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研究成果の概要（和文）：超流動ヘリウムおよび原子気体ボース・アインシュタイン凝縮体(BEC)の量子乱流に
関し、理論的・数値的研究を行った。1.超流動ヘリウム：1-1. 振動物体が作る量子乱流の異方性を明らかにし
た。1-2.管内熱対向流における非一様量子乱流を研究した。1-3. 管内非一様乱流で対数型速度分布を見出し
た。1-4. coflowを調べた。2.原子気体BEC：2-1. スピノールBECでスピンと超流動が結合する乱流を調べた。
2-2.ボゴリュウボフ励起が作る波乱流について調べ、弱乱流理論から相関関数のべきを求め数値計算により検証
した。2-3.スピノールBECにおいてスピン波が作る波乱流を調べた。

研究成果の概要（英文）：We study analytically and numerically quantum turbulence (QT) in superfluid 
helium and atomic Bose-Einstein condensates (BECs). 1. Superfluid helium: 1-1. We study QT created 
by a vibrating sphere and find anisotropy of the vortex tangle. 1-2. We study inhomogeneous QT in 
thermal counterflow in a square channel. 1-3. We find logarithmic velocity profile of QT in a 
channel. 1-4. We study coflow where superfluid and normal fluid flow toward the same direction. This
 system was found to have an attractor into which vortices are attracted by mutual friction. 2. 
Atomic BEC: 2-1. We study spin-superflow coupled turbulence in spinor BECs. The power law of each 
energy spectrum is analytically obtained and confirmed numerically. 2-2. Bogoriubov wave turbulence 
is studied. The power laws of the correlation function are obtained from the weak wave turbulence 
theory, and confirmed numerically. 2-3. We find direct and inverse cascades of spin wave turbulence 
in spinor BEC.  

研究分野： 物性理論
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１．研究開始当初の背景 
	 超流動ヘリウムや原子気体ボース・アイン
シュタイン凝縮体(BEC)などの量子凝縮系は、
半世紀以上に渡り低温物理学における重要
な研究対象であった。その平衡状態について
は、かなりの理解が進んだが、非平衡状態に
ついてはほとんど解明が行われていない。一
方、世界的に見て、可視化に代表される実験
研究が進み、従来は不明だった物理が明らか
にされつつある。これらの系の非線形・非平
衡物理としての典型的な問題が、量子流体力
学および量子乱流である。本研究では、量子
流体力学および量子乱流に関して、最新の研
究を行う。	
	
２．研究の目的 
	 ここ数年明らかになりつつある実験結果
に対応して、従来の理論的および数値的研究
を超える研究を行う。具体的には以下の通り。 
(1) 超流動ヘリウム：伝統的な熱対向流
における可視化実験により、量子渦および常
流動流れが容器壁の影響を受けて非一様に
なっていることがわかってきた。この状況を
解明すべく、管内非一様量子乱流の特性を明
らかにするとともに、超流動—常流動の結合
運動方程式を扱う。 
(2) 原子気体 BEC：この系では、ヘリ
ウム系には無い、多彩な量子乱流が実現する。 
量子渦の作る標準的な量子乱流のみならず、
スピノール BEC のスピン乱流、ボゴリュウ
ボフ素励起が作る波乱流などを明らかにす
る。 
 
３．研究の方法 
	 数値的および解析的研究を組み合わせる。	
(1) 超流動ヘリウム：これまで培ってき
た量子渦糸モデルに基づく。従来のほとんど
の研究は、バルクを想定し三方向周期境界条
件を用いていたが、ここでは管内流を想定し
た境界条件を用いる。常流動成分は固定し、
そこから量子渦への相互摩擦を取り入れる
が、量子渦から常流動へのキックバックは考
慮しない。ただし、それを考慮した計算コー
ドの開発、および数値計算の実行を行ってい
る。	
(2) 原子気体 BEC：巨視的波動関数が従
うグロス・ピタエフスキー(GP)方程式を用い
る。スピノール BEC の場合は、スピノール GP
モデルを用いる。	
	
４．研究成果	
以下、文献番号は、5.の[雑誌論文]の番号を
指す。	
1. 超流動ヘリウム	
1-1. 振動物体が作る量子乱流の実験研
究に関連して、振動球が作る量子乱流とそこ
から放出される量子渦輪の異方性に着目し
て数値計算を行った(文献 2)。球の振動方向
を反映して生成される渦タングルは異方的
になる。それによる渦輪の放出も異方的とな

るが、それは渦輪の半径に依存する。比較的
小さい渦輪は等方的に放出されるが、大きな
渦輪は異方性を示す。これが最近、大阪市大
グループの実験により検証された。	
1-2. 正方形管内熱対向流における非一
様量子渦タングルの挙動を明らかにした(文
献 4)(図 1)。近年の可視化実験が正方形管内

の常流動速度場の挙動を明らかにした。それ
は、流速を上げると、ポアズイユ型層流から
tail-flattened 型層流、そして乱流へと遷移
するという驚くべきものであった。この現象
を理解するには、最終的には 2流体の完全結
合ダイナミクスを調べることが必要だが、そ
れは容易でない。そこでまず実験で観測され
た非一様な常流体の層流を仮定して、そのも
とで量子渦タングルの運動を調べた。バルク
の一様系に比べて渦密度の時空揺らぎは大
きくなるものの、統計的定常状態に達する。
それは壁近傍に渦が集積した”超流動境界
層”と呼ぶべき構想である。そして、渦密度
の温度および流速依存性は、実験結果と符合
することがわかった。	
1-3. 超流動流れの対数型速度分布を初
めて見出した(文献 5)。乱流を特徴付けるに
あたり、普遍的な統計則に着目することは重
要である。古典乱流の代表的な統計則といえ
ば、バルクのコルモゴロフ則と壁乱流の対数
型速度分布である。前者は量子乱流で長年に
わたり調べられてきたが、後者を本研究で初
めて明らかにした。正方形管内の常流体が静
止した状況で非一様渦タングルを作り、その
超流動流れ場が対数型速度分布を示すこと
を明らかにした。これは今後、実験での観測
に向けて大きな指針を示すこととなった。	
1-4. 熱対向流とは異なり、超流体と常流
体が同方向に流れる coflow の数値計算を行
った(文献 7)。近年プラハのグループが
coflow の実験を行い、熱対向流とは異なる挙
動を明らかにした。Coflow の数値計算を行い、
常流動速度場と平均超流動速度場が一致す
る領域が、量子渦に対してアトラクターとし
て働き、相互摩擦により量子渦が集積すると
いう特異な挙動が明らかになった(図 2)。	
		2.	原子気体 BEC	
2-1.	原子気体 BEC は多様な量子乱流の舞台
となりうる。我々はスピノール BEC において
スピンが時間空間的に乱れるスピン乱流を
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FIG. 3. Vortex tangles viewed along the flow direction in the
statistically steady state for T = 1.9 K and vn = 0.7 cm/s, corre-
sponding to the results of Fig. 2. These show one cycle of the
large oscillation, while snapshots from (a) to (d) correspond a local
minimum (t = 8.80 s), the middle of the increase (t = 8.99 s), a local
maximum (t = 9.20 s), and the middle of the decrease (t = 9.34 s),
respectively.

central region become dilute, and they are absorbed by the
solid boundaries. Even if the vortex tangles of (b) and (d)
have the almost same values of L, the vortex configurations
are quite different. Then the vortex tangle returns to the stage
of Fig. 3(a). The vortex tangle repeats the periodic motion,
resulting in the large oscillation of Fig. 2. The vortex tangle
sustained by this mechanism is more dilute than that in the
case of uniform counterflow for the same T and vns .

B. Statistics

We investigate the statistics of the quantum turbulence in
a statistically steady state. In this subsection every physical
quantity is averaged temporally over the statistically steady
states and spatially over the computational box. Typical
experiments using second sound attenuation have observed
values integrated over the channel. The statistical values
have been extensively investigated both experimentally and
numerically. We discuss the properties of Hagen-Poiseuille
normal fluid flow by comparing the statistical values with
those obtained in previous studies of uniform counterflow.

The statistically steady state is known to satisfy the relation
of Eq. (2). Here we regard the counterflow velocity vns as
the spatially averaged amplitude of vns = vn − vs,a . Figure 4
shows that L almost satisfies the relation. The vortex line
density increases with T , because the mutual friction becomes
strong at higher T to develop quantized vortices. The critical
velocity vc below which the vortex tangle cannot be sustained

FIG. 4. (Color online) Vortex line density averaged over the
statistically steady state under Hagen-Poiseuille flow as a function
of vns . The dashed lines refer to the fitting of the data for each
temperature.

is not investigated in this work, since the attempt to determine
vc correctly is time consuming and is not the main purpose
of this work. Table I shows a comparison of γ between the
present work, γhp, and the simulation, γuni, subject to uniform
counterflow under a periodic boundary condition [3]. The
values of γuni quantitatively agree with those of the typical
experiment [25]; thus we can regard γuni as a standard. The
values of γhp are lower than those of γuni. This suggests that
the Hagen-Poiseuille flow tends to suppress the growth of
the vortex tangle. The fitting parameters v0 of the present
simulation are listed in Table I. These results are different
from the value v0 ∼ 0.1 cm/s obtained by the simulation under
uniform periodic counterflow [3].

