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研究成果の概要（和文）：本研究の目的は基礎の支持力解析手法の精緻化と支持力式の高度化である。剛塑性有
限要素法の高速化、土・水連成解析手法、地盤材料の線形および非線形降伏関数に対する構成式の開発を実施し
た。事例解析より、基礎の支持力式について、粘性土地盤から砂質地盤、中間土地盤までを対象に帯基礎の鉛
直、水平、モーメントの複合荷重に対する限界荷重曲面を定式化した。また、ケーソン構造物を対象に地盤に浸
透力が作用する条件で土・水連成解析を実施して、遠心模型試験結果との比較より適用性を明確にした。また砂
質地盤に対して、せん断抵抗角の拘束圧依存性をモデル化して基礎の寸法効果を考慮した支持力式を提案した。

研究成果の概要（英文）：The purpose of this study is to refine a bearing capacity analysis method 
and advance bearing capacity equations of rigid footing. A rigid-plastic finite element method was 
improved to be highly accelerated, a coupled soil-water analysis method was developed, and 
constitutive equations for linear and nonlinear yield functions of geomaterials were introduced. 
From the case study analyses of various conditions, limit load surfaces for combined vertical, 
horizontal, and moment loads on strip footing were formulated for base ground from cohesive to sandy
 and intermediate soils. The applicability of the coupled soil-water analysis to the practice was 
clarified by comparing the results of caisson foundation with those of centrifuge model tests under 
the condition where seepage forces act on the ground. For sandy soils, a bearing capacity equation 
was developed that takes into account the effect of footing size by modeling the internal friction 
angle depending on confining pressure.

研究分野： 地盤工学、土木工学

キーワード： 基礎の支持力　複合荷重　中間土　寸法効果　支持力式　土水連成解析
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研究成果の学術的意義や社会的意義
基礎の支持力は古典的な研究課題であるが、構造物の設計に不可欠な項目である。我が国の設計業務では支持力
の推測に道路橋示方書が幅広く用いられ、多くの実績がある。しかし、支持力式は模型実験や数値解析に基づい
て開発されるが、複合荷重や基礎の寸法効果などの技術課題もあり、精度に関する検証は十分でない問題があ
る。本研究による高精度の支持力式は、世界の設計基準に大きく寄与するため、波及効果は非常に高いと言え
る。

※科研費による研究は、研究者の自覚と責任において実施するものです。そのため、研究の実施や研究成果の公表等に
ついては、国の要請等に基づくものではなく、その研究成果に関する見解や責任は、研究者個人に帰属します。



 

 

様 式 Ｃ－１９、Ｆ－１９－１、Ｚ－１９（共通） 
 
１．研究開始当初の背景 
基礎の支持力は地盤工学の古典的な研究課題であるが、構造物の設計に不可欠な重要
項目である。我が国の設計業務において支持力の評価は道路橋示方書などの支持力式が
幅広く用いられており、多くの実績がある。支持力式は模型実験による経験式（A）や
塑性論による簡易解析（B）をベースにしており、Terzaghi の支持力式や欧州・米国の
設計式に比べると基礎の寸法効果を考慮したり、複合荷重の効果を取り入れるなど高度
化されているが、標準的な設計課題を念頭に開発されている。数値解析の模型実験に対
する短所は解析モデルのために正解の保証のないことであるが、精度が確認できれば模
型実験で実施できない様々な仮想条件に対する検討が可能な長所を有する。基礎の支持
力式は標準的な設計課題に対して開発されているが、実務における応用範囲は広く、ま
た地盤の耐荷力を簡便に把握する技術支援効果は大きい。 
支持力式は、載荷重が鉛直・水平・モーメントの複合荷重になると、例えば偏心載荷
の場合に基礎と地盤の離合の接触問題や砂質土と粘性土のせん断強度特性の差異によ
る接地圧分布の評価など、複合荷重に対する限界荷重曲面は十分に精度が検証できてい
ない。砂質地盤の場合には基礎の大きさによる寸法効果の問題もあり、支持力式の精度
の検証や合理化は設計問題および地盤工学上の長年の古くて新しい技術課題である。 
 
２．研究の目的 
本研究の目的は基礎の支持力解析の精緻化と支持力式の高度化にある。研究代表者が
開発してきた剛塑性有限要素法について、解析法の高速化、土・水連成解析手法の統合
化、地盤材料の線形および非線形降伏関数に対する構成式の整備と、地盤と構造物間の
接触要素の導入などの改良を実施する。 
 
３．研究の方法 
３−１ 剛塑性構成式の開発 
地盤工学では構造物の安定性評価に、土楔を仮定する極限釣り合い解析や極限解析の
上界定理を用いる方法の実績が多い。これはすべり線の発生に伴う地盤の崩壊現象をわ
かりやすくモデル化することにあり、現実的な解を与えることから実務や研究で幅広く
用いられてきた。しかし、崩壊機構を事前に設定して可能な解を探索するために得られ
る解の信頼性は、必ずしも高くない。近年に極限解析の上界定理に有限要素法を適用す
る方法が Tamura et al. (1984, 1987, 1980)などにより開発されたが、上界定理における最
小解の探索が剛塑性構成式を用いた釣り合い解析に等価なことを明らかにされた。研究
代表者は Hoshina et al. (2011)などで Drucker-Pragerの降伏関数に対する剛塑性構成式を
ダイレタンシーに関する制約条件をペナルティ法により考慮して提案した。また、地盤
と基礎の接触面にMohr-Coulomb 則に従う接触要素の剛塑性構成式を開発した。接触要
素におけるダイレタンシーはペナルティ法により考慮した。なお変位速度については接
触要素における変位の不連続量を用いて定式化した。更には、拘束圧に対して非線形な
強度特性を応力の高次関数で表現し、剛塑性構成式は導出した。Drucker-Prager の降伏
関数と異なり非決定応力のないことから、ひずみ速度に対して応力は唯一に定まる特徴
がある。 
剛塑性構成式の特徴は応力とひずみ速度の関係を記述する点にあり、例えば弾性論の
構成式とは随分と異なる。塑性挙動の非拘束流れを表現し、ひずみ速度の大きさは基本
的に不定である一方で、応力は降伏曲面上に存在する。剛体挙動はひずみ速度を非常に
小さく表すが、応力は上記に記載したひずみ速度の閾値とひずみ速度のノルムの比率を
用いた縮小された降伏曲面上に配置する。 
 
３−２ 剛塑性有限要素法の開発 
剛塑性構成式を適用すると、剛塑性有限要素法を容易に定式化できる。しかし、変位
速度に関する非線形連立方程式となるために、解法には数値解法が必要になる。本研究
では Newton-Raphson 法などを試みたが、どのような問題に対しても安定的に解を得る
には直接代入法が比較優位な結果となった。土・水連成解析への適用を視野に間隙水圧
を変数に加えて、構成式は有効応力に関連付けている。しかし、剛塑性構成式には間隙
水圧を定める理論のないことから、土・水連成解析はハイブリッド解析のように間隙水
圧分布が別の理論によって与えられる疑似連成解析となる。斜面問題の場合には飽和・
不飽和浸透解析を並列して実施して、得られる間隙水圧分布を剛塑性有限要素法の入力
値としている。地盤の不飽和領域では全応力解析を実施して、飽和領域では有効応力解
析を実施する。不飽和領域ではサクションを算出して、地盤強度のうち粘着力をサクシ
ョンの関数として与える。このモデル化により、サクションが大きいと粘着力は大きく、
小さいと低下する見かけの粘着力の力学特性を表現する。飽和領域では有効応力解析を



 

 

実施するが、間隙水圧分から得られる浸透力が上向きに作用すると有効応力が減少して
地盤強度が低下する現象を表現する。 
 
４．研究成果 
４−１ 論文リスト 
 本報告書に記載する、「基礎の支持力」に関する研究成果について、代表論文に絞っ
て掲載する。 
① Pham Ngoc Quang, Satoru Ohtsuka, Koichi Isobe, Yutaka Fukumoto and Takashi Hoshina: 

Ultimate bearing capacity of rigid footing under eccentric vertical load, Soils and 
Foundations, JGS, 59(6), 1980-1991, 2019.  

② Pham Ngoc Quang, Satoru Ohtsuka, Koichi Isobe and Yutaka Fukumoto: Limit load space 
of rigid footing under eccentrically inclined load, Soils and Foundations, JGS, Vol.60, No.4, 
811-824, 2020. 

