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Q) (i)

Mathematical formalism required for modeling human behavior affected by the
bounded capacity of cognition was the main goal. Foraging problem and phase transitions in systems with
intermittent dynamics governed by human actions were studied in detail. The following is worth noting.
(i) As demonstrated, to describe intentional actions of living beings an extended phase space is required
and the control variable has to be treated as additional component of the system phase space. In
particular, acceleration is an additional phase variables required for describing foraging processes and
the phase space required to model car driving has to comprise, in addition, car acceleration and the jerk
(time derivative of acceleration). (ii) A novel class of dynamical trap models allowing for noise—indﬂced
activation in human intermittent control has been elaborated and a new type of emergent phenomena unique
to living beings have been found theoretically and experimentally.
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During the last decades it became evident
that the methods of mathematical physics
can be efficiently used to model various
phenomena observed in individual behav-
ior of humans as well as their large groups
integrated by common activities. Opinion
formation, culture and language evolution,
cooperative interaction between agents in
market, dynamics of traffic and pedestrian
flow, and also movement of bird flocks and
fish schools are typical examples of such
phenomena. Currently in modeling such
systems the notions and formalism devel-
oped previously in physics are mainly em-
ployed. However, objects of the inanimate
and animate worlds are so different that
the necessity of constructing additional
formalism that could be able to allow for
such basic human features as cognition,
memory, motives for actions and deci-
sion-making is obvious.

Previously dealing with specific prob-
lems in traffic flow physics, we faced up to
the irreducibility of its basic regularities to
the classical laws of Newtonian mechanics.
Keeping in mind the obtained results, we
have formulated an original concept of
dynamical traps caused by the bounded
capacity of human cognition. The concept
of dynamical traps generalizes the notion
of unstable stationary points of dynamical
systems playing a crucial role in the theory
of emergent phenomena. As demonstrated,
dynamical traps can be responsible for a
new type of emergent phenomena unique
to social systems or systems governed by
human actions. In parallel, we posed a
hypothesis that the Lévy type transport
phenomena widely met in ecological and
economic systems can be described ap-
pealing to active behavior of human or
leaving being based on introducing addi-
tional subjective phase variables describ-
ing, e.g., motives of human actions.

For these reasons, the project has been
generally aimed at elucidating the basic
elements of mathematical formalism that
is able to describe intentional human ac-
tions affected by the bounded capacity of
human cognition. Its specific implementa-
tion has comprised two branches joined by
the general goal stated above.

2. WEEDHEL

(1) The development of a theory of Lévy
random walks based on nonlinear Mar-
kovian model for random motion of a par-
ticle described by the extended phase space
made up of its position, velocity, and maybe

acceleration.

(2) The development of theory of
non-equilibrium emergent phenomena in
social systems and systems governed by
human action affected by the human fuzzy
rationality. In the analyzed situations,
fuzzy rationality is responsible for uncer-
tainty and stagnation in a system motion
near an equilibrium point in its neighbor-
hood determined by the threshold of hu-
man perception.

3. WrED ik

(1) Numerical simulation based on
Runge-Kutta algorithms developed by
A. RéBler in 2008-2010 for solving numer-
ically nonlinear stochastic differential
equations. The concept of stochastic
self-acceleration is used as a pivot point in
studding the analyzed processes.

(2) Experiments based on human-computer
interaction in driving a number of virtual
mechanical systems. For conducting these
experiments several computer simulators
should be created.

4. WFERR

(1) We have developed a theory of random
search performed by a wandering particle
(mimicking humans in their everyday
traveling or animals in foraging) that
switches alternately between the “en-
camped” and “exploratory” movements.
The two “behavioral modes” exhibit dif-
ferent efficiency in detecting desired tar-
gets, one of them is to search thoroughly;
the other is to move fast over a relatively
large distance. Roughly speaking, living
beings can either move fast or search
thoroughly but not simultaneously. In
some sense, it 1s a problem of human choice
under uncertainty; it is necessary to find
an optimal strategy of behavior to imple-
ment random search. The key point of this
mathematical approach is constructing an
effective stochastic process that generates
random walks meeting the Lévy statistics;
the latter is the characteristic feature of
real movement trajectories of animals
during foraging or daily patterns formed by
humans in their everyday traveling. One of
its pivot points is the introduction of a new
phase variable similar to particle accelera-
tion in order to describe the deci-
sion-making of living beings under uncer-
tainty. In some sense, it is a certain im-
plementation of the general idea that
modeling systems with essential human



factor requires an extended phase space
comprising objective and subjective com-
ponents. In particular, using the time pat-
terns and phase portraits it has been
demonstrated that the developed model
does generate the Lévy type random walks.

(2) The results described above (4.1) poses
a question about the relationship between
the constructed approach and the model
called Continuous Time Random Walks
(CTRW) being currently the dominant ap-
proach to describing a wide class of sys-
tems with the Lévy type transport phe-
nomena. The most essential drawback of
CTRW is that it loses the Markov property
on scales of individual steps of wandering
particles. The key point of the constructed
approach is the result that the Lévy type
behavior of the stochastic processes at
hand is caused by the extreme fluctuations.
To justify it a special classification of ran-
dom trajectories was developed that ena-
bles one to represent the stochastic process
with self-acceleration as a collection of in-
dividual spike-wise fluctuations of the
governing variable; it is a certain analogy
to the It6 excursions. This classification
enables us to introduce the notion of the
generalized CTRW by extending the initial
phase space to a new phase variable de-
scribing the behavior of wandering parti-
cles. In the case of the Lévy flights it is the
particle velocity, for the Lévy random
walks it 1s the particle acceleration. Then
the concept of CTRW should be applied to
the corresponding stochastic process. As a
possible application of the constructed
theory and the subject of further investi-
gations the following may be stated. As has
become clear, there are, at least, two
mechanisms of extreme events leading to
various disasters. One of them is the
proximity of a system to its critical state
when some instability arises. This situa-
tion manifests itself in the substantial in-
crease in the amplitude of fluctuations and
their duration. So if it is the case, then
monitoring the amplitude of system fluc-
tuations one can detect the system coming
to its critical state. The other is the change
of the “physics” of system dynamics. For
example, if nonlinear effects become es-
sential and endow the random factors with
self-acceleration, then the probability of
extreme events grows drastically because
now they are governed by the power-law
rather than the exponential cut-off. As a
result, the mean amplitude of fluctuations
may vary insignificantly and their moni-

toring is not informative. So to detect such
events it 1s necessary to analyze the as-
ymptotic behavior of the system fluctua-
tions and this information can allow one to
detect critical situations.

(3) Within the framework of the fuzzy set
concept the notion of dynamical traps is
elaborated in details. It should be re-
minded that the dynamical trap is, for
example, a certain neighborhood of a sta-
tionary point in the corresponding phase
space wherein the motion of a system gov-
erned by a human operator is stagnated
because the operator cannot recognized
which point in this neighborhood is desired
and all the points seem to be acceptable.
However, a dynamical trap can be also a
neighborhood of a certain low-dimensional
multitude in the system phase space. In
particular, () it has been demonstrated
that the model of oscillator with dynamical
trap may be regarded as the generalization
of the stationary point being the key notion
in the theory of dynamical systems and the
theory of emergent phenomena. It was
done for systems possessing the locus of
partial equilibrium; car following is a
characteristic example of such systems. A
new approach has been proposed to de-
scribe the fuzzy human control over un-
stable systems in terms of dynamical traps.
Based on these results it has been demon-
strated that the human fuzzy rationality
can play the role of a new mechanism of
emergent phenomena in social systems and
systems governed by human operators.
Using the “lazy bead” model, it has been
shown that dynamical traps can cause new
type non-equilibrium phase transitions
with complex properties, e.g., exhibiting
on-off intermittency as well as the stand-
ard behavior of the first order phase tran-
sitions. (7 A novel concept of active dy-
namical traps has been developed. The key
point is the extension of the system phase
space including a new phase variable de-
scribing the active behavior of human op-
erators. From our current point of view,
exactly this concept is the most appropri-
ate mathematical formalism for human
actions near the perception threshold. It is
demonstrated that on their own active
dynamical traps can cause complex be-
havior of such systems.

(4) Understanding how humans control
unstable systems is central to many re-
search problems, with applications ranging
from quiet standing to aircraft landing.



