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Understanding of turbulent phenomena through dissipative weak solutions to fluid
equations
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Non-smooth solutions to differential equations that dissipate conserved
quantity anomalously are called dissipative weak solutions. It is said that dissipative weak
solutions to incompressible Euler equations play an important role in understanding of turbulent
phenomena, but a little is known due to the difficulty of mathematical treatment of Euler equations.

In this project, toward the understanding of turbulent phenomena, we consider two hydrodynamic
equations, the generalized Constantin-Lax-Majda-DeGregorio equation and point vortex equations
associated Euler-Poincare system, and figure out the connection between dissipative weak solutions
to those equations and enstrophy cascade turbulence in terms of the theory of dynamical systems.



Euler
Onsager[Al]
1/3
Onsager
Constantin [A2]
Euler Besov
B%;. a >1/3
L3
Onsager
Duchon,
Robert[A3]
Euler
1/3
Kolmogorov
De Lellis Szekelyhidi Jr._[A4]
Euler
1/10
1/3 Buckmaster
[AS]
Duchon Robert
Euler

[A1] Onsager, L. (1949) Nouvo Cimento
Suppl. 6, 279-289

[A2] Constantin, P., E, W. and Titi, E.S.
(1994) Comm. Math. Phys. 165, 207-209
[A3] Duchon, J. and Robert, R. (2000)
Nonlinearity 13, 249-255

[A4] De SLellis, D. and Szekelyhidi Jr._,
L. (2012) arXiv:1205,3626

[A5] Buckmaster, T. De Lellis, C. and

Szekelyhidi Jr., L. (2016) Comm. Pure
Appl. Math. 69 1613-1670

Euler

(PD) Constantin-Lax-Majda-De
Gregorio gCLMDG
P2) Euler-a

(P1Y(P2)

(P1)gCLMDG
Euler

gCLMDG

LP

(P2) Euler-a

Euler
Euler-a
Euler

(a )

m P2-2:a [
Euler

Euler-a (a )
a -0

Euler-a
| |
Euler-a

m P2-3:



(P1)gCLMDG
gCLMDG

LZ

06

w(tx)

06 F

10°

1075}

107100

105}

10201

10°%5)

10'%

€y

log

@

®

log

Duchon Robert
gCLMDG

gCLMDG
LP



1 p 4
p
(P2) Euler-a
(P2-Da Euler-a
P2-2)
a
Euler a -0
Euler-a
a
ODE
Euler-a
a 0 P2-1 ,
Euler-Poincare
a
£0
a -0
P2-3
Euler-a
P2-1
Tollmien-Schilichting
Prandtl
2
Euler-a
n n
Euler-a
Euler-Poincare
( ) Euler-a 14
Euler-Poincare T. Gotoda and T. Sakajo, Enstrophy
variations in the incompressible 2D Euler
flows and alpha point vortices, Mathematical
Fluid Dynamics, Present and Future,
Springer Proceedings in Mathematics and



Statistics 183 2016,

DOI: 10.1007/978-4-431-56457-7_14

T. Matsumoto and T. Sakajo,

One-dimensional  hydrodynamic ~ model

generating turbulent cascade, Phys. Rev. E,
, 93, 2016,

DOI: 10.1103/PhysRevE.93.053101

T. Gotoda and T. Sakajo, Distributional

enstrophy dissipation via the triple vortex

collapse, J. Nonlinear Sci., , 26,

1525—1570, 2016,

DOI: 10.1007/s00332-016-9312-y

T. Sakajo and Y. Shimizu, Point vortex

interactions on a toroidal surface, Proc. Roy.

Soc. A, 472, 2016,
DOI: 10.1007/s00332-016-9312-y
M. Shibayama, Periodic solutions of a
perscribed-energy problem for a singular
Hamiltonian system, Disc. Cont. Dyn. Sys.
A, 37 2705—2715 2017
DOI: 10.3934/dcds.2017116
Y. Maekawa, On stability of steady circular
flows in a two-dimensional exterior disk
Arch. Rat. Mech. Anal. 225
287—374, 2017,
DOI: 10.1007/s00205-017-1105-4
S.-1. Sohn Sung, T. Sakajo and S.-C. Kim,
Stability of barotropic vortex strip on a
rotating sphere, Proc. Roy. Soc. A, ,
474, 2018, DOI: 10.1098.rspa.2017.0883
T. Sakajo, and Y. Shimizu, Toroidal
Geometry Stabilizing a Latitudinal Ring of
Point Vortices on a Torus, J. Nonlinear Sci.,
28, 1043-1077, 2018,
DOI: 10.1007/s00332-017-9440-z
M. Shibayama, Non-integrability of the
spacial n-center problem, J. Diff. Eq.,
2018,
DOI: 10.1016/].jde.2018.04.037
T. Gotoda, Global solvability for
two-dimensional filtered Euler equations
with  measure valued initial vorticity,
Differential and Integral Equations,
2018
M. Higaki, Y. Maekawa, Y. Nakahara, On
Stationary Navier-Stokes Flows Around a

Rotating Obstacle in Two-Dimensions, Arch.