③ 投稿中（査読審査）の論文 4 編 
 
４−２ 複合荷重に対する基礎の支持力式 
４−２−１ 偏心鉛直荷重に対する限界荷重曲面【文献①】 
基礎に偏心鉛直荷重を載荷すると、基礎と地盤間の接地圧分布は荷重の載荷位置によ

って変化するだけでなく、基礎と地盤間の摩擦や、地盤も砂質地盤と粘性土地盤で分布
は大きく変化する。本研究では基礎と地盤間に剛塑性構成式を用いた接触要素を導入す
るが、数値解析より接地圧分布は接触要素を用いない場合に対して高精度で合理的な結
果が得られた。砂質地盤および粘性土地盤について地盤の材料定数（砂質地盤では内部
摩擦角𝜙）および基礎幅𝐵、荷重の偏心量𝑒を変化した数値解析を系統的に実施して、得
られた限界荷重曲面を簡易な数式に取りまとめた。 

  （砂質地盤） (1) 

      （粘性土地盤） (2) 
次に、基礎の中心位置に傾斜荷重（鉛直𝑉、水平荷重𝐻）が作用する際の支持力解析を
実施し、砂質および粘性土地盤の限界荷重曲面を取りまとめた。 

 （砂質地盤） (3) 

 （粘性土地盤）(4) 
 
４−２−２ 偏心傾斜荷重に対する限界荷重曲面【文献②】 
偏心傾斜荷重は基礎中心からの偏心量が同じ場合にも水平方向には異なる 2 つの方向が

ある。言い換えると、荷重によるモーメントが等しい場合にも傾斜荷重の方向が異なる場合
が存在する。図 1 に荷重の偏心量が𝑒 𝐵⁄ = 0.3、傾斜角度が∓10∘の事例における砂質・
粘性土地盤の破壊形態を示した。(a)砂質地盤の内部摩擦角は𝜙 = 30∘であり、(b)粘性土
地盤はせん断強度𝑐" = 100𝑘𝑃𝑎である。両地盤ともに水平荷重の作用方向により破壊形
態は大きく異なり、支持力に差異が生じる。図 2 に偏心傾斜荷重に対する砂質および
粘性土地盤の限界荷重曲面を示す。図は鉛直支持力𝑉"#$（中央荷重）で正規化した、モ
ーメント𝑀と水平荷重𝐻の限界荷重空間（𝑀𝐵 𝑉"#$⁄ 〜𝐻 𝑉"#$⁄ ）を示すが、鉛直荷重𝑉%を一
定に保ち、荷重の偏心量𝑒と水平荷重𝐻を変化させた結果を表す。解析条件は𝑉! 𝑉"#$⁄ =
0.5、𝛾 = 18𝑘𝑁 𝑚%⁄ 、𝐵 = 5𝑚、砂質地盤の内部摩擦角は𝜙 = 30∘を用いた。 
砂質地盤の偏心傾斜荷重に対する限界荷重曲面（鉛直荷重𝑉! = 𝑐𝑜𝑛𝑠𝑡における断面）は次式
にまとめられる。式中のパラメータは𝐶 = 0.195であり、着目した鉛直荷重𝑉!に対して曲面
を表す 2 つのパラメータ、𝐻!および𝑀!は各々式(1)および式(3)より求められる。図に示す
ように砂質地盤の限界荷重曲面は傾斜角の反転に関して非対称な形状を示す。 

 (5) 
粘性土地盤の偏心傾斜荷重に対する限界荷重曲面（鉛直荷重𝑉! = 𝑐𝑜𝑛𝑠𝑡における断面）は次
式にまとめられる。着目した鉛直荷重𝑉!に対して曲面を表す 2 つのパラメータ、𝐻!および

obtained results, the analysis procedure for employing the
interface element and the zero-tension analysis is found
to be rational and accurate for assessing both the ultimate
bearing capacity and the failure mode of a footing-soil sys-
tem under an eccentric vertical load.

4. Ultimate bearing capacity of footing under eccentric
vertical load

4.1. Normalized limit load space for sandy soil

Loukidis et al. (2008), Krabbenhoft et al. (2012) and
Tang et al. (2014) analyzed the failure envelope in the V-
M plane of a footing subjected to an eccentric vertical load
using the finite element method. They reported the normal-
ized limit load space in the V-M plane for the rough condi-
tion. The present study investigates this failure envelope in
the V-M plane under two friction conditions on the footing
base for various internal friction angles of the soil. As was
mentioned in the previous chapter, the cohesion (c = 0.5
kN/m2) is introduced into the shear strength parameter
of the soil to stabilize the computation process, since it
was determined not to greatly a!ect the ultimate bearing
capacity.

Meyerhof (1953) proposed the e!ective width method to
use the ultimate bearing capacity formula for assessing the
ultimate bearing capacity of a footing under an eccentric
vertical load based on his experimental study.

V ! 1

2
cB0 2N c with B0 ! B" 2e# $ #13$

Regarding the Nc factor, several formulations have been
proposed based mainly on either theoretical methods or
numerical computations. The formula proposed by
Meyerhof (1963) is well known and expressed as follows:

N c ! ep tan/tan2 p
4
% /

2

! "
" 1

! "
tan 1:4/# $ #14$

where B0 is the e!ective width proposed by Meyerhof. It is
widely used in practice, but its applicability has not been
clarified. This is because the e!ective width method

assumes similar interaction to that which is used for the
centric vertical load, while the interaction for the eccentric
vertical load is originally di!erent due to the eccentricity
shown in Figs. 12 and 13 in spite of the fact that the focus
is placed on the contact part. Although many studies have
been conducted on this issue, a comprehensive understand-
ing of the applicability of the e!ective width method has
not been established yet based on a reliable analysis
method. This study examines the applicability of the e!ec-
tive width method to the assessment of the ultimate bearing
capacity of a footing under an eccentric vertical load and
additionally examines the applicability of the failure envel-
ope in the V-M plane to the assessment of the ultimate
bearing capacity for complex loads in which V and M are
independently varied.

Fig. 14 presents the e!ect of eccentricity e on normalized
vertical load V/Vult, where Vult is the ultimate bearing
capacity computed for the centric vertical load. In the fig-
ure, the friction angle of the soil is varied widely. The nor-
malized vertical load is seen to decrease proportionally as
normalized eccentricity e/B increases. It is interesting that
the trend in the decrease in normalized ultimate bearing
capacity V/Vult against normalized eccentricity e/B is
unique for any internal friction angle regardless of the
rough or smooth condition. Loukidis et al. (2008) reported
that the normalized ultimate bearing capacity in sandy soil
subjected to an eccentric vertical load was almost the same
as that of the e!ective width method up to normalized
eccentricity of e/B = 0.3. However, the results obtained
with the RPFEM are seen to closely match those obtained
with the e!ective width method for any eccentricity length
e. Thus, the normalized ultimate bearing capacity for the
eccentric vertical load can be expressed by the following
equation with any internal friction angle:

V
V ult

! 1" 1:85
e
B

# $2

#15$

Fig. 15 shows the failure envelope in the V-M plane for
an increase in eccentricity e. It is interesting that the failure
envelope in the V-M plane is also obtained uniquely for the

Fig. 13. Distributions of normalized shear stress s/cu at footing base with
zero-tension analysis for rough condition.

Fig. 14. E!ect of internal friction angle on relationship between normal-
ized vertical load V/Vult and normalized eccentricity e/B in case of rough
and smooth conditions.

1988 Q.N. Pham et al. / Soils and Foundations 59 (2019) 1980–1991

internal friction angle of soil. For the rough condition, the
Mmax reached approximately 0.0807 BVult at a normalized
eccentricity of around e/B = 0.165. Similarly, Loukidis
et al. (2008) reported that the Mmax reached 0.078 BVult,
while Tang et al. (2014) reported that it reached 0.076 BVult

at e/B of around 1/6. Moreover, Georgiadis and Butterfield
(1988), Gottardi and Butterfield (1993) and Okamura et al.
(2002) conducted model tests and concluded that the value
of Mmax was in the range of 0.075 BVult to 0.1 BVult. From
a comparison with past works, it can be concluded that the
RPFEM generates good estimations under the rough con-
dition of the footing base. For the smooth condition, the
failure envelope in the V-M plane is obtained in a similar
manner to that for the rough condition. It is also found
to be unique for the internal friction angle, for which the
Mmax was approximately equal to 0.0811 BVult at the nor-
malized eccentricity of around e/B = 0.165.

After the past works by Meyerhof (1953), Loukidis et al.
(2008) and Tang et al. (2014), the failure envelope in the V-
M plane is derived based on the results computed with the
RPFEM, as seen in Fig. 15.

M
BV ult

! 0:55
V
V ult

1" V
V ult

! "0:49
 !

#16$

4.2. Normalized limit load space for clayey soil using zero-
tension analysis

Taiebat and Carter (2002), Gourvenec (2007), Rao et al.
(2015) and Shen et al. (2016) used the zero-tension interface
to analyze the ultimate bearing capacity of a rigid footing
subjected to eccentric loading for the rough condition.
However, there are few works which have analyzed it for
the smooth condition. This study applied a zero-tension
analysis to calculate the normalized limit load plane for
two friction conditions of the footing base. The obtained
results are also compared with those of the e!ective width
method. The equation used with the e!ective width method

for assessing the ultimate bearing capacity in clayey soil
was expressed by Meyerhof as follows:

V ! cuNcB0 with B0 ! B" 2e# $ #17$

where cu is the undrained shear strength of the clayey soil.
Fig. 16 shows the normalized vertical load V/Vult and the
normalized eccentricity e/B relationship for the rough and
smooth conditions. The figure indicates that the friction
conditions of the footing surface did not influence the V/
Vult and e/B relationship. Moreover, normalized vertical
load V/Vult shows a good agreement with the e!ective
width method in the range of eccentricity e from 0.0 B to
0.2B. However, when eccentricity e is more than 0.2 B,
the di!erence becomes greater. Michalowski and You
(1998) examined the e!ective width method in cohesive soil
using the kinematic approach of the limit analysis. They
found that it overestimated by about 35% in comparison
to the ultimate bearing capacity determined by Meyerhof’s
method at e/B = 0.25. This study proposes the following
new equation to determine the normalized vertical load
in clay:

V
V ult

! 1" 1:85
e
B

#18$

In addition, Taiebat and Carter (2002), Rao et al.
(2015), Shen et al. (2016) and Khitas et al. (2017) reported
a calculation for the failure envelope in the V-M plane
under the eccentric vertical load for the rough condition.
Fig. 17 presents the failure envelope in the normalized form
by M/BVult and V/Vult for both rough and smooth condi-
tions. At the limit of a zero vertical load, the moment load
was not sustained. It can be seen that the failure envelope
in the V-M plane in clay was independent of the friction
condition of the footing surface in the same way as that
for sandy soil. The maximum moment capacity reached
nearly 0.132 BVult at V/Vult = 0.5. The failure envelope
by the RPFEM is in excellence accordance with that by
Taiebet and Carter (2002). This study proposes the follow-
ing new equation for the normalized V-M failure envelope
of the RPFEM for both rough and smooth conditions:

Fig. 15. E!ect of internal friction angle on failure envelope in V-M plane
in case of rough and smooth conditions.

