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Schurian-finiteness is a property which many researchers in finite-dimensional algebras seek to
determine for algebras.

The KLR algebras arose from categorification of quantum groups and are studied a lot recently as
part of a broader program of categorification. Many open questions remain.

We determined the Schurian-finiteness, or equivalently the tau-tiltin
finiteness, of blocks of type A lwahori-Hecke algebras, in a preprint (arXiv:2112.11148) submitted
for publication. Our main result is that blocks are Schurian-finite if and only if they have finite
representation type (known to be the case if and only if they have weight 0 or 1). This project made

use of a great breadth of tools, both existing and newly developed for our work.
We"ve also developed 2 algorithms for computing graded decomposition numbers for cyclotomic KLR
algebras R¥Lambda _n in type C, and computed all such graded decomposition matrices in level 1, for n
<13. In this same project, we also computed the submodule structure of Specht modules in
characteristic 0 for n<l1l, and obtained the first example of characteristic 0 graded decomposition
numbers that are not given by the corresponding canonical basis coefficients. The paper is being
written up, and we aim to have a preprint submitted by the autumn.
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In 2008, Khovanov—Lauda, and independently Rouquier, introduced some algebras known as
quiver Hecke algebras or KLR algebras, in order to categorify the negative half of quantum
groups, along with their cyclotomic quotients. Shortly after, Kang—Kashiwara proved that
the cyclotomic quotients categorify highest weight irreducible modules over the
corresponding quantum groups.

The cyclotomic KLR algebras have been especially well-studied in type A, in no small part
thanks to the Brundan-—Kleshchev isomorphism, connecting them to cyclotomic Hecke
algebras that had previously been studied in more depth. In other types, the cyclotomic
quotients remain much more mysterious. However, in (affine or infinite) type C, we now have
a combinatorial framework for studying these algebras, analogous to that in type A. We have
a family of Specht modules indexed by multipartitions, with bases indexed by standard
tableaux, etc. These were introduced previously by the principal investigator, in collaboration
with Ariki and Park. Thus we have the beginnings of the systematic study of the
representation theory of type C cyclotomic KLR algebras.

This research project aims to develop the representation theory of these type C algebras
further.

In our attempts to develop the representation theory of cyclotomic KLR algebras in type C,
we had originally planned to prove that these algebras were cellular, proving along the way
that the Ariki—Park—Speyer Specht modules are the cell modules, and that they have bases
indexed by standard tableaux; this was previously only shown in some cases. However,
during the course of the project, Evseev—Mathas released a proof of these results using a
clever deformation construction. Thus we shifted our attention to what developments can be
made with these new tools, such as working on decomposition numbers, and homomorphisms
between Specht modules.

Unfortunately, many research visits and conferences had to be cancelled or postponed due to
COVID-19. This greatly slowed down the amount of collaboration, discussion and knowledge
exchange that could take place, which in turn slowed down our progress with making
progress in type C.

However, some results have been obtained, and we summarise our completed results and
ongoing projects in the next section.

While unable to travel internationally, we had a domestic collaboration with Susumu Ariki
(Osaka University) in which we studied an important question for type A Hecke algebras,
which also arise as type A cyclotomic KLR algebras in level 1. This project investigated the
Schurian-finiteness of blocks of Hecke algebras, in other words we studied which blocks had
infinitely many isomorphism classes of Schurian modules. Schurian-finiteness is known to
be equivalent to tau-tilting finiteness, an area of intense study in recent years. However,
these studies tend to focus on basic algebras, and the basic algebras of Hecke algebras are
not known in most cases. Thus the existing methods are largely unable to study Hecke
algebras, and we developed new tools for determining that blocks of Hecke algebras are
Schurian-infinite, using their graded decomposition numbers. We finished a preprint in
which we proved that all blocks of weight 2 and 3 are Schurian-infinite in any characteristic,
as are all principal blocks of higher weight. In a follow-up paper, we extended this with
Sinéad Lyle to determine that all blocks of weight at least 2 are Schurian-infinite in any
characteristic, and these papers have since been merged into one paper containing the more



complete result. This paper — arXiv:2112.11148 — has been submitted to a top-tier general
interest journal, and we are awaiting the journal’s decision.

Interesting questions naturally arise from this paper, such as extensions to higher levels,
which include the Iwahori—-Hecke algebras of type B, which we are now beginning to
investigate, and extensions to the type C cyclotomic KLR algebras, which are much harder
since our graded decomposition numbers method is unlikely to work there. Even in cases
where it might, the graded decomposition numbers remain largely unknown in type C.

Our main type C study during this Kakenhi project has been that of determining graded
decomposition numbers. In joint work with Chris Chung and Andrew Mathas, we have
developed two slightly different algorithms for calculating graded decomposition numbers for
the type C cyclotomic KLR algebras. In level 1, we have calculated all graded decomposition
for matrices up to rank 12, and even give the characteristic 0 submodule structure of Specht
modules up to rank 10. Along the way, we find several interesting results. Firstly, our
matrices verify that these algebras are indeed indecomposable up to rank 12, confirming the
expected block classification for these algebras. Secondly, we find the smallest example of a
characteristic 0 graded decomposition number that does not match the corresponding
canonical basis coefficient in this type. In other words, we find the first projective
indecomposable module that is not the image of a canonical basis vector under
categorification. Thirdly, we find an example of a graded decomposition humber in negative
degree occurring in characteristic 0, which cannot happen in type A, where the grading
filtration and radical filtration are closely connected. Fourthly, we find that the graded
decomposition matrices appear to be characteristic-free if the defect of the block is less than
4, and in defects 4 and 5 we have only seen the composition multiplicities increasing in
characteristic 2. Many questions remain, and we hope that our data will help us, and other
researchers, make progress in studying the type C KLR algebras. We expect to complete and
submit our paper by the autumn of 2023.

Besides the above projects, my PhD student Berta Hudak and my postdoc Christopher Chung
have also been studying these type C algebras under my supervision, and have determined
the representation type for blocks of level 1 cyclotomic quotients. This project resulted in a
paper that has been submitted to a journal, and can be found as arXiv:2304.10184.

I am also supervising my PhD student Martin Forsberg Conde in a project which attempts
to construct homomorphisms between Specht modules over type C cyclotomic KLR algebras,
giving an analogue of a famous result of Carter and Payne. This result has a type A KLR
algebra analogue by Lyle and Mathas, and Conde is largely following their strategy, although
the type C situation appears to be significantly more difficult.
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