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A key outcome of this research project was the successful complete
verification of the nonlinear Brascamp-Lieb (BL) conjecture. This was one of the main goals of the
initial research proposal and has been achieved through a series of papers. The first step was to
establish local boundedness of the BL constant in the standard version of the BL inequality and use
this to prove the nonlinear BL conjecture for input functions with arbitrarily small Sobolev
regularity. As a further application of this stability result, we advanced the theory of the
multilinear Fourier restriction problem. Next, we showed continuity of the BL constant and this
result was used in our recent complete resolution of the nonlinear BL conjecture. Additionally, this

research project has produced various new developments on related theory, including estimates for
the Kkinetic transport equation.
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(1) Hslder’ s inequality is a classical inequality in mathematics that provides control
on the size of the multiplication of two functions in terms of Lebesgue space norms.
Convolution is a fundamental concept in mathematics and is another type of product of
two functions. The corresponding inequality which provides control on the size of the
convolution of two functions in terms of Lebesgue space norms is called Young s
convolution inequality and one may derive this inequality from Hslder' s inequality.
Another important consequence of Hslder’ s inequality is the Loomis-Whitney inequality.
The Loomis-Whitney inequality was originally motivated by the famous isoperimetric
problem from geometry concerned with maximising volumes of objects subject to a fixed
surface area. In the mid 1970s, H. J. Brascamp and E. H. Lieb put forward a natural and
common generalisation of each of the three aforementioned inequalities and established
a number of important results concerning their inequality.

(2) An elegant and powerful theory of the Brascamp-Lieb inequality has emerged since its
formulation with fundamental contributions 1in papers by Ball, Lieb, Barthe,
Carlen-Lieb-Loss and Bennett-Carbery-Christ-Tao. Ball pioneered use of the Brascamp-Lieb
inequality in convex geometry, a particularly well-known application being the use of
the geometric form of the Brascamp-Lieb inequality to make dramatic progress on the
problem of finding sharp bounds on the size of slices of cubes by lower-dimensional
subspaces. Applications and viewpoints on the Brascamp-Lieb inequality may be found more
widely in, for example, probability, stochastic processes, information theory and
theoretical computer science. The Brascamp-Lieb inequality also plays a fundamental role
in the multilinear Fourier restriction and Kakeya problems, as well as the closely related
decoupling theory; the latter having seen staggering applications in recent years to
problems in number theory (such as the Vinogradov Mean Value Theorem established by
Bourgain-Demeter-Guth) and partial differential equations (such as the sharp Strichartz
estimates for tori due to Bourgain-Demeter).

(1) The nonlinear version of the Brascamp-Lieb inequality, in particular, the nonlinear
Loomis-Whitney inequality, emerged in work of Bennett-Carbery-Wright around 2005 in
connection to multilinear Fourier restriction theory, and a few years later in work of
Bejenaru-Herr-Tataru on the three-dimensional Zakharov system. A number of subsequent
applications of more general nonlinear Brascamp-Lieb inequalities appeared in work of
Bennett-Bez in connection to multilinear Fourier restriction theory, and several further
papers on the Zakharov system and related partial differential equations.

(2) The initial and main purpose of the research project was to establish results on the
stability of the standard form of the Brascamp-Lieb inequality. As well as advancing the
theory of the standard Brascamp-Lieb inequality, it was anticipated that progress in this
direction would lead to progress on the major goal of proving the so-called nonlinear
Brascamp-Lieb conjecture. Certain special cases of the nonlinear Brascamp-Lieb
conjecture were already known (such as the aforementioned nonlinear Loomis-Whitney
inequality), but a fully general version was a major open problem in this field.

(3) In addition to the nonlinear Brascamp-Lieb conjecture, a further goal of this research
project was to advance the theory of related multilinear inequalities, such as multilinear
Fourier restriction estimates.

(1) In order to understand the stability of the constant in the standard Brascamp-Lieb
inequality, two fundamental results concerning the Brascamp-Lieb constant due to Lieb
and Bennett-Carbery-Christ-Tao were used. The work of Lieb establishes that the
Brascamp-Lieb constant is exhausted by gaussian input functions and is a cornerstone in
the theory. The latter result addresses a problem left open by Lieb’ s theorem, namely,
to establish a characterisation of when the Brascamp-Lieb constant is finite.

(2) The main method underlying the approach to the nonlinear Brascamp-Lieb conjecture
was induction-on-scales, first pioneered by Bourgain in harmonic analysis. A rough
version of induction-on-scales vyielded progress on the nonlinear Brascamp-Lieb
conjecture where the input functions possess (arbitrarily small) Sobolev regularity.



(3) In the case where a suitable family of gaussian maximisers for the underlying standard
Brascamp-Lieb inequality exist (such as the so-called subcritical case), a tight
induction-on-scales argument yielded the nonlinear Brascamp-Lieb conjecture.

(4) In order to proceed to the fully general case and solve the nonlinear Brascamp-Lieb
conjecture, it was necessary to establish a certain stronger (quantitative) form of
Lieb’ s theorem in order to obtain a suitable family of gaussian near-maximisers. This
argument used methods from optimisation theory.

(1) The general case of the nonlinear Brascamp-Lieb conjecture was proved. In addition,
applications of such nonlinear Brascamp-Lieb inequalities were made to problems in
abstract harmonic analysis and partial differential equations. For example, the sharp
constant for the local version of Young' s convolution inequality on Lie groups was found.
In addition, certain geometric inequalities arising in the theory of Zakharov systems
were obtained. These inequalities provide bounds on iterated convolutions of Lebesgue
space densities supported on submanifolds of euclidean space satisfying a transversality
condition. These results are contained in joint work with Jonathan Bennett, Stefan
Buschenhenke, Michael Cowling and Taryn Flock (arXiv:1811.11052), currently under
review.

(2) Results regarding the stability of the constant in the standard Brascamp-Lieb
inequality have been obtained, initially a local boundedness result and then subsequently
strengthened to a continuity result. Such stability results have played a role in the
development of decoupling theory in recent years and hence the subsequent applications
to problems in number theory.

(3) Results have been obtained for the refinement of the standard Brascamp-Lieb inequality
where the input functions belong to Lorentz spaces. By obtaining certain new necessary
conditions, we established the sharpness of a result of Christ concerning the range of
allowable exponents for the Lorentz spaces in the so-called subcritical case.

(4) This research project has also contributed to the theory certain partial differential
equations, including the kinetic transport equation and the free Schrsdinger equation.
For example, smoothing estimates for the velocity average of the solution to the kinetic
transport equation have been significantly advanced to a mixed-norm setting. This has
been achieved through the use a variety of techniques from harmonic analysis, including
Fourier restriction theory, decoupling estimates for the cone, and bilinear interpolation
theory.

(5) To promote greater interaction and collaborative research between mathematicians
working in harmonic analysis and geometric analysis, within Japan and internationally,
a 4-day international workshop was organized.
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