Figure 5 shows the anisotropic parameter I as a function
of vns and T . The anisotropy is almost independent of vns , in
agreement with experiments [26]. The dotted lines are the val-
ues of I averaged over vns for each temperature. The anisotropy
becomes large with T , because the increase in T intensifies
the expansion of vortices toward the direction normal to the
flow by mutual friction. In Table I we compare our results with
the mean values of I obtained by Adachi et al. [3], which is a
simulation subject to uniform counterflow in a periodic cube.
The results with Hagen-Poiseuille flow are higher than those
with uniform flow. Thus the Hagen-Poiseuille flow tends to
increases the anisotropy. The difference between the results of
this work and those from uniform counterflow increases with
T . This is because the mutual friction becomes stronger with
T to enhance the effect of the Hagen-Poiseuille profile.

TABLE I. Line density coefficients γ , fitting parameter v0, and
anisotropic parameter I . Given are numerical results γhp, Ihp, and v0

obtained in this work under Hagen-Poiseuille flow and γuni and Iuni

obtained by Adachi et al. [3], which is a simulation subject to uniform
counterflow under a periodic boundary condition.

T (K) γhp (s/cm2) γuni (s/cm2) v0 (cm/s) Ihp Iuni

1.3 31 53.5 −0.2 0.765 0.738
1.6 47 109.6 0.0 0.814 0.771
1.9 103 140.1 0.4 0.878 0.820
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図 1正方形管内熱対向流中の非一様渦タングル 



提唱してきたが、ここではさらに超流動速度
場も乱れ、超流動—スピンの結合乱流が生じ
ることを明らかにした。スピノール GP 方程
式から得られるスピンと超流動の流体力学
方程式にスケーリング解析を適用すること
でスピンのエネルギースペクトルは-7/3、超
流動のエネルギースペクトルは-5/3 のべき
乗則が生じることを示し、数値計算によりそ
れを確認した。	
2-2.	渦が作る乱流ではなく、BEC におけるボ
ゴリュウボフ素励起が作る波乱流を明らか
にした(文献 3)。GP 方程式に弱波動乱流理論
を適用し波動関数の相関関数のべき乗則を
求めるとともに、それらを数値計算で確認し
た。	
2-3.	スピノール BEC において、スピン波が
作る波乱流を研究した(文献 6)。横方向スピ
ン相関関数に対して、順方向カスケードでは
-7/3、逆カスケードでは-5/3 のべき乗則が出
ることを解析的に見出し、GP 方程式の数値計
算により確認した(図 3)。	
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FIG. 1. Time development of the VLD (a) and the anisotropic
parameter (b) for T = 1.85 K and v̄n (= v̄s) = 1.2 cm/s. Inset in (a)
shows the time development of the VLD in the very early stage, 0 s
! t ! 1.0 s.

these vortices repeat the process until they are trapped by the
attractor. Figure 2 shows a typical snapshot of the second stage.
Most vortices are localized in the attractor, and a few vortices
protrude from the attractor toward the walls. In the second
stage, there are mainly two mechanisms that slowly increase
the VLD. The first mechanism is “wrapping the attractor.” The
protruding vortices rotate around the attractor because of the
mutual friction. Then, the vortex edges on the attractor leave

(a) v → v(b)

FIG. 2. Snapshots of vortices at t = 20 s in Fig. 1: (a) viewed
along the flow direction and (b) viewed from the side of the flow
direction.

v

)b()a(

)d()c(

FIG. 3. Snapshots of the time development of the vortex tangle
in the first stage viewed along the flow direction (T = 1.85 K, v̄n =
1.2 cm/s): (a) t = 0 s, (b) t = 0.15 s, (c) t = 0.25 s, (d) t = 0.4 s.

traces on it, increasing the vortex length on the attractor. The
second mechanism is “spreading inside.” When the vortices
become dense on the attractor, their repulsive interaction
makes them spread toward the interior and increases the VLD.
The two mechanisms increase the VLD continuously. Because
reconnections occur much less frequently than in the first
stage, the VLD increases much more slowly than in the first
stage. Because the two mechanisms approximately maintain
anisotropy, the anisotropy parameter takes a steady value,
although the VLD continues to increase.

B. Attractor for vortices

In the previous section, we showed that vortices are
localized in a cylindrical region. The appearance of the
attractor is an important characteristic of the present system.
This section discusses why the attractor appears and what
determines the topological region.