Fig. 16. Relationship between normalized vertical load V/Vult and
normalized eccentricity e/B for rough and smooth conditions.
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internal friction angle of soil. For the rough condition, the
Mmax reached approximately 0.0807 BVult at a normalized
eccentricity of around e/B = 0.165. Similarly, Loukidis
et al. (2008) reported that the Mmax reached 0.078 BVult,
while Tang et al. (2014) reported that it reached 0.076 BVult

at e/B of around 1/6. Moreover, Georgiadis and Butterfield
(1988), Gottardi and Butterfield (1993) and Okamura et al.
(2002) conducted model tests and concluded that the value
of Mmax was in the range of 0.075 BVult to 0.1 BVult. From
a comparison with past works, it can be concluded that the
RPFEM generates good estimations under the rough con-
dition of the footing base. For the smooth condition, the
failure envelope in the V-M plane is obtained in a similar
manner to that for the rough condition. It is also found
to be unique for the internal friction angle, for which the
Mmax was approximately equal to 0.0811 BVult at the nor-
malized eccentricity of around e/B = 0.165.

After the past works by Meyerhof (1953), Loukidis et al.
(2008) and Tang et al. (2014), the failure envelope in the V-
M plane is derived based on the results computed with the
RPFEM, as seen in Fig. 15.
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4.2. Normalized limit load space for clayey soil using zero-
tension analysis

Taiebat and Carter (2002), Gourvenec (2007), Rao et al.
(2015) and Shen et al. (2016) used the zero-tension interface
to analyze the ultimate bearing capacity of a rigid footing
subjected to eccentric loading for the rough condition.
However, there are few works which have analyzed it for
the smooth condition. This study applied a zero-tension
analysis to calculate the normalized limit load plane for
two friction conditions of the footing base. The obtained
results are also compared with those of the e!ective width
method. The equation used with the e!ective width method

for assessing the ultimate bearing capacity in clayey soil
was expressed by Meyerhof as follows:

V ! cuNcB0 with B0 ! B" 2e# $ #17$

where cu is the undrained shear strength of the clayey soil.
Fig. 16 shows the normalized vertical load V/Vult and the
normalized eccentricity e/B relationship for the rough and
smooth conditions. The figure indicates that the friction
conditions of the footing surface did not influence the V/
Vult and e/B relationship. Moreover, normalized vertical
load V/Vult shows a good agreement with the e!ective
width method in the range of eccentricity e from 0.0 B to
0.2B. However, when eccentricity e is more than 0.2 B,
the di!erence becomes greater. Michalowski and You
(1998) examined the e!ective width method in cohesive soil
using the kinematic approach of the limit analysis. They
found that it overestimated by about 35% in comparison
to the ultimate bearing capacity determined by Meyerhof’s
method at e/B = 0.25. This study proposes the following
new equation to determine the normalized vertical load
in clay:

V
V ult

! 1" 1:85
e
B

#18$

In addition, Taiebat and Carter (2002), Rao et al.
(2015), Shen et al. (2016) and Khitas et al. (2017) reported
a calculation for the failure envelope in the V-M plane
under the eccentric vertical load for the rough condition.
Fig. 17 presents the failure envelope in the normalized form
by M/BVult and V/Vult for both rough and smooth condi-
tions. At the limit of a zero vertical load, the moment load
was not sustained. It can be seen that the failure envelope
in the V-M plane in clay was independent of the friction
condition of the footing surface in the same way as that
for sandy soil. The maximum moment capacity reached
nearly 0.132 BVult at V/Vult = 0.5. The failure envelope
by the RPFEM is in excellence accordance with that by
Taiebet and Carter (2002). This study proposes the follow-
ing new equation for the normalized V-M failure envelope
of the RPFEM for both rough and smooth conditions:

Fig. 15. E!ect of internal friction angle on failure envelope in V-M plane
in case of rough and smooth conditions.

Fig. 16. Relationship between normalized vertical load V/Vult and
normalized eccentricity e/B for rough and smooth conditions.
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5. Applicability of normalized limit load plane of vertical and
moment loads

It is questionable whether the failure envelope in the V-
M plane for the eccentric vertical load is applicable to com-
bined loads of V and M which are independent variables.
This is because once the failure envelope in the V-M plane
is proposed, it is possible to apply it to the assessment of
the ultimate bearing capacity for combined loads of V
and M. However, the applicability of this failure envelope
is not clear since it was originally developed for the eccen-
tric vertical load which is connected to the moment load. In
this study, the moment load is replaced by a triangular dis-
tributed load the summation of which is zero in vertical
load, as shown in Fig. 18, in order to handle the vertical
load and the moment load independently. Moment capac-
ity Mult is basically unknown and it was determined
through a computation process under prescribed vertical
load V. The failure envelope in the V-M plane for the com-
bined load is systematically investigated under two friction
conditions for the footing surface, namely, rough and
smooth. In the study, a series of analyses was conducted
for case of sandy soil of / = 30 deg and clayey soil of
cu = 50 kPa with a zero-tension analysis. The properties
of the interface element corresponding to the sandy and
clayey soils are given in Tables 1 and 2, respectively.

Fig. 19 shows the ultimate bearing capacity of a footing
in the normalized V-M plane on the sandy and clayey soils
for rough and smooth conditions. The figure demonstrates
that the failure envelope for the combined load is almost
similar in shape and magnitude to the two friction condi-
tions regardless of the di!erent types of soil. For the sandy
soil, maximum moment capacityMmax, reflecting the rough
and smooth conditions, generally achieved a value of 0.081
BVult at a vertical load of around 0.46 Vult. For the clayey
soil, on the other hand, the failure envelope was observed

symmetrically in respect to the vertical load of around
0.5 Vult and the maximum moment capacity Mmax achieved
a value of nearly 0.133 BVult, which is equally 1.64 times
the value for sandy soil. It is interesting that the envelope
in the normalized V-M plane in the case of a combination
of the centric vertical load and the moment load almost
coincides with the equation for the V-M plane under the
eccentric vertical load, as shown in Fig. 19.

6. Conclusion

This study has investigated the ultimate bearing capacity
of an eccentrically loaded footing on sandy and clayey soils
using the rigid plastic finite element method (RPFEM).
The e!ect of the eccentric vertical load on the ultimate
bearing capacity and the failure mechanism was analyzed
for changes in the eccentricity length.

The conclusions of this study are as follows:

1. The ultimate bearing capacity of the rigid footing was
analyzed against the eccentric vertical load using an
interface element. A zero-tension analysis was employed
to simulate the behavior of the contact footing-soil
plane in clay validating that the method was e!ective
for analyzing the interaction between the footing and
the soil. The e!ect of the friction condition of the foot-
ing surface was found to reflect the failure mode of the
footing-soil system. The failure mechanism of the foot-
ing generally changed depending on the di!erent friction
conditions. This failure mechanism has been verified
with that discussed in past works.

Fig. 17. Failure envelope in V-M plane against eccentric vertical load on
clayey soil.

Fig. 18. Initial load conditions for rigid plastic FEM.

Fig. 19. Failure envelope in V-M plane against combination of centric
vertical and moment loads for sandy and clay soils under two friction
conditions.
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Fig. 4 shows load inclination factor ic for various inter-
nal friction angles of the soil in the case of an inclined cen-
tral load. The figure demonstrates that load inclination
factor ic depends greatly on the value of the internal fric-
tion angle, although Hansen (1961); Vesic (1975) proposed
inclination factors that do not depend on the value of the
internal friction angle. Moreover, according to the
Meyerhof (1963) solution, the curvature of the ic versus
tan (a) line increases with an increasing /, as shown in
Fig. 4, while Loukidis et al. (2008); Zheng et al. (2019) ana-
lyzed load inclination factor ic subjected to the e!ect of the
internal friction angle of soil using the finite element
method. They reported that ic is a function of internal fric-
tion angle / and inclination angle a, where ic decreases with
an increasing /. It is feasible to express the results seen in
Fig. 4 independent of the internal friction angle in the same
way as that proposed by Hansen (1970); Vesic (1975). Since
di!erences are found among the obtained results, this study
positively proposes inclination factor ic as a function of the
internal friction angle, as seen in Loukidis et al. (2008);
Zheng et al. (2019).

