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Grothendieck Isom

I introduced a new topological space called the moduli space of fundamental

groups and formulated the conjecture of topological isomorphism. 1 also proved that this topological

isomorphism conjecture holds for one-dimensional moduli spaces. By using the moduli space of
fundamental groups, | posed a new anabelian philosophy for curves over algebraically closed fields
of positive characteristic. Furthermore, based on this philosophy, I formulated numerous new
conjectures. As an application of the philosophy, 1 successfully provided a new proof for the
famous theorem of Mochizuki concerning the Isom version of the Grothendieck conjecture for curves
over sub-p-adic fields.
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1. FARRABEYIOER

I works in algebraic geometry and arithmetic geometry, for the most part, my research
focuses on curves and their moduli spaces in positive characteristic from the point of view of
fundamental groups. Recently, I discovered a new kind of anabelian phenomenon of curves in
positive characteristic. This discovery demonstrates that fundamental groups of curves contain
profoundly insightful information about moduli spaces of curves. Since anabelian geometry has
been suggested by A. Grothendieck in 1980s, this is the first anabelian phenomenon that cannot
be explained by using Grothendieck’s original anabelian philosophy.

Building upon a multitude of results obtained by myself, I established a theory referred
to as “moduli spaces of fundamental groups”. This new theory provides a general framework
for describing anabelian phenomena in positive characteristic, a topic extensively studied by
F. Pop, M. Raynaud, M. Saidi, and A. Tamagawa 27 years ago. Furthermore, this theory
introduces a new anabelian philosophy that sheds light on understanding fundamental groups
of curves in positive characteristic, contributing significantly to the comprehension of these
fantastic mathematical objects.

Grothendieck’s anabelian philosophy. In the 1980s, in his letter to G. Faltings and his
famous manuscript “La longue marche a travers la théorie de Galois”, Grothendieck sug-
gested a new theory of arithmetic geometry called anabelian geometry. In the case of curves,
Grothendieck’s anabelian philosophy, roughly speaking, is as follows:

The sets of dominant morphisms of curves can be determined group-theoretically
from the sets of open continuous homomorphisms of their algebraic fundamental
groups.

The conjectures based on this anabelian philosophy are called Grothendieck’s anabelian con-
jectures, which have been deeply studied in the case of curves over “arithmetic fields” (e.g.
number fields, p-adic fields, finite fields, etc.) by many mathematicians. Note that, in the case
of arithmetic fields, the non-trivial Galois actions plays a central role in the theory of anabelian
geometry.

Anabelian geometry of curves over algebraically closed fields of positive characteris-
tic. Since the mid-1990s, some developments of F. Pop, M. Raynaud, M. Saidi, A. Tamagawa,
and me showed evidence for very strong anabelian phenomena for curves over algebraically
closed fields of characteristic p > 0 (i.e. in positive characteristic world, anabelian geometry
exists without Galois actions!). This kind of anabelian phenomenon is the reason why we do
not have an explicit description of the geometric fundamental group of any curve in positive
characteristic even the simplest case: m (A%p). Moreover, we may think that the anabelian ge-

ometry of curves over k is a theory based on the following rough consideration: The admissible
fundamental group of a curve over k must encode “moduli’ of the curve.

2. AFRDOBR

In the theory of anabelian geometry of curves over algebraically closed fields in positive
characteristic, one of the main conjectures is the so-called “the weak Isom-version conjecture”
which was essentially formulated by Tamagawa 24 years ago in the case of smooth pointed
stable curves, and which, recently, was extended by me in the case of arbitrary pointed stable
curves. The weak Isom-version conjecture shares the same anabelian philosophy as Grothendieck
originally suggested. Until 1 established the so-called “moduli spaces of fundamental groups”
explained below, the weak Isom-version conjecture is the ultimate goal of anabelian geome-
try over algebraically closed fields of characteristic p and all of the researches focus on this
conjecture.

