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Theory and numerical evaluation of special functions of several variables

Takayama, Nobuki
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A . 1F1
, A- Borel , Heun

We give an algorithm to evaluate numerically big A-hypergeometric
polynomials. An efficient implementation to evaluate numerically the matrix hypergeometric function
1F1 is given. We study divergent series solutions of A-hypergeometric equations and those of Heun
type ordinary differential equations in terms of the Borel summability. These theoretical results
help to analyze these functions globally and we hope that they give a new method for a numerical
analysis of these functions.
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In[1] := N[Hypergeometric2F1[1/2,1/2,1,-1]]
Out[1]= 0.834627

evalf (hypergeom([1/2,1/2],[1],-1));
0.8346268417
gboobobobobobobobobobooog
000oooooooooobooDoO, Mathematica
O Maple DOOOODODOOOODODODOOOODODOO
. oo oobbobobbobbobo
goog.
ooooboobuoobooboboooboob
gogoobbbooooobbbboouooobobo
goooooooobobobooooog. doooo
o,dobobbooobbooobbouooboboo
O Appell i 0DO00ODOOOOODOODO.

2 Jooon

000000000, 0000bDooooooon
O Lauricella 00, 0000000,000 A-O0O
000 (Gel'fand, Kapranov, Zelevinski 0 0O 00O
00)0o0oU0oO0oooOooooooUooooo,o
gbdbooouoodobooouoboouoooo
goooooooooooo.

ododooooooooooooooooon
0o00O0DoOooooooooooo,H2000
Jodoooo JSTCREST “0000OOODOOO
O0o0o0o0ooOoO0r»o0o0o0b000000ooaoan.
00od0o0ooooooooooooooooo
O0,0000D00D0000000DO0DouooDon
gooooooon.

3 guoon

toooooooooooooooooooo. O
00000000000 0Oooo. 00 (a). OO
obooobobooooOooooboobooooooDn
gooooobbbb. ooooooboob,oo0oon
gboboobooboobooooboboooboobo
0O.00 (b). DOOODOODODOOOOUOOOUOO
gogooooooooobbobobbobobb,oooon
00000000 (Runge-Kutta D00 O0OO0O00OO
000)00000O0O0O00O0O0. 00 (¢). 00O
O0000O000. 00 (d). Kummer DOO00OO
O0000.00 (¢). DOODO0ODODOUODOOOO
000,00000000 A-DO00D0O000000
(0O00O0)oboOoOoOoUOooOoODoOO,00000
00o0O00ooooooooooo. oo (f). ooo,
F.Beukers 0 A-O000000O0OCOO0DOOCOOOO
ubooooo. oboboboboooboooooo
gboooooooo. obobobooboooooo
00000000000.00 (g). 0oooooo
g, 000 ouooooooo
O0.00 (h). 000 Heckman-Opdam 0000
00O Pfaffian equation (integrable connection) O O
00000000D0O00000. Pfaffian equation
ggooooooooobbbbbobobboo, oo
gboooooooooooobo. obooooo
obOooOoooooobo,0coobobooobooon
ggagd.

4 0000

gboooboooboobobooooboooooooD
000,000 A 0DOO0O0O0DoOoOO0OoOooDoo
ooooO0O0O0O0. 00000 A0OO0OoOoogod
oooooobooooo,00 /000000
oobooooboo,booboobgoooobD. O
0,A000000000000 BorelDOOOO
O0O00,HemmOOOODOODODODODOOOOOOOO
00000 Borel UOOODOOOOOODOOOO



Oo,00000000000000b0000000
ggboboooobooobobo,bboodabbog
goboobobog. bbooobooobooboo
gbobOoooooob,0o0b0oo0boboooon
obooooobooooboobooon.

gbooobooboobobobobooboob
gooo.

4.1 A-0000000 Macaulay 000
ogoooood

A-0000D0DOCOOO0O00oooooooogo
o0o0oo0ooOoooooo,0000000000
o0oo0ooooooooooooooo,oooo
gbobobobobobobobobobooo.
O000oo0o000b00O000b0o0000. A00
000000000000000 holonomic 000
O0000o000ooO0o0oooooooooooo
00000 (D0o0)oo0o0oo,00000000
000000 (holonomic gradient method, HGM).
OO00000000C0000000 holonomic rank
gbodobouogbooobobbobooboono
googogoboooboboobo.oooboo,
0000 HGM)DDODOOO0ODO0OoOO0. 1. 000
o0o0oo0ooOooOooooOooooooooo. 2
gbodgbouogbuoobobbobooboobo
gobod. boobobooobooobobooboo
00000000 (@oOw).10000000000
() () DOO0DOO0OO0O0OODODOODOO0O0. (a)O
O,00,00000 A0DD0O000O0CODOOOOO
00o0o0oooo0o (00 moooOd, Macaulay
0000000000000000 Pfafian 000
O00O000. (b) Hilbert driven 00000000
OO0 Spair000O0OD0O. 200000,A0000
000000 00000000000 b000o0o
0o000o0ooo0o0o0oooooooooo. o
OO Risa/Asir contrib package ot_hgm_ahg.rr [
000 (0O0o,0000000 /).

80
|

40
|

0

|

-
N o O

[ ]
> @ O

©»
o - mono

]
© - = O

]

]

10

OOm: 00 AO0O0OO Macaulay O OO QOQ0O0O0O
O0000. 0000000. 000 po0ooo (O
oooooooo).

4.2 Schrodinger 000 O0O0OOOOO
00O Borel summability OO0

000 Schaftke 00O 0O Schrodinger 000000
OO0 Stokes 00O DO DO saddle-free OO, Stokes O
000 face DO0ODOO Stokes region 00000
O summable 00000000, 000 O Stokes
region 1000, 0000 Laplace DOOODOONO
goooodooooobuooooooboooo
000 (0000000 m).

43 00/ 0000D0O0ODODOOO
g

O000O0 zonal DOOOODOOODOOOOODO
gboooboooobooooboboooboDbo
oboooboooobOooooboobooooooDn
O. 0000000 pfaffian system 000000
goooboobooboooooboooooooDo
boooooooboboboooooooong
obOoooooooobobooo,boboooboon
000000 hgm 0000000 (OO B, 000
O00oooO m).



T T
6 8

hgm.pwis!
a

hgm.pwishart(m = 4, n = 10, beta = c(1, 2, 3, 4), 40 =1,q = 10,
uuuuuuuuuuuuu approxdeg = 20, err = c(1e-20, 1e-20), autoplot = 1)[1]
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