ic ! 1$ 0:76
tana
tan/

! " 1:7tan/%0:4" #2

"9#

Fig. 5 shows the results of the failure envelopes in the V-
H plane obtained for case studies of / = 30!, 35!, and 40!.
It shows that the sizes and shapes of the failure envelopes
in the V-H plane seem to be dependent on the value of /
. The maximum horizontal loads, Hmax, are approximately
equal to 0.114 Vult for / = 30!, 0.109 Vult for / = 35!, and
0.104 Vult for / = 40! at a value of vertical load V around
0.44 to 0.48 Vult, in which, Vult indicates the ultimate bear-
ing capacity of the centric vertical load. Loukidis et al.
(2008) suggested that the maximum Hmax values fall in
the range of 0.09 Vult to 0.11 Vult and occur at V in the
range of 0.42 to 0.46 Vult (a = 11! to 15!). Moreover,
Georgiadis and Butterfield (1988); Gottardi and
Butterfield (1993) conducted model tests and concluded
that the values of Hmax were in the order of 0.12 Vult. From
a comparison with past work, it can be concluded that the
results of the RPFEM generate good estimations under the
rough footing. From Eq. (9), the failure envelope in the V-
H plane is derived based on the results computed with the
RPFEM, as seen in Fig. 5.
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The obtained results for the strain rate distributions of
the footing under an inclined central load on sandy soil
of / = 30 deg at load inclination angles of a = 100 and
200 are shown in Fig. 6. The norm of the strain rate, pre-
sented by contour lines, is in the range of _emax to
_emin ! 0" #. The distribution of _e shows the failure mode of
the ground and reflects the footing-soil interaction e!ect.
Fig. 6(a) indicates that the failure mode of the footing
has an asymmetric shape and becomes largely one-sided
as load inclination angle a increases, as seen in Fig. 6(b).
The observations of the failure mechanisms agree well with
those in the results of Loukidis et al. (2008) using the finite
element method. Moreover, the ultimate bearing capacity
of the rigid footing was obtained at about Q = 2232 kN/
m for an inclination angle of a = 100, and was Q = 1077
kN/m for an inclination angle of a = 200. The di!erence
in ultimate bearing capacities due to the increase in load
inclination angle a is seen to be very large. This is because
the vertical and horizontal extents of the failure mechanism
decrease with increasing load inclination a, which corre-
sponds to a smaller bearing capacity. It indicates that the
RPFEM can provide reasonable predictions of the bearing
capacity and the failure mode of a rigid footing on sandy
soil under an inclined central load.

3.2. Case studies for clayey soil

The e!ect of inclined central loading on the undrained
bearing capacity of a rigid footing is commonly taken into
account through the application of load inclination factor
ic into the bearing capacity equation. For undrained
conditions, the ultimate bearing capacity of a rigid surface
footing can be expressed by

Table 1
Summary of load inclination factor ic for bearing capacity of footing.

Meyerhof (1963) Hansen (1970) Vesic (1975) Loukidis et al. (2008)

ic ! 1$ a
/

# $2 ic ! 1$ 0:7tana" #5 ic ! 1$ tana" #3
ic ! 1$ 0:94 tana

tan/

# $ 1:5tan/%0:4" #2

Fig. 4. E!ect of internal friction angle of soil on load inclination factor ic
in sandy soil.

Q.N. Pham et al. / Soils and Foundations 60 (2020) 811–824 815

the failure envelope in the V-H plane is derived based on
the results computed with the RPFEM for clay, as seen
in Fig. 8.
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Fig. 9 shows the failure mode of a rigid footing obtained
for various values of inclination angle a = 10! and 20!.
They are completely di!erent in shape; the failure mecha-
nism of inclination angle a = 10! is presented as the
scoop-wedge shear zone on the right-hand side of the foot-
ing, while the failure mechanism of inclination angle
a = 20! is presented as the sliding mode and the deforma-
tion area becomes smaller and shallower than that of
a = 10!. Moreover, the ultimate bearing capacity of a rigid
footing achieved about Q = 4.33 Bcu for the case of
a = 10!, and Q = 2.93 Bcu for the case of a = 20!. As
expected, in the same way as that for sandy soil, combina-
tions of vertical and horizontal loadings led to a decrease in
the bearing capacity with an increasing inclination angle a.
From the results obtained by the RPFEM, the e!ect of the

inclined central load on the failure envelopes in the V-H
plane and the failure modes of the footing on clayey soil
have been clarified.

4. Ultimate bearing capacity for eccentrically inclined load

4.1. Case study for sandy soil

In practice, rigid footings are often subjected to
eccentric-inclined coupled loads. Loukidis et al. (2008)
evaluated the ultimate bearing capacity of a footing against
an eccentrically inclined load on sandy soil. However, they
ignored the e!ect of the horizontal load direction on the
bearing capacity of the footing and the failure envelopes
in the V-H-M space. Only a few researches have been con-
ducted to evaluate the bearing capacity of a rigid footing
for two directions of horizontal load, namely, positive
and negative loads. In this study, a series of analyses was
conducted for the case of sandy soil of / = 30 deg taking
into account the direction of the horizontal load. In partic-
ular, the study investigates three di!erent loading paths, in
which the values for vertical load V, the load inclination
angle tan (a), and eccentricity length e are controlled as
constant, respectively. In each path, horizontal capacity
Hult is basically unknown, and it was determined under
the designated condition of vertical load V and eccentricity
length e, which are varied to widely survey the limit load
space in the V-H-M space.

Fig. 10 shows the failure envelopes in the V-H plane for
several values of eccentricity length e. At the limit of a zero
vertical load, the horizontal load was not sustained. It is
seen that, when eccentricity length e increases, the size of
the failure envelopes in the V-H plane decrease for both
positive and negative horizontal loads. This is because
the bearing capacity of the rigid footing decreases with
an increase in eccentricity e regardless of the direction of
the horizontal loads. It can be observed from Fig. 10 that
the shapes of the failure envelopes for the positive horizon-
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Fig. 8. Comparison of failure envelopes in V-H plane on clayey soil.
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Fig. 9. Deformation diagrams of footing-soil against inclined central load
on clayey soil of cu = 100 kPa.
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Fig. 10. Failure envelopes in V-H plane taking into account direction of
horizontal load H in case of sandy soil of / = 30 deg.
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proposes fitting parameter C = 0.195 for failure envelopes
in the H-M plane of the RPFEM on sandy soil, as follows:

H
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! "2

! M
Mo

! "2

! 2:C
H
Ho

! "
M
Mo

! "
" 1 #14$

where Ho is equal to the H values yielded by Eq. (10) and
Mo is equal to theM values yielded by Eq. (15), which were
proposed by Pham et al. (2019b) and correspond to the
specific value of Vo. According to the work of Loukidis
et al. (2008), parameter C is equal to 0.267, and Ho and
Mo are given by Loukidis’s equations. The failure envelope
by the RPFEM is in excellent accordance with that by
Loukidis et al. (2008) at Vo = 0.46 Vult, as seen in Fig. 16.
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In addition, once the failure envelope in the V-H-M
space of a rigid footing under an eccentrically inclined load
is proposed, the question is raised as to whether it can be
applied for di!erent loading paths. Almost none of the pre-

vious studies considered the uniqueness of the limit load
space. The present study widely investigates the intersect-
ing points in the three-dimensional failure envelopes in
the V-H-M space with three di!erent loading paths,
namely, eccentricity length e, the inclination angle tan
(a), and normalized vertical load V/Vult. A three-
dimensional image of the limit load space under an eccen-
trically inclined load is presented in Fig. 17. The represen-
tations of the failure envelopes in the V-H-M space are
shown as contour plots. The bold red plots denote the
intersecting points calculated from the RPFEM. The figure
shows some intersecting points among the contour plots of
e/B = 0.1, 0.2, and 0.3, of tan (a) = 0.1, 0.2, and 0.3, and of
V/Vult = 0.25, 0.46, and 0.75. It can be seen that the failure
envelopes in the V-H-M space for the di!erent loading
paths are almost coincidental for the same limit surface.
From the numerical results of the RPFEM, it can be con-
cluded that the failure envelope in the V-H-M space is
unique for each value of internal friction angle on sandy
soil. The three-dimensional representation of the limit load
space provides a convenient way to explore the safety of
any specific loading paths, or the consequences of any
changes in the loading.
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Fig. 17. Limit load space of V-H-M for various values of eccentricity
length e, inclination angle tan (a), and normalized vertical load V/Vult for
sandy soil case (/ = 30 deg).
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𝑀!は各々式(2)および式(4)より求められる。図に示すように傾斜角の反転に関してほぼ対
称な形状を示すこと、および荷重傾斜角が大きいと曲面に直線部が生ずる点が砂質土と異
なる特徴である。 

 (6) 
砂質および粘性土地盤の鉛直・水平・モーメント荷重に対する限界荷重曲面について、
複数の荷重経路により極限荷重を求めたが、載荷方法によらずに同一の限界荷重曲面が
求められた。限界荷重曲面は多くの載荷方法に対して汎用性のあることが確かめられた。 
 

  
(a) 砂質地盤（𝜙 = 30∘） 

  
(b) 粘性土地盤（𝑐" = 100𝑘𝑃𝑎） 

図 1 砂質・粘性土地盤における偏心・傾斜荷重の破壊形態（傾斜角度：±10°） 
 

  
(a) 砂質土                (b) 粘性土 

図 2 偏心傾斜荷重に対する限界荷重曲面（𝑉! = 𝑐𝑜𝑛𝑠𝑡断面） 
 

 
４−３ 基礎の寸法効果を考慮した支持力式【文献③】 
砂質地盤の支持力は基礎の寸法効果によって支持力が変化する。我が国の設計指針で
は、日本建築学会（AIJ）や道路橋示方書（JRA）にて次式の支持力式が用いられる。 

 (7) 
上式は根入れのない砂質地盤の支持力式であるが、支持力係数に修正係数𝜂を適用して
いる。一方、海外の指針はユーロコードや米国基準も修正係数を導入しておらず、基礎
の寸法効果は支持力式に取入れられていない。修正係数は先端的な取り組みと言えるが、
数少ない遠心模型試験と数値解析を補助的に用いて提案されており、支持力式の精度は
十分に調べられていない。本研究では、砂質土について豊浦砂の実験結果（Tatsuoka, et 
al.(1987)）より、間隙比によって異なる内部摩擦角が得られるほか、内部摩擦角が拘束
圧によって変化する非線形性を示す特徴があることに着目して、基礎の寸法効果を解析
的に表現する。解析では、相対密度によって異なる材料特性を定義する方法と、相対密
度に関わらずに平均的な材料物性を用いる解析を実施した。 
図 3に支持力式の比較を示す。図には AIJ、JRAの支持力のほか、Terzaghi式の支持
力を示している。基礎幅の小さい場合には両者の差異が小さいものの、基礎幅が大きく
なると両者の差異は拡大し、基礎の寸法効果は非常に大きいことが分かる。図に、
Terzaghi の支持力式で用いる Drucker-Prager の拘束圧に対する線形強度を用いた剛塑性

5.2. Limit load space for clayey soil using no tensile strength
analysis

Rao et al. (2015); Shen et al. (2016) used the zero-
tension interface to analyze the ultimate bearing capacity
of a rigid footing subjected to eccentrically inclined load-
ing. However, there are few works which have analyzed
the failure envelopes in the V-H-M space for clayey soil.
This study applied a no tensile strength analysis to calcu-
late the three-dimensional failure envelopes in the V-H-M
space. A series of analyses was also conducted for the case
of clayey soil of cu = 100 kPa, and the obtained results were
compared with those of past works.

Fig. 18 shows the failure envelopes in the H-M plane at
intervals of normalized vertical load of V/Vult = 0.25, 0.50,
and 0.75. It can be seen that the sizes and shapes of the fail-
ure envelopes in the H-M plane also completely depend on
the level of V/Vult. The size of the failure envelope in the H-
M plane is the maximum size at normalized vertical V/
Vult = 0.50. Moreover, these diagrams clearly show that
the direction of the horizontal load has a negligible e!ect
on the failure envelopes. These results are completely in
contrast to those for sandy soil. The obtained failure envel-
ope in the H-M plane shows a good agreement with the
failure envelope described by the FEM of Shen et al.
(2016) at V/Vult = 0.50. The failure envelopes in the H-M
plane for the rigid footing can be described by the circular
ellipse expression proposed by Gourvenec (2007) to
approximate the shapes of the failure envelopes in the H-
M plane. Thus, this study proposes the following new
equation to determine the failure envelopes in the H-M
plane at various values for V/Vult in clay.
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! M
M0
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" 1 #16$

where Ho and Mo are the maximum horizontal load and
moment, respectively, corresponding to the specific value
of Vo. Ho is equal to the H value given by Eq. (13) and

Mo is equal to the M value given by Eq. (17) of Pham
et al. (2019b). The symmetrical elliptical failure envelope
defined by Eq. (16) does not capture the asymmetry
observed in the results obtained with the RPFEM.
Nonetheless, it properly reflects that the e!ect of the direc-
tion of the horizontal load is not very large.
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For clayey soil, a question arises as to whether the fail-
ure envelopes in the V-H-M space are unique for any value
of undrained shear strength cu. This study widely investi-
gates the relationship of the three-dimensional failure
envelopes in the V-H-M space at various values under dif-
ferent loading paths, which are eccentricity length e, incli-
nation angle a, and normalized vertical load V/Vult.
Fig. 19 shows the failure envelopes in the V-H-M space
for various values of e, tan (a), and V/Vult. When the
moment load is converted to the vertical stress distribution
in positive and negative triangular shapes applied to the
footing, the total vertical load obviously equals zero. How-
ever, the limit load space in the V-H-M space of the rigid
footing is made by considering the no tensile strength
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Fig. 18. Failure envelopes in H-M plane for di!erent values of normalized
vertical load V/Vult for clayey soil case.

a) Case study for positive horizontal load (+H)

b) Case study for negative horizontal load (-H)
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tal load are presented as nearly symmetric shapes, while
those for the negative horizontal load are presented as
asymmetric shapes. The maximum value of normalized
horizontal load H/Vult for the positive horizontal load is
seen to be smaller than that of the negative horizontal load
corresponding to each value of e. The di!erence is caused
by the fact that the direction of the horizontal load a!ected
the failure envelopes in the V-H plane. Fig. 11 shows the
failure modes obtained for e/B = 0.3 and a = 10! in two
cases of positive and negative horizontal loads. The figure
shows that the detachment between the footing and the soil
occurred around the left-hand side of the footing for the
positive horizontal load, while the detachment did not
occur for the negative horizontal load at large eccentricity
e. The failure domain is concentrated most largely on the
right edge of the footing where the eccentric vertical load
is placed. However, the failure mode forms more deeply
and is larger along one side of the footing in the same direc-
tion as the horizontal load. The ultimate bearing capacity
of the footing was computed using the RPFEM, as
Q = 545 kN/m for the positive horizontal load and
Q = 709 kN/m for the negative horizontal load. This can
be easily understood with the failure mode presented in
Fig. 11(b) which represents an extended failure mechanism
in both horizontal and vertical directions compared with
the failure mode presented in Fig. 11(a). The numerical
results of the RPFEM showed that the e!ects of the hori-
zontal load direction on the failure envelopes in the V-H
plane and the failure mode of the footing-soil system are
considerable.

The failure envelopes in the V-M plane for both positive
and negative horizontal loads are plotted in Fig. 12. It is
interesting that the failure envelopes in the V-M plane
are seen to be totally a!ected by the direction of the hori-
zontal load. At the limit of a zero vertical load, the moment
load was not sustained. For the positive horizontal load,
the Mmax reached approximately 0.065 BVult and 0.049

BVult for eccentricity lengths of e = 0.1 B and e = 0.2 B,
respectively, while for the negative horizontal load, the
Mmax was approximately 0.076 BVult and 0.064 BVult at
e = 0.1 B and e = 0.2 B, respectively, which are equally
1.17 to 1.30 times the value of the positive horizontal load.
It can be seen that giving consideration to the direction of
the horizontal load leads to an increase in moment capacity
Mult in the case of the negative horizontal load. The rigid
footing can support a higher applied load at the negative
horizontal load. The e!ects of the eccentrically inclined
load and the direction of the horizontal load on the failure
envelopes in the V-H and V-M planes and on the failure
mode of the rigid footing have been clarified.

4.2. Case study for clayey soil using no tensile strength
analysis

Pham et al. (2019b) introduced a no tensile strength
analysis into the footing-soil system to assess the ultimate
bearing capacity of the eccentrically loaded footing. They
reported that the application of a no tensile strength anal-
ysis was e!ective for analyzing the interaction between the
footing and the clay. The study employed the no tensile
strength analysis to calculate the undrained bearing capac-
ity against the eccentrically inclined loading on clayey soil.
The focus was placed on the ultimate bearing capacity of a
footing subjected to the e!ect of the direction of the hori-
zontal load. This section investigates two di!erent loading
paths, namely, normalized eccentricity e/B and the inclina-
tion angle tan (a), which vary stepwise from 0.0 to 0.3. A
series of analyses was conducted for the case study of
clayey soil of cu = 100 kPa.

Fig. 13 shows the failure envelopes in the V-H plane for
various values of eccentricity length e. It can be seen that
the shapes of the failure envelopes are similar for all values
of eccentricity length e. However, the sizes of the failure
envelopes decrease with increasing eccentricity length e
regardless of the direction of the horizontal load. For each

a) e/B=0.3 and =10o (Q=545 kN/m) – Positive horizontal load (+H)

b) e/B=0.3 and =-10o (Q=709 kN/m) - Negative horizontal load (-H)
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Fig. 11. Deformation diagrams of footing-soil against eccentric inclined
load taking into account direction of horizontal load (e/B = 0.3, sandy soil
of / = 30 deg).
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tal load are presented as nearly symmetric shapes, while
those for the negative horizontal load are presented as
asymmetric shapes. The maximum value of normalized
horizontal load H/Vult for the positive horizontal load is
seen to be smaller than that of the negative horizontal load
corresponding to each value of e. The di!erence is caused
by the fact that the direction of the horizontal load a!ected
the failure envelopes in the V-H plane. Fig. 11 shows the
failure modes obtained for e/B = 0.3 and a = 10! in two
cases of positive and negative horizontal loads. The figure
shows that the detachment between the footing and the soil
occurred around the left-hand side of the footing for the
positive horizontal load, while the detachment did not
occur for the negative horizontal load at large eccentricity
e. The failure domain is concentrated most largely on the
right edge of the footing where the eccentric vertical load
is placed. However, the failure mode forms more deeply
and is larger along one side of the footing in the same direc-
tion as the horizontal load. The ultimate bearing capacity
of the footing was computed using the RPFEM, as
Q = 545 kN/m for the positive horizontal load and
Q = 709 kN/m for the negative horizontal load. This can
be easily understood with the failure mode presented in
Fig. 11(b) which represents an extended failure mechanism
in both horizontal and vertical directions compared with
the failure mode presented in Fig. 11(a). The numerical
results of the RPFEM showed that the e!ects of the hori-
zontal load direction on the failure envelopes in the V-H
plane and the failure mode of the footing-soil system are
considerable.

