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The project fits into the realm of geometric representation theory, which
stems from synergies between algebra and geometry. The goal of the project was the discovery of new
algebraic structures (quantum groups) arising from the study of (moduli) spaces in geometry. We have

introduced new quantum groups naturally associated to curves (opposite to those known in the
literature, associated to quivers). Our approach to their definition has been geometric, based on
the theory of Hall algebras and their refined versions (cohomological, K-theoretical, etc).
Specifