1
ory of Hilbert-Kunz multiplicity defined by ey (f) = lim,—pe_oo M.

q
V. Trivedi defined the notion of “Hilbert-Kunz density function” HKd((A,I);x) for
a standard graded ring and graded ideal I of finite colength with the property

Iso,

/00 HEKdA((A,I);x)dx = ey (I).

The main results of this research are the following;
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Main Results.

(1) Extended the definition of HKd((A, I);x) to general graded rings and gave
explicit form for invariant rings. This was a joint work with Vijatlaximi
Trivedi (Tata Institute of fundamental researches) and published as [TrWal].

The followings results were obtained from a joint work with Jack Jeffries
(Univ. Nebraska), Ilya Smirnov (Basque Center of Applied Mathematics),
Yusuke Nakajima (Kyoto Industrial University) and Ken-ichi Yoshida (Nihon
UNiversity) and published as [JNSWY].

(2) Gave a new better lower bound of ey () relative to Hilbert-Samuel multi-
plicity e([).

(3) It was known that s(A) < 1/n (n = 2,3,...) if dimA = 2 and A is not
regular. Gave an upper bound of s(A) in case dim A = 3. Namely, s(A4) <
2/3 if the multiplicity of A is 2 and s(A) < e(A)/24 if A is Gorenstein and
e(A) > 3. Also we showed that s(A) < 1/2 if A is not Gorenstein and
determined the condition for s(A4) = 1/2.
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