The failure envelopes in the V-M plane for both positive
and negative horizontal loads are plotted in Fig. 12. It is
interesting that the failure envelopes in the V-M plane
are seen to be totally a!ected by the direction of the hori-
zontal load. At the limit of a zero vertical load, the moment
load was not sustained. For the positive horizontal load,
the Mmax reached approximately 0.065 BVult and 0.049

BVult for eccentricity lengths of e = 0.1 B and e = 0.2 B,
respectively, while for the negative horizontal load, the
Mmax was approximately 0.076 BVult and 0.064 BVult at
e = 0.1 B and e = 0.2 B, respectively, which are equally
1.17 to 1.30 times the value of the positive horizontal load.
It can be seen that giving consideration to the direction of
the horizontal load leads to an increase in moment capacity
Mult in the case of the negative horizontal load. The rigid
footing can support a higher applied load at the negative
horizontal load. The e!ects of the eccentrically inclined
load and the direction of the horizontal load on the failure
envelopes in the V-H and V-M planes and on the failure
mode of the rigid footing have been clarified.

4.2. Case study for clayey soil using no tensile strength
analysis

Pham et al. (2019b) introduced a no tensile strength
analysis into the footing-soil system to assess the ultimate
bearing capacity of the eccentrically loaded footing. They
reported that the application of a no tensile strength anal-
ysis was e!ective for analyzing the interaction between the
footing and the clay. The study employed the no tensile
strength analysis to calculate the undrained bearing capac-
ity against the eccentrically inclined loading on clayey soil.
The focus was placed on the ultimate bearing capacity of a
footing subjected to the e!ect of the direction of the hori-
zontal load. This section investigates two di!erent loading
paths, namely, normalized eccentricity e/B and the inclina-
tion angle tan (a), which vary stepwise from 0.0 to 0.3. A
series of analyses was conducted for the case study of
clayey soil of cu = 100 kPa.

Fig. 13 shows the failure envelopes in the V-H plane for
various values of eccentricity length e. It can be seen that
the shapes of the failure envelopes are similar for all values
of eccentricity length e. However, the sizes of the failure
envelopes decrease with increasing eccentricity length e
regardless of the direction of the horizontal load. For each

a) e/B=0.3 and =10o (Q=545 kN/m) – Positive horizontal load (+H)

b) e/B=0.3 and =-10o (Q=709 kN/m) - Negative horizontal load (-H)
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Fig. 11. Deformation diagrams of footing-soil against eccentric inclined
load taking into account direction of horizontal load (e/B = 0.3, sandy soil
of / = 30 deg).
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value of eccentricity length e, the sizes of the failure envel-
opes in the V-H plane for the negative horizontal load were
observed to be slightly greater than those for the positive
horizontal load. It was found that the direction of the hor-
izontal load had a negligible e!ect on the failure envelopes
in the V-H plane. The strain rate distributions of the foot-
ing in the case of e/B = 0.3 and a = 10! for the positive and
negative horizontal loads are shown in Fig. 14(a) and (b),
respectively. It is noted that the failure mechanism of the
footing is typically one-sided. This is because the detach-
ment between the footing and the soil occurred around
the left-hand side of the footing regardless of the direction
of the horizontal load. The failure mode for the positive
horizontal load shows a slipping mode, while the failure
mode for the negative horizontal load shows a single circu-
lar arc slip. Moreover, the ultimate bearing capacity of the
rigid footing was obtained as a value close to 2.12 Bcu for
the positive horizontal load and 2.15 Bcu for the negative
horizontal load. The di!erence in ultimate bearing capaci-
ties due to the direction of the horizontal load is not so

large. However, it can be seen that the circular arc slip
mode is more dominant with a slightly larger bearing
capacity than that of the slipping mode. Fig. 15 shows
the failure envelopes in the V-M plane for the positive
and negative horizontal loads with various values for the
load inclination angle tan (a). At the limit of a zero vertical
load, the moment load is observed as being equal to zero.
The figure indicates that the direction of the horizontal
load has almost no influence on the failure envelopes in
the V-M plane. Moreover, the sizes of the failure envelopes
become smaller than those in the case of a decreasing load
inclination angle tan (a). This is due to the decreasing ver-
tical capacity corresponding to an increasing load inclina-
tion angle a. Finally, it can be observed from Figs. 13
and 15 that the failure envelopes in the V-H and V-M
planes are slightly a!ected by the direction of the horizon-
tal load. The results for clayey soil are observed as being
completely opposite those for sandy soil.

5. Failure envelopes for ultimate bearing capacity in V-H-M
space

5.1. Limit load space for sandy soil

The failure envelopes in the V-H-M space for the e!ect
of eccentric-inclined coupled loads have relatively complex
geometries. In most of the previous studies on sandy soil,
such as those by Loukidis et al. (2008); Krabbenhoft
et al. (2013); Tang et al. (2014), only the e!ect of the
eccentric-inclined coupled load on each failure envelope
in the V-H, V-M, andH-M planes was reported; the overall
failure envelopes in the V-H-M space were not considered.
The present study investigates the failure envelopes in the
V-H-M space for various loading paths of eccentricity
length e, the inclination angle of tan (a), and normalized
vertical load V/Vult. Pham et al. (2019b) studied the bearing
capacity of an eccentrically loaded footing on sandy soil,
for which the moment load reached maximum moment
Mmax at a normalized vertical load of around V/Vult = 0.46
regardless of the internal friction angle. A series of analyses
was conducted in the case of sandy soil of / = 30 deg with
various values for V/Vult.

Fig. 16 shows the failure envelopes in the H-M plane
under eccentric-inclined coupled loads at V/Vult = 0.25,
0.46, and 0.75. It can be seen that the sizes and shapes of
the failure envelopes are dependent on the level of normal-
ized vertical load V/Vult. Moreover, these diagrams clearly
show that the rigid footing can support a higher applied
load with the combination of negative horizontal and pos-
itive moment loads. This is because the direction of the
horizontal load a!ects the failure envelopes in the H-M
plane. Similar findings were also observed by Loukidis
et al. (2008); Krabbenhoft et al. (2013); Tang et al.
(2014). Most of the past works modeled the failure envel-
opes in the H-M plane by considering the equation for
an ellipse by Butterfield and Gottardi (1994). This study

a) e/B=0.3 and =10o (Q=2.12Bcu) – Positive horizontal load

b) e/B=0.3 and =-10o (Q=2.15Bcu) – Negative horizontal load
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Fig. 14. Deformation diagrams of footing-soil against eccentric inclined
load taking into account direction of horizontal load (e/B = 0.3, clayey
soil).
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value of eccentricity length e, the sizes of the failure envel-
opes in the V-H plane for the negative horizontal load were
observed to be slightly greater than those for the positive
horizontal load. It was found that the direction of the hor-
izontal load had a negligible e!ect on the failure envelopes
in the V-H plane. The strain rate distributions of the foot-
ing in the case of e/B = 0.3 and a = 10! for the positive and
negative horizontal loads are shown in Fig. 14(a) and (b),
respectively. It is noted that the failure mechanism of the
footing is typically one-sided. This is because the detach-
ment between the footing and the soil occurred around
the left-hand side of the footing regardless of the direction
of the horizontal load. The failure mode for the positive
horizontal load shows a slipping mode, while the failure
mode for the negative horizontal load shows a single circu-
lar arc slip. Moreover, the ultimate bearing capacity of the
rigid footing was obtained as a value close to 2.12 Bcu for
the positive horizontal load and 2.15 Bcu for the negative
horizontal load. The di!erence in ultimate bearing capaci-
ties due to the direction of the horizontal load is not so

large. However, it can be seen that the circular arc slip
mode is more dominant with a slightly larger bearing
capacity than that of the slipping mode. Fig. 15 shows
the failure envelopes in the V-M plane for the positive
and negative horizontal loads with various values for the
load inclination angle tan (a). At the limit of a zero vertical
load, the moment load is observed as being equal to zero.
The figure indicates that the direction of the horizontal
load has almost no influence on the failure envelopes in
the V-M plane. Moreover, the sizes of the failure envelopes
become smaller than those in the case of a decreasing load
inclination angle tan (a). This is due to the decreasing ver-
tical capacity corresponding to an increasing load inclina-
tion angle a. Finally, it can be observed from Figs. 13
and 15 that the failure envelopes in the V-H and V-M
planes are slightly a!ected by the direction of the horizon-
tal load. The results for clayey soil are observed as being
completely opposite those for sandy soil.

5. Failure envelopes for ultimate bearing capacity in V-H-M
space

5.1. Limit load space for sandy soil

The failure envelopes in the V-H-M space for the e!ect
of eccentric-inclined coupled loads have relatively complex
geometries. In most of the previous studies on sandy soil,
such as those by Loukidis et al. (2008); Krabbenhoft
et al. (2013); Tang et al. (2014), only the e!ect of the
eccentric-inclined coupled load on each failure envelope
in the V-H, V-M, andH-M planes was reported; the overall
failure envelopes in the V-H-M space were not considered.
The present study investigates the failure envelopes in the
V-H-M space for various loading paths of eccentricity
length e, the inclination angle of tan (a), and normalized
vertical load V/Vult. Pham et al. (2019b) studied the bearing
capacity of an eccentrically loaded footing on sandy soil,
for which the moment load reached maximum moment
Mmax at a normalized vertical load of around V/Vult = 0.46
regardless of the internal friction angle. A series of analyses
was conducted in the case of sandy soil of / = 30 deg with
various values for V/Vult.