The concept of human intermittent control
is a modern paradigm in this field. It as-
sumes the actions of a human operator to
be a sequence of alternate fragments of
active and passive phases of human be-
havior. Now the event-driven control hy-
pothesis is widely used: human operators
are passive by default and only start ac-
tively controlling the system when the
discrepancy between the current and de-
sired system states becomes in some sense
large. We have conducted a series experi-
ments on balancing virtual over-damped
pendulums and developed an original the-
ory explaining the found experimental re-
sults. This theory argues that the control
triggering mechanism in humans is in-
trinsically stochastic. The proposed model
captures the stochastic threshold mecha-
nism and show that it matches the exper-
imental data on human balancing of virtu-
al over-damped pendulum collected during
the experiments note above. Our results
suggest that the stochasticity of the
threshold mechanism is a fundamental
property and may play an important role in
the dynamics of human-controlled systems.
The model employs the concept of dynam-
ical traps with respect to the pendulum
angular velocity reduced to the cart veloc-
ity and the standard dynamics of the pen-
dulum attached to the cart moved by the
operator (via PC mouse). This model uses
the extended phase space allowing for
human active behavior and comprising not
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only the angle between the pendulum and
its upright position but also the cart veloc-
ity. It should be reminded that without
human control the pendulum with
over-damped dynamics is described by
one-dimensional model whose phase space
contains only the angle. It is shown that

the extension of the phase space is due to
the active phase of the operator behavior
being governed by the open-loop control
mechanisms.

The upper plot in the figure on the left
illustrates the universality of the found
statistical characteristics of human ac-
tions; the distribution functions of the
main system variables are of the same
form independently of the skill, gender, age
of the participants as well as the difficulty
of balancing. The subject’s individuality
are reflected only in the scales.

The lower plot in this figure illustrates
another important result; it is a sharp peak
of the velocity distribution located at the
origin. The existence of this peak means
that during a macroscopic time interval the
operators did not move the PC mouse,
which 1s related directly to the passive
phase of the human intermittent control.
Based on this result we have drawn the
conclusion that such peaks can be treated
as a characteristic feature pointing to the
fact that the intermittent control is pro-
nounced in a system under consideration.
So in the given case the cart velocity has to
be treated as a new dynamical variable
describing the operator actions.

To describe the active phase imple-
mentation as open-loop control fragments
an original approach has been proposed. It
uses the concept of dynamical program-
ming dealing with the following optimiza-
tion problem with respect to the strategy of
the operator actions in the forthcoming
future during a given fragment of the ac-
tive phase.

To justify the developed phenomenolog-
ical model of subject’s actions in balancing
over-damped inverted pendulum, a model
for the operator’s behavior has been de-
veloped. The transitions between the pas-
sive and active phases are described in
terms of random variable, the order pa-
rameter, switching intermittently between
the operators’ two cognitive states, “wait”
and “act.” Appealing to the phase space
extension approach, we consider the cart
velocity an independent phase variable, so
that its dynamics is determined by a sep-
arate differential equation. The order pa-
rameter is driven jointly by the determin-
istic and random forces. The deterministic
dynamics is governed by the double-well
potential energy landscape, where the con-
figuration of the landscape is determined
by the state of the controlled system. The
stochastic switching between the two wells
is caused by a random force. The obtained



results demonstrate that the double-well
potential model provides tractable math-
ematical description of the human control
properties found in the conducted experi-
ments.

(5) Driving a car in following a lead car is a
characteristic example of human control. It
allows us to hypothesize that the inter-
mittency of human control should be pro-
nounced in the driver behavior and affect
the car motion dynamics essentially. The
conducted pilot experiments employing the
TORCS car-driving simulator have
demonstrated that the behavior of subjects
involved into driving virtual cars should be
categorized as the generalized intermittent
control over mechanical systems. It con-
sists of a sequence of alternate fragments
of active and passive phases of driver be-
havior. The passive phase is characterized
by the fact that during the corresponding
time interval a driver does not change the
position of the gas or break pedals. In this
case the jerk (jolt, the rate of change of
acceleration) plays the role of the parame-
ter controlled directly by the driver and, so,
has to be regarded as an independent
phase variable determining the car dy-
namics. It enabled us, keeping on mind
also driving real cars, to Aypothesize that a
sophisticated description of car motion
controlled by human actions requires the
introduction of four dimensional phase
space, where the car position, velocity, ac-
celeration, jerk are the independent varia-
bles. A new model for the car-following that

allows for these features has been proposed.

Its numerical simulation has demonstrated
that the combination of the concepts of the
noise-driven activation in human inter-
mittent control and the action dynamical
traps caused by the bounded capacity of
human cognition can reproduce, at least,
qualitative the results collected in the
conducted experiments.
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