Rat. Mech. Anal., 228 603—651
2018 DOI:10.1007/s00205-017-1201-5
D. Gerard-Varet and_Y. Maekawa, Note on
the analysis of Orr-Sommerfeld equations
and application to boundary layer stability
RIMS Kokyuroku 2058 108—119
2018

Y. Maekawa and J. Sauer, Maximal
regularity of the time-periodic Stokes
operator on unbounded and bounded
domains J. Math. Soc. Japan, 69
1403—1429 2017
DOI:10.2969/jmsj/06941403

Y. Maekawa, Remark on Stability of
Scale-Critical ~Stationary Flows in a
Two-Dimensional Exterior Disk RIMS
Kokyuroku Bessatsu, , 67, 105—130,
2017, DOI:10.1007/978-3-319-66764-5 6

27

T. Sakajo, Anomalous enstrophy
dissipation and 2D vortex collapse,
The 6th Euro-Japanese Workshop on
Blow-up ( )( )2014

T. Sakajo, On point vortex alpha system
and vortex collapse with enstrophy
dissipation, The 8th  CREST-SBM

International Conference on
Mathematical Fluid Dynamics, Present
and Future ( )( )2014

Y. Maekawa On isomorphism for the
space of solenoidal vector fields and
its application to the Stokes problem,
RIMS

( ) 2014

2015
T. Sakajo, On the generalized
non-viscous/viscous DeGregorio
equation - singular solutions and
statistical properties, International
Congress of Industrial and Applied
Mathematics 2015 2015
T. Sakajo, Hydrodynamic one
dimensional model for enstrophy
cascade turbulence, Naruto Workshop on
Vortex Dynamics 2016
T. Sakajo, Mathematical models of
anomalous enstrophy dissipation and
enstrophy cascade in 2D turbulence,
Advanced Computing and Theoretical
Fluid Mechanics ( ) (
2016
T. Sakajo, Towards a mathematical
theory of turbulence: a survey and a
model study, Colloguium of Mathematics
at McMaster Univ. ( ) 2016
T. Sakajo, Dissipative weak solutions
and vortex dynamics: a survey and model
study, Applied Mathematics Seminar,
Stanford Univ. ( ) 2016

10. T. Sakajo, Dissipative vortex collapse

and time"s arrow, The 11th East Asia
SIAM Conference ( )( )
2016

11. M. Shibayama, Periodic solutions of a

prescribed-energy problem for a
singular Hamiltonian system, The 11th
AIMS Conference ( )

2016

12. T. Sakajo, Words and Trees: Symbolic



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Classifications of Streamline
Topologies for 2D Incompressible
Vortex Flow, The 11th AIMS Conference
( ) 2016

, , 1

, Perspectives in

Mathematical Sciences 2016
T. Sakajo, Point vortex dynamics on a
toroidal surface, ANZIAM 2017 Annual
Meeting 2017
T. Sakajo, Turbulence and topology:
recent explorations in mathematical
fluid mechanics, QUT SMS Seminar

2017
T. Sakajo, One dimensional
hydrodynamic PDE model for turbulence
with cascade and singular solutions,
The 14th International Conference on
Flow Dynamics ( ) 2017
T. Sakajo, Point vortex dynamics on a
toroidal surface, The 70th Annual
Meeting of the American Physical
Society Division of Fluid Dynamics (

) 2017
T. Sakajo, One-dimensional
hydrodynamic  equation  generating
turbulent scaling laws and

self-similar singular solutions, The
70th Annual Meeting of the American
Physical Society Division of Fluid
Dynamics ( ) 2017

T. Gotoda and T. Sakajo, Universality
of the anomalous enstrophy dissipation
at the col lapse of three point vortices
on Euler-Poincare models, The 70th
Annual Meeting of the American
Physical Society Division of Fluid
Dynamic ( ) 2017

n

2017

2017
n
2017
T. Kishi, Numerical Investigation of
pair dispersion in two-dimensional
turbulence via delay-time statistics,
16th European Turbulence Conference
( ) 2017

1
2018
2018

s 2017

26. On axisymmetrization and
boundary layer in the two-dimensional
exterior flow around a fast rotating
obstacle, HMA 2018
( ) 2018

27. Y. Maekawa, On stability of some nearly
inviscid flows The 35th Kyushu

Symposium on PDEs ( )(
) 2018
0
o 0
o 0

1. ICIAM2015 Mini-symposium, 2015 08
10 , Beijing, China

2. Naruto Workshop on Vortex Dynamics,
2016 1 15 —~2016 1 17
Naruto, Japan

3. AIMS Conference Mini-Symposium, Vortex
Dynamics and Geometry: Analysis,
Computations and Applications 2016 7

4  Orlando USA

4. International Workshop on Mathematical

Science for Nonlinear Phenomena 2016

09 28 ~—2016 10 01 Obihiro,
Japan
5.
112017 1 13 , Nagoya
Japan
@
SAKAJO, Takashi
@
MATSUMOTO, Takeshi
MAEKAWA, Yasunori
SHIBAYAMA, Mitsuru
(©))
FUJIWARA, Hiroshi
(©))

GOTODA, Takeshi