Fig. 16 shows the failure envelopes in the H-M plane
under eccentric-inclined coupled loads at V/Vult = 0.25,
0.46, and 0.75. It can be seen that the sizes and shapes of
the failure envelopes are dependent on the level of normal-
ized vertical load V/Vult. Moreover, these diagrams clearly
show that the rigid footing can support a higher applied
load with the combination of negative horizontal and pos-
itive moment loads. This is because the direction of the
horizontal load a!ects the failure envelopes in the H-M
plane. Similar findings were also observed by Loukidis
et al. (2008); Krabbenhoft et al. (2013); Tang et al.
(2014). Most of the past works modeled the failure envel-
opes in the H-M plane by considering the equation for
an ellipse by Butterfield and Gottardi (1994). This study

a) e/B=0.3 and =10o (Q=2.12Bcu) – Positive horizontal load

b) e/B=0.3 and =-10o (Q=2.15Bcu) – Negative horizontal load
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Fig. 14. Deformation diagrams of footing-soil against eccentric inclined
load taking into account direction of horizontal load (e/B = 0.3, clayey
soil).
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Fig. 13. Failure envelopes in V-H plane for various values of eccentricity
length e taking into account direction of horizontal load on clayey soil.
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proposes fitting parameter C = 0.195 for failure envelopes
in the H-M plane of the RPFEM on sandy soil, as follows:
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where Ho is equal to the H values yielded by Eq. (10) and
Mo is equal to theM values yielded by Eq. (15), which were
proposed by Pham et al. (2019b) and correspond to the
specific value of Vo. According to the work of Loukidis
et al. (2008), parameter C is equal to 0.267, and Ho and
Mo are given by Loukidis’s equations. The failure envelope
by the RPFEM is in excellent accordance with that by
Loukidis et al. (2008) at Vo = 0.46 Vult, as seen in Fig. 16.
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In addition, once the failure envelope in the V-H-M
space of a rigid footing under an eccentrically inclined load
is proposed, the question is raised as to whether it can be
applied for di!erent loading paths. Almost none of the pre-

vious studies considered the uniqueness of the limit load
space. The present study widely investigates the intersect-
ing points in the three-dimensional failure envelopes in
the V-H-M space with three di!erent loading paths,
namely, eccentricity length e, the inclination angle tan
(a), and normalized vertical load V/Vult. A three-
dimensional image of the limit load space under an eccen-
trically inclined load is presented in Fig. 17. The represen-
tations of the failure envelopes in the V-H-M space are
shown as contour plots. The bold red plots denote the
intersecting points calculated from the RPFEM. The figure
shows some intersecting points among the contour plots of
e/B = 0.1, 0.2, and 0.3, of tan (a) = 0.1, 0.2, and 0.3, and of
V/Vult = 0.25, 0.46, and 0.75. It can be seen that the failure
envelopes in the V-H-M space for the di!erent loading
paths are almost coincidental for the same limit surface.
From the numerical results of the RPFEM, it can be con-
cluded that the failure envelope in the V-H-M space is
unique for each value of internal friction angle on sandy
soil. The three-dimensional representation of the limit load
space provides a convenient way to explore the safety of
any specific loading paths, or the consequences of any
changes in the loading.
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5.2. Limit load space for clayey soil using no tensile strength
analysis

Rao et al. (2015); Shen et al. (2016) used the zero-
tension interface to analyze the ultimate bearing capacity
of a rigid footing subjected to eccentrically inclined load-
ing. However, there are few works which have analyzed
the failure envelopes in the V-H-M space for clayey soil.
This study applied a no tensile strength analysis to calcu-
late the three-dimensional failure envelopes in the V-H-M
space. A series of analyses was also conducted for the case
of clayey soil of cu = 100 kPa, and the obtained results were
compared with those of past works.

Fig. 18 shows the failure envelopes in the H-M plane at
intervals of normalized vertical load of V/Vult = 0.25, 0.50,
and 0.75. It can be seen that the sizes and shapes of the fail-
ure envelopes in the H-M plane also completely depend on
the level of V/Vult. The size of the failure envelope in the H-
M plane is the maximum size at normalized vertical V/
Vult = 0.50. Moreover, these diagrams clearly show that
the direction of the horizontal load has a negligible e!ect
on the failure envelopes. These results are completely in
contrast to those for sandy soil. The obtained failure envel-
ope in the H-M plane shows a good agreement with the
failure envelope described by the FEM of Shen et al.
(2016) at V/Vult = 0.50. The failure envelopes in the H-M
plane for the rigid footing can be described by the circular
ellipse expression proposed by Gourvenec (2007) to
approximate the shapes of the failure envelopes in the H-
M plane. Thus, this study proposes the following new
equation to determine the failure envelopes in the H-M
plane at various values for V/Vult in clay.
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where Ho and Mo are the maximum horizontal load and
moment, respectively, corresponding to the specific value
of Vo. Ho is equal to the H value given by Eq. (13) and

Mo is equal to the M value given by Eq. (17) of Pham
et al. (2019b). The symmetrical elliptical failure envelope
defined by Eq. (16) does not capture the asymmetry
observed in the results obtained with the RPFEM.
Nonetheless, it properly reflects that the e!ect of the direc-
tion of the horizontal load is not very large.
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For clayey soil, a question arises as to whether the fail-
ure envelopes in the V-H-M space are unique for any value
of undrained shear strength cu. This study widely investi-
gates the relationship of the three-dimensional failure
envelopes in the V-H-M space at various values under dif-
ferent loading paths, which are eccentricity length e, incli-
nation angle a, and normalized vertical load V/Vult.
Fig. 19 shows the failure envelopes in the V-H-M space
for various values of e, tan (a), and V/Vult. When the
moment load is converted to the vertical stress distribution
in positive and negative triangular shapes applied to the
footing, the total vertical load obviously equals zero. How-
ever, the limit load space in the V-H-M space of the rigid
footing is made by considering the no tensile strength
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ABSTRACT 

 
For the estimation of the ultimate bearing capacity (UBC) of footings, most contemporary formulas employ a 

linear yield function in the shear stress-normal stress space. However, it is well known that the general property in 
the failure envelopes of sandy soils manifests the non-linear effect of the stress level on the peak friction angle. 
Moreover, the effect of relative density on bearing capacity is often not well considered by the conventional UBC 
formulas. The focus of this research study is the assessment of the UBC of surface strip footings ascribed to the 
effect of confining stress level and relative density (Dr) on the shear strength of sandy soils. The rigid plastic finite 
element method (RPFEM), using the confining stress dependence property of Toyoura sand, is utilized in non-
linear finite element analyses. The ground failure domains in the case of the non-linear shear strength model are 
gleaned smaller than those in the case of the linear shear strength one. The results of the UBC analyses are 
ascertained to be consistent with those of the centrifuge experiments in the published references. The analysis 
results are compared with prevailing guidelines, for instance, the Architectural Institute of Japan (AIJ) and the 
Japan Road Association (JRA), which are developed for the mean shear strength property of sandy soils. The 
precision of the UBC formula is examined by considering the effect of relative density. The applicability of the 
UBC formula to effective stress analysis is also discussed, and the modified formula is developed. 
 
Keywords: Ultimate bearing capacity, Strip footing, Size effect with footing width, Relative density, Sandy soils 
 
 
INTRODUCTION 

 
Most of the formerly developed well known 

bearing capacity formulas do not appraise the effect 
of footing size and relative density on shear strength 
property of sandy soils. On the other hand, numerous 
experimental studies have now ratified that the typical 
yielding phenomenon of sandy soils is non-linear in 
shear stress-normal stress space. The UBC formulas 
being commonly used in Japan are those 
recommended by AIJ [1] and JRA [2], which consider 
the same effect of footing size on UBC in the absence 
of surcharge load. The simplified AIJ bearing 
capacity formula is indicated in Eq. (1) in the case of 
surface strip footing under centric vertical load only. 

 

1
2

q B N   where 

1
3

o

B
B




   
 

 , 1 moB   (1)  

        
Here, N depicts the well known bearing capacity 

factor,  denotes the soil unit weight, B and Bo account 
for the footing size and reference value in it, 
respectively, and  symbolizes the size effect 
modification factor for N. 

In both AIJ and JRA formulas, the stress level 

effect is estimated in terms of footing size only; for 
the centric vertical load without surcharge. 
Nonetheless, prominent experimental studies, for 
instance, Zhu [3], have highlighted the significance of 
soil unit weight () in determining the stress level 
effect on UBC in terms of product B. Similarly, the 
size effect mechanism has also been attributed to the 
effect of relative density in the eminent experimental 
studies [4]–[6]. Therefore, this study is focused on the 
estimation of the size effect of footing on UBC under 
centric vertical load in the case of total and effective 
stress analysis conditions. RPFEM, using non-linear 
shear strength characteristics of Toyoura sand, is 
utilized in finite element analysis. A modified UBC 
formula is put forward, rendering consistency with 
the centrifuge experiments in the published 
references. Moreover, the efficacy of the proposed 
formula is examined through UBC analysis in the 
case of various relative densities of Toyoura sand and 
other granular soils existing in the European region.        