We consider the situation in a circular pipe where the
normal-fluid profile is Poiseuille flow to understand analyt-
ically why and how the vortices are localized. For the sake
of simplicity, we assume that a vortex ring is placed with
cylindrical symmetry, namely, that a vortex ring moves along
the central axis of a circular pipe. The vortex ring is represented
in cylindrical coordinates as s = s(R,θ,z). Then, Eq. (8) is
reduced to

dz

dt
= β

R
+ vs,a (12)

and
dR

dt
= α

(
vn − vs,a − β

R

)
. (13)

Here, the dynamics of θ is irrelevant because this system is
axisymmetric. We focus only on the dynamics of R because the
motion of z is irrelevant to the localization. The normal-fluid

184508-4

 
図２	 Coflowでの量子渦の空間分布 
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FIG. 1. Time development of the spin-density vector F in SWT
for the inverse cascade. We plot the spatial distribution of Fx at
t/τ = (a) 0, (b) 9000, and (c) 19 000. (d) is the spatial profile of F
corresponding to (c). The size of the figures is 256ξ × 256ξ . These
figures show that a larger structure appears as time passes, which
reflects the inverse cascade.

the wave-number region near kξ = 0.4, whose wavelength
is comparable to the characteristic size of Fx in Fig. 1(a).
In the early stage of the dynamics, the inverse cascade leads
to the growth of C(s)

xy in the wave-number region lower than
kξ = 0.4, and the −5/3 power law appears only in the region
near kξ = 0.4. As sufficient time passes, the scaling region
with the −5/3 power law becomes wide and finally reaches
0.08 ! kξ ! 0.6. This behavior is consistent with Eq. (36) for
the inverse cascade predicted by WWT theory.

To investigate our SWT in detail, we check whether or
not our approximations used to derive Eq. (36) are satisfied.
The important approximations are (i) the assumption of
a ferromagnetic state, (ii) the smallness of the canonical

C
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FIG. 2. Time development of the transverse spin correlation
function in SWT for the inverse cascade. The black solid line in the
range [0.08,0.6] exhibits a k−5/3 power law. The spectra are averaged
over five calculations with different initial noise components.
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FIG. 3. Time development of (a) the spatial average of the spin
amplitude, ⟨| f |⟩V , and (b) the spatial average of the canonical
variable, ⟨|a|2⟩V , which satisfy approximations (i) and (ii).

variables, and (iii) the weakness of the spin-density interaction
I sd
µ and spin-velocity interaction I sv

µ .
To confirm (i), the amplitude | f | of the spin-density vector

is calculated; it should be unity in the fully ferromagnetic state.
Figure 3(a) shows the time development of its spatial average
and indicates that the system almost becomes a ferromagnetic
state. For (ii), we calculate the amplitude |a|2 of the canonical
variables defined by Eqs. (16)–(18), confirming that its
spatially averaged value is much smaller than unity, as shown
in Fig. 3(b). To check (iii), we define the following quantities:

Aa
µ(k) = 1

△k

∑

k−△k/2"|k1|<k+△k/2

∣∣F
[
I (a)
µ

]
(k1)

∣∣, (42)

with a = s, ss, sd, and sv and µ = x,y,z. Figure 4 shows
the numerical results for Aa

µ(k) at t/τ = 19 000 when the
−5/3 power law appears over a wide interval. These figures
show that the spin-density interaction I sd

µ and spin-velocity
interaction I sv

µ are slightly weaker than the spin-spin
interaction I ss

µ in the scaling region 0.08 ! kξ ! 0.6. In
summary, our calculation basically satisfies approximations
(i), (ii), and (iii). However, for (iii), the spin-density and
spin-velocity interactions are not very weak. At present, we
do not sufficiently understand why the influence of density
and velocity does not disturb the −5/3 power law.

In comparison with As
µ(k), Ass

µ (k) is found to be weak in the
region higher than kξ ∼ 0.15, which corresponds to smallness
of the canonical variable a. However, in the low-wave-number
region kξ ! 0.15, the strength of the spin-spin interaction
term is larger than that of the spin-linear term, so WWT
becomes invalid. Actually, in this region, the −5/3 power law
seems to be disturbed, as shown in Fig. 2. Thus, we conclude
that the scaling region with the −5/3 power law is about
0.15 ! kξ ! 0.60.

Finally, we describe the dynamics at t/τ > 19 000. The
transferred mode accumulates in the low-wave-number region
because any dissipation mechanism is not included in our
numerical calculation. This can disturb the −5/3 power law.
Actually, in the low-wave-number region, the correlation
function is found to tend to deviate from the −5/3 power
law when sufficient time has passed.

3. Dependence on initial conditions

We describe how the −5/3 power law depends on the initial
state. In our calculation, as long as we use an initial state with
energy injection in the wave-number region 0.2 ! kξ ! 0.8,
the −5/3 power law appears. If we inject the energy into an
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