3. AERDHE



In [15], T observed that the geometric behaviors of curves corresponding to the set of open
continuous homomorphisms of fundamental groups are not the set of dominant morphisms
but the sets of deformations of curves (as compared with the case of arithmetic fields). This
observation implies a new kind of anabelian phenomenon that cannot be explained by using
Grothendieck’s original anabelian philosophy: The topological structures of moduli spaces of
curves can be reconstructed group-theoretically from sets of fundamental groups of curves.
This new anabelian phenomenon can be precisely captured by using the so-called moduli spaces
of fundamental groups and the homeomorphism conjecture introduced by me.

4. AEDRER

Establishing moduli spaces of fundamental groups. To establish the theory of moduli
spaces of fundamental groups, since 2017, I introduced many new ideas and developed many
new tools for the theory of anabelian geometry of curves in positive characteristic. For example,
we have the following: In [5], [12], I developed a theory which we call “combinatorial anabelian
geometry in positive characteristic’. This theory allows us to treat anabelian geometry in
positive characteristic not only for smooth curves but also for arbitrary (possibly singular)
pointed stable curves. In [8], [11], [21], I studied the theory of Raynaud-Tamagawa theta
divisor, in particular, we obtained two important formulas for the averages and the maximal
generalized Hasse-Witt invariants which play central roles in the theory of moduli spaces of
fundamental groups. In [9], I introduced the so-called “Frobenuis equivalence” on the moduli
spaces of curves. It allows us to formulate the weak Isom-version conjecture for arbitrary
pointed stable curves.

Based on the results obtained in [5], [8], [9], [11], [12], [15], in [17], I established the theory
of moduli spaces of admissible fundamental groups and formulated the main conjecture: the
homeomorphism conjecture. This new conjecture generalizes all the conjectures in the theory
of anabelian geometry of curves over algebraically closed fields of characteristic p, and means
that the moduli spaces of curves can be reconstructed group-theoretically as topological spaces
from sets of open continuous homomorphisms of fundamental groups of curves.

At present, the homeomorphism conjecture has been proved by myself in the case where
dim(Mg,n) < 1. This result is regarded as the most significant progresses in the theory of an-
abelian geometry of curves over algebraically closed fields of characteristic p > 0 since 2001.
Particularly, it has revolutionized our perspective on anabelian geometry in positive charac-
teristic and supplies a new anabelian philosophy towards Grothendieck’s anabelian dream over
algebraically closed fields of characteristic p > 0.

Moreover, leveraging this new anabelian philosophy, in [16], I (with Y. Hoshi) discovered an
entirely new proof of Mochizuki’s famous theorem (S. Mochizuki, Invent. Math. 138 (1999),
319--423) concerning the Isom-version of Grothendieck’s anabelian conjecture for curves over
sub-p-adic fields which is one of the highest achievements of anabelian geometry.

Other results.  In addition to the researches mentioned above, I also obtained many results
concerning geometry of curves. For example, we have the following: In [1], T studied the
(-adic monodromy arsing a pointed stable curves and proved a certain analogue of the weight-
monodromy conjecture for non-degenerate elements of pro-¢ log étale fundamental groups of
certain log points associated to log moduli stacks. In [2], [13], I studied the so-called “resolution
non-singularities” phenomenon. I extended Tamagawa’s result to the case of arbitrary local
fields and obtained a formula for p-rank of non-finite fibers. The formula is a full generalization
of Raynaud’s formula. Moreover, by applying this formula, I solved an open problem concerning
boundedness of p-rank which was posed by Saidi. In [3], [10], I studied the new-ordinariness of
coverings of curves. Under certain assumptions, I solved an open problem posed by Tamagawa
concerning the existence of Raynaud-Tamagawa theta divisors for generic curves. Moreover, by
applying the theory of theta divisors, I found a sufficient and necessary condition for generic
curves whose cyclic tame coverings are new-ordinary.
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