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Study on a new divisor problem arisen from the derivatives of the Riemann zeta funct
ion
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This research is a new development on the classical Dirichlet divisor problem. Let
d(n) be the number of divisor of n (it is called the divisor function). In the average of d(n), to study
the error term is called the divisor problem. From an aspect of the study of the derivatives of Riemann z
eta function, we define a new divisor function D(k)(n). By this research we obtained a formula on the erro
r term in the average of D(k)(n). It is expressed by a certain finite sum of Bessel functions.



d(n)=Z 4.1 ( n
>, dn)=x
log x +(2y -1)x +A (X)
A (X)
A ()=0(x"?)
. A ()

A (X)

A (x):Q. x¥%
A (X):o(X1/4+£)

» A ()

¢’ (8)# 0 (Re s<1/2, Im s# 0)
. Res
¢’ ()

¢ () 2
. » ¢

d(n) ¢
(S)=Z " N* Res>l) 2 (*(s)=
> o° d(n®

) Dy () (T “())’=
2 =" Dgy (n) n® (Re s>1)

Dy (M
@ Dy (M) 2,
« Dgo(N) -
Dgo (M) ¢ 9(s)

z n XD(k)(n) =X
Pawn(log X) +A4A () (
P(2k+1)(t) t 2k+1
) )

® (X)

A ()

, A
a0
@
€))
, 2
Do (M
Dgo (M) ,
> " a(mns
a(n) Z,a)
. Dgy(n)
2 n xD(l)(n)
(O

. 2 _xD(l)(n):XP(s.)(IOg-
@) [ L T ()X s
ds +( ) . )

£ , T
» Pe(log x) 3 log x
. ¢
©) ¢ (8)=C (A-5)x ()
(x (s)=22m )*'sin2m /2)T (1-s),
r -)

_ - , @n
DY X)) (A-8))s ds

ST X )X (9T (A-5)
¢’ (1-s)x°/s ds .

log s
. log s
log s/(2t) +log 2m , log 2
I
Ims
. X ()
( )
log (nx)



()Y LT X (9T (1-9)
¢’ (1-s)x°/s ds ;

a>2 r @* =z ,
xD(k)(n)(X_n)a_l ,
. ,

. , (O () -2, |
Dgo(n) n° » ¢ (8)
Doy (M z
Do (M=XP ey (109 XY+A (1 (X)
A ()
(€)) k A
(k)(x):o(xll3+e )
, k=1 . A (X)
(G ¢Y)
)
s A (X))
. , N
N=0(x") (A )

A ()XY (4T 22
2, w(d(mlog? (nx)+4de (M) log (nx)
+4D ., G)IN¥* cos(4tt (nx)"? -1t /4)+(
) - » G, (N)=-
Z g log d .
A () 2 J 1A o’ (Ddt ;
A
B (DAt=(961 ) T = d¥(n) n2 T2
log* T +0(T*? 10g°T).

T logT
, O(T5/4+£ )
A- o) Q
(Xl/4|094x) ; s
- A (X))
X (s)
« ),
( ) A g O
O(X1/3+e ) .

k 1

Dere,1y GO (-7 O(s)L
M($)=% ;" Dy 1y(Mn (Re s>1)

- A () A ()

» Dae,iy(n)
- Do (¥)=Dgy (O -
A () Y
(X)=x-[x]-1/2
@
) ; k=1 , A

w0 ()=-2% ;. C; (-1)) log“t x= , M2 @

(x/n) log“i n +0(log* x)
7 7 A
(k,|)(X):0(X1/3 lOg k+l1-1 X)
A (k)(x):O(X1/3+a )

¢ n(OZOE ™ 1ogtt ) x
1/3 .

, Representations and
evaluations of the error term in a

certain divisor problem, ( ,
) Math. Slovaca. (
) .
2
@ , ,
J o™t/sin t dt =2%

i (-1’ (2n-1)7
1,0)=[ , * t'/sin t dt 1,(X)

4 L

L@, on1o23X ) 22225 0° (DN
/L2142, X )/ (2m-21-2)1

L(L,...,1,2;X o) L
, L21+2,% 4) L
L
, L



® (

)  SL2,D)
( ) f
a(n) L Le(s)=Z
ma(mn® (Re s>1)
a(n) d(n)
by 3,
M (M)=0(x) ;
H » W)
/L (8)=% .,° M "(M)ns (Re s >1)
(
( )
-)- . b ()
1/C ()=
s M (N (Re s>1)
n=p(C ) v
“(p)=-a(p) ,
TN Q)
PR T (D) , 0(x exp(-A(log
x)"%)) )
,» Le(s) DI

b (M)=0(< )

d(n) a(n)

(Ann. of
Math.(2) 172 (2010) 1529-1538),

(M1 ( k 1)

* ( )

¢ «(s) ’ M«
©) ,

(2977 «(5)

5
J. Furuya, M. Minamide and Y.
Tanigawa, Moment integrals of 1/sin
t and related zeta-values,
Ramanujan J. 33, 423-445 (2014) (

)

M. Minamide, The truncated Voronoi
formula for the derivative of the
Riemann zeta function, Indian J.
Math. 55, 325-352 (2013) ( )

M. Minamide, On zeros of the
modified Selberg zeta function for
the modular group, J. Indian Math.
Soc. 80, 275-312 (2013) ( )

K. Chakrabory and M. Minamide, On
partial sums of a spectral analogue
of the Mobius function, Proc.
Indian Acad Sci. Math. Sci. 123,
193-201 (2013) ( )

M. Aoki and M. Minamide, A zero
density estimate for the
derivatives of the Riemann zeta
function, J. Algebra and Number
Theory Academia 2, 361-375 (2012)

( )

11
, , Mean square formula
for the double zeta-function,
, 2014. 3. 18,

K. Chakraborty, , An
inequality for Hecke multiplicative
functions, , 2014 3.18,

Representations and evaluations of the
error term in a certain divisor problem,
, 2013. 10. 26,

M. Minamide, On the integral [ , * t"

/sin t dt, , 2013. 9.26
Harish-Chandra Research Institute (
)
, L

2013.6.30, « )



, On the integral [ ,* t"/ sin
t dt and multiple L-values,
, 2013.3.23,

, 2013.3.23,

I’ ’ 7 4
L L

, 2012. 9.18,

YA Wt €9 >
, 2012. 3.29,

2011.10.1,

M. Minamide, The truncated Voronoi
formula for the derivative of the
Riemann zeta function, ,
2011.9.3, Harish-Chandra Research
Institute ( )

o
MINAMIDE, Makoto

80596552



