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We have studied an optimization problem of maximizing controllability
Gramians under sparsity constraints, elucidating the mathematical characteristics of the optimal
solution and proposing effective numerical algorithms. First, we have shown that this problem can be
equivalently expressed as a certain optimal control problem from the controllability Lyapunov
differential equation. By applying the maximum principle to this optimal control problem, we have
derived a set of necessary conditions for an optimal solution. Based on this property, we have
derived a sufficient condition under which this problem is equivalent to a convex optimization
problem. Second, we have characterized the parallelepiped that is tangent to the reachable set, from
which we have derived a linear approximation of the cost function. Although the apﬁroximate
solution using this method is inferior to the solution of the convex relaxation method, it has the
advantage of being computationally less demanding.
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