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This research project proposed a new family of relations which seem to describe exaclty the

relations satisfied by multiple Eisenstein series. They can be seen as a "modular™ analouge of the
classical double shuffle relations for multiple zeta values.

i i In this research project a generalization of the classical double shuffle
relations of multiple zeta values were introduced and studied. This

new set of equations are motivated by multiple Eisenstein series introduced by Gangl-Kaneko-Zagier.
It is defined by using the notion of

bimoulds and they are given by those bimoulds which are symmetril and swap invariant.
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In the project "Generalizations of the double shuffle relations for multiple zeta values
and the connections to modular forms" the connection of modular forms and
multiple zeta values were studied. This research lies within the intersection of
multiple zeta values their g-analogues, and modular forms. Multiple zeta values are
numbers that are natural generalizations of special values of the Riemann zeta
function and they appear in several different contexts, such as modular forms, knot
theory, enumerative geometry, mixed Tate motives, quantum groups, moduli spaces
of vector bundles, scattering amplitudes and many more. In recent years several
connection of multiple zeta values to modular forms via g-analogues were observed

and conjectured. The goal of this research project was to investigate some of them.

The purpose of the research project is the investigation of the relations satisfied by
multiple Eisenstein series. The question was to find an analogue of the double

shuffle relations in the context of modular forms.



The research was conducted by interchanging ideas with several experts in the field.
Mostly by giving talks at conferences and by meeting them in person. Often the
computer was used (e.g. Pari/Sage/Mathematica) to obtain conjectures of the

objects.

In this research project a generalization of the classical double shuffle relations of
multiple zeta values were introduced and studied. This new set of equations are
motivated by multiple Eisenstein series introduced by Gangl-Kaneko-Zagier. It is
defined by using the notion of bimoulds and they are given by those bimoulds which
are symmetril and swap invariant. Coefficients of bimoulds satisfying this property
are called formal multiple Eisenstein series. We showed (j.w. A. Burmester) that the
space of formal multiple Eisenstein series has a realization given by an algebra
homomorphism into the space of formal g-series with rational coefficients. In depth
one these are exactly Eisenstein series

and their derivatives. This gives a natural bridge between the theory of modular

forms and multiple zeta values. In another project (j.w. J.W. van Ittersum) we show



that the space of formal multiple Eisenstein series is an sl2-algebra. This generalized
the sl2-modular structure of quasimodular forms and gives new insights into the
study of multiple Eisenstein series and g-analogues of multiple zeta values. Another
result of this study is a new notion of formal (quasi)modular forms equipped with a

formal version of the natural derivation qd/dq.
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