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研究成果の概要（和文）：本研究の目的は、代数問題を解くための新しいアプローチを開発することである。研究期間
内に得られた最も重要な成果として、行列乗算を計算する新しいアルゴリズムの構築が挙げられる。行列乗算の計算は
数学及び理論計算機科学の中核問題であり、1969年に巧妙な行列積アルゴリズムが示されて以来、70年代と80年代にそ
の研究が盛んに行われてきた。我々は、正方形行列の乗算及び長方形行列の乗算を従来のアルゴリズムより速く計算す
るアルゴリズムを構築し、20年来できなかった改良を行うことに成功した。

研究成果の概要（英文）：The purpose of this research is to develop new approaches to solve algebraic 
problems. The most significant achievements realized during the four years of this project are the design 
of new algorithms for matrix multiplication. Computing the product of two matrices is one of the most 
fundamentals problems in mathematics and computer science. Research on matrix multiplication algorithms 
started in 1969, and then flourished in the 70s and the 80s. Our main achievements are the construction 
of new algorithms computing the product of two square matrices or two rectangular matrices faster than 
all previously known algorithms, which gives the first improvements in 20 years.

研究分野： アルゴリズム、計算量理論、量子計算
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１．研究開始当初の背景 
  Quantum computation is a computation 
paradigm proposed in the early 90s that is 
based on the principles of quantum 
mechanics. Part of its power comes from its 
ability to handle computational problems 
that possess an appropriate algebraic 
structure in a way incomparable to 
classical algorithms. One of the main 
research directions has then been to 
clarify for which computational problems 
such an exponential speed-up can be 
obtained. Very quickly, a framework called 
the Hidden Subgroup Problem (HSP) was 
introduced to characterize computational 
problems with an algebraic structure that 
are candidate for exponential speed-up. 
For a decade, and with only few exceptions, 
research on algebraic aspects of quantum 
computation has been driven by the HSP. The 
HSP is nevertheless not the main motor of 
research on quantum algorithms anymore, 
and other approaches are needed.  
 
２．研究の目的 
  The main purpose of this research is to 
further explore new approaches and develop 
new techniques to handle algebraic 
problems on a quantum computer. The core 
principle of this project is to combine in 
a novel way the latest developments in 
computer algebra with the latest 
developments in quantum computing, in 
order to design new quantum techniques and 
then obtain new quantum algorithms.  
 
３．研究の方法 
  This research program has been 
implemented by focusing on the following 
three research directions. 
 
Direction A: design of quantum algorithms 
for algebraic problems. 
Direction B: design of quantum algorithms 
for other computational problems with an 
implicit algebraic structure. 
Direction C: design of classical 
algorithms. 
 
  The execution of this research program 
started by taking a new look at the 
techniques developed in previous works, 
generalizing them and investigating 
extensions to other algebraic structures. 
This approach directly leaded to new 
results, and also enabled us to get a 
deeper insight into quantum algorithms for 
algebraic problems, learn the limitation 
of these techniques, and understand where 
new approaches were needed.  

  These findings were then used to 
progressively investigate new approaches 
and new targets, by working out in parallel 
each of Directions A, B and C, and studying 
their interplay, as described in the 
following figure.  
 
 
 
 
 
 

 

４．研究成果 
  This research project has been 
successful and has leaded to several 
significant results in both quantum 
computing and classical computing.  
  The most important results obtained are 
related to the design of efficient 
classical algorithms for matrix 
multiplication. Matrix multiplication is 
naturally one of the most important 
problems in mathematics and computer 
science. Indeed, thousands algorithms in 
many areas of computer science are based 
on algorithms for matrix multiplication.  
During the four years of this research 
project, we have developed techniques to 
construct classical matrix multiplication 
algorithms via techniques from quantum 
computing. The main achievements of this 
line of research are as follows.  
(1) Faster algorithms for rectangular 

matrix multiplication. We have 
obtained the first improvement of the 
asymptotic complexity of rectangular 
matrix multiplication in more than 
fifteen years. We also showed that this 
new algorithm has a deep impact in 
several areas of computer science. For 
instance, we constructed a faster 
algorithm for the All Pairs Shortest 
Paths problem in directed graphs with 
bounded weights, improving over 
Zwick’s algorithm developed in 2002.  

(2) Faster algorithms for square matrix 
multiplication. We succeeded in 
constructing a faster algorithm for 
square matrix multiplication as well. 
More precisely, we showed the new upper 
bound ω< 2.3728639 on the exponent of 
matrix multiplication. The key 
technique to obtain this result was 
showing how to analyze powers of 
tensors efficiently via techniques 
inspired from quantum computing. This 
result received the Distinguished 
Paper Award at the 39th International 
Symposium on Symbolic and Algebraic 



Computation (ISSAC 2014).  
(3) Limitations of the laser method. We 

have also investigated the limits of 
the approaches described above. We 
showed in particular that any 
algorithm for square matrix 
multiplication designed by the same 
approach cannot have complexity linear 
in the input size. This strongly 
indicates that other approaches will 
be needed to make significant further 
progress on the computational 
complexity of matrix multiplication. 

  Another significant contribution of 
this research project is the design of 
quantum algorithms for computational 
problems, by exploiting the implicit 
algebraic structure of these problems. We 
have designed several quantum algorithms 
and protocols during the four years of the 
project. The two most fundamental 
achievements are as follows. 
(4) Quantum interactive proofs. We have 

made a significant step towards a proof 
of one of the main open problems in the 
field of quantum interactive proofs: 
showing that any non-interactive 
quantum protocol can be made perfectly 
complete (i.e., its error can be 
reduced to zero on yes instances). More 
precisely, we have shown that 
non-interactive protocols can be made 
perfectly complete assuming that the 
players initially share a constant 
number of quantum particles.  

(5) Faster quantum algorithms for triangle 
finding. Triangle finding, which asks 
whether a given graph contains a 
triangle, is one of the most studied 
computational problems in quantum 
computation. Recently, fast quantum 
algorithms for this problem have been 
designed using powerful quantum 
techniques (learning graphs, nested 
quantum walks), and matching lower 
bounds on the complexity of triangle 
finding have been shown for weighted 
graphs. Rather surprisingly, we 
succeeded in constructing a faster 
quantum algorithm for triangle finding 
in the case of unweighted graphs. This 
quantum algorithm is based on simple 
quantum walks combined with 
combinatorial arguments exploiting 
the structure of the input graph and 
its implicit algebraic structure, and 
shows for the first time that in the 
quantum query complexity setting 
unweighted versions of triangle 
finding are easier than its weighted 

versions. 
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