 
CONSTITUTIVE EQUATION FOR RPFEM  

 
The typical non-linear yield function employed 

for numerical analysis in this research investigation is 
indicated in Eq. (2). 



 

 

剛塑性 FEMによる結果を示すが、線形強度の場合には Terzaghiの支持力式とよく一致
し、豊浦砂の非線形強度（平均的特性）を用いた場合には、AIJ、JRA の支持力式と極
めて高い一致を示す。AIJ、JRA の支持力式は半実験式であるが、支持力式を良い対応
を示すことから解析手法の妥当性が検証できる。 

 
図 3 支持力式の比較と線形強度の解析結果 

 
AIJ、JRAの支持力式における修正係数は基礎幅𝐵の関数で表記されるが、土の単位体

積重量𝛾も拘束圧に影響する因子である。事例解析の結果、基礎幅と単位体積重量の支
持力に及ぼす影響は同等であり、変数に𝛾𝐵 𝑝&⁄ （𝑝&は大気圧）を用いると支持力の変化
を統一的に表現できることがわかった。以上から、鉛直荷重（基礎中心載荷）に対して
次の支持力式を提案した。 

 (3-4-19) 
図 4 に遠心模型実験との比較を示すが、単位体積重量が𝛾 = 18𝑘𝑁 𝑚'⁄ の近傍の場合は
AIJ、JRA とともに提案式は実験結果とよく一致する。次に、根入れのある場合の鉛直
荷重（基礎中心載荷）に対する支持力式を事例解析に基づいて取りまとめた。 

 (3-4-20) 
図 5に豊浦砂の各相対密度の物性値を用いた数値解析、多様な砂質地盤の物性値を用い
た数値解析と支持力式との比較を示すが、各々20％、10％の解析誤差に収まり、合理的
な支持力評価の可能性が示された。文献で得られる他の砂質土の材料物性を用いた検討
を実施したが、支持力式の精度は 10%程度の誤差内に収まった。 

      
      図 4 遠心模型実験との比較     図 5 支持力の精度検証（相対密度） 

 
強度特性の異なる砂質土への適用性については、強度特性と遠心模型試験結果の報告さ
れている、Karlsruhe sand、Silica sand、Leighton buzzard sandについても、解析手法の適
用性を照査したが、高い精度で実験値を評価することができた。豊浦砂の強度特性に基
づいて提案した支持力式はこれらの砂質地盤に対して概ね 10％程度の誤差内で支持力
を評価できることを明らかにした。 
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Based on the relationships plotted in Fig. 3, the 
non-linear shear strength parameters are set 
corresponding to each relative density and the mean 
trendline in Tables 2 and 3, respectively, in the case 
of Toyoura sand. 
 
Table 2 Shear strength parameters for Toyoura sand 

 
Dr 

(%) 
0 
() 

 
(kN/m3) a b n 

20 35.7 13.6 0.217 
1 

0.522 
65 41.8 15.0 0.262 0.526 
88 46.8 15.7 0.280 0.528 

 
Table 3 Parameters based on the mean property  
 

 
() a b n 

30 0.175 
1 0.526 35 0.216 

40 0.257 
 
ULTIMATE BEARING CAPACITY ANALYSIS 
 
Drucker-Prager Criteria and Conventional UBC 
Estimation  
 

This section analyzes the bearing capacity of strip 
footing under plane strain condition by employing the 
RPFEM Drucker-Prager (DP) using the shear 
strength parameters identical to those gleaned from 
conventional triaxial compression tests. The bearing 
capacity is estimated for a wide range of footing sizes 
(1 m to 30 m) and soil shear strength parameters to 
properly investigate the correctness of the applied 
method. The footing is considered as a perfectly rigid 
mass, while the boundary conditions are defined to be 
large enough so as not to have any influence of 
rigidity on the collapse mechanism. The analysis 
results are plotted in comparison with the AIJ, JRA, 
and one of the conventional UBC formulas, i.e., 
Terzaghi [10], in the case of centric vertical load only 
(Fig. 4). As the Drucker-Prager criterion is a 
simplified Mohr-Coulomb criterion; thereby, the 
RPFEM(DP) results are in good agreement with the 
Terzaghi [10]; however, there is a marked difference 
with those from the AIJ and JRA formulas. This 
distinction is primarily because both AIJ and JRA 
formulas consider the size effect of footing in UBC 
estimation in contrast with the Mohr-Coulomb yield 
criterion. Numerous experimental studies have also 
pointed out the stress level effect on UBC [11]–[14]. 
However, the correctness of the semi-experimental 
AIJ and JRA formulas needs to be well investigated 
based on the shear strength property of real sandy 
soils, such as Toyoura sand, thereby endorsing the 
necessity of this research study.  

 
Fig. 4 Comparison of UBC results (=18 kN/m3) 
 
Bearing Capacity Analysis Using Non-Linear 
Shear Strength Property  
 

In this section, bearing capacity analysis is 
conducted using the non-linear shear strength 
parameters set in Table 3 for the identical footing 
sizes and boundary conditions as those in the case of 
the Drucker-Prager criterion. Although the footing 
sizes considered in this study seem relatively large 
compared to the field practices; however, it helps in 
better understanding the size effect phenomenon. The 
bearing capacity results through the non-linear (NL) 
RPFEM are arranged in Fig. 5 for the given range of 
footing sizes and material shear strength parameters. 
Figure 5 illustrates that the UBC analysis based on the 
confining stress property of Toyoura sand well 
estimates the size effect in the case of various footing 
sizes and frictional conditions. However, it is 
extremely important to carryout the UBC analysis for 
wide range of  to investigate its effect on the 
confining stress dependency of shear strength 
parameters. The typical ground failure domain in the 
case of non-linear stability analysis is obtained 
smaller than that of the linear criterion (Fig. 6) mainly 
because of the reduction in  at higher stress levels. 
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Hence, the modified UBC formula for the sandy soils, based on the analysis results, is as follows: 
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3.2 Discussion on UBC formula for surcharge loading 
Figure 7 elucidates the trend in UBC against surcharge load amidst RPFEM and other guidelines 
under the effective stress condition, i.e. =8 kN/m3. The numerical outcomes in Figure 7 exhibit 
a substantial difference from the AIJ and JRA formulas; therefore, a modification coefficient q 
is necessary to be proposed for Nq. q is equal to {(q-0.5BN)/qoNq} and plotted in Figure 8 
against qo/pa for various footing sizes and shear strength characteristics. Here, qo denotes the uni-
form surcharge load. The decrementing trend in q is primarily associated with the reduced peak 
friction angle due to the augmented stress at higher surcharges. The best fit relationship of q 
based on Figure 8, and the modified UBC formula, are proposed as Equation 4. The performance 
of the proposed formula is surveyed against RPFEM results for various Dr in the case of Toyoura 
sand and other sandy soils (Figs 9, 10). The proposed formula reckons the size effect within 
20% against considerable variation in the level of compactness of Toyoura sand (Fig. 9). The 
effect of confining stresses on UBC of internationally used granular soils is found to closely re-
semble the mean property in shear strength for Toyoura sand, i.e. 10% (Fig. 10).        
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Figure 3. Comparison of ultimate bearing capacity
results in case of =18 kN/m3 
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Figure 6. Experimental validation of proposed UBC
formula in case of =46.7 and =15.4 kN/m3  
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Fig. 14 Experimental validation of proposed UBC 
formula in the case of =46.7 and =15.4 kN/m3 
 
CONCLUSIONS 
 

A UBC formula was examined in detail and 
modified based on the mechanical property of 
Toyoura sand. The applicability of the analysis 
technique for UBC estimations was corroborated 
through the centrifuge experiments in the published 
references. Based on the numerical survey, the effect 
of soil unit weight was clarified to be well expressed 
by normalized variable B/pa regarding size effect; 
therefore, the correction factor for N was newly 
proposed. Moreover, the applicability of international 
guidelines such as Eurocode and USACE is found to 
be limited, ascribed to the size effect of footing on 
UBC. The proposed formula estimates the size effect 
on UBC within 20% in the case of the wide variation 
in the relative density of Toyoura sand. Moreover, the 
performance of the proposed UBC formula was also 
assessed by analyzing the bearing capacity of other 
granular soils such as Eastern Scheldt sand, Degebo 
sand, and Darmstadt sand; and found to estimate the 
size effect within 10%.      
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4 CONCLUSIONS   

A UBC formula was examined and improved based on the mechanical property of Toyoura sand. 
The applicability of the RPFEM analysis to UBC estimations was proved through the past centri-
fuge experiments. Through numerical survey, the effect of  was clarified to be well indicated by 
normalized variable (B/pa) regarding size effect. Based on the analysis, the correction factor for 
N was newly proposed. Moreover, the international guidelines are also found to have limited 
applicability concerning size effect. The proposed formula estimates the size effect within 20% 
by widely varying the relative density of Toyoura sand and 10% for other soils having similar 
minerology as that of Toyoura sand. Finally, a correction factor for Nq was proposed, owing to 
the contradiction amid AIJ and JRA formulas regarding size effect due to the surcharge load. 
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Figure 7. Comparison of ultimate bearing capacity
in case of B=10 m and =8 kN/m3 

Figure 8. Relationship between modification factor
q and (qo/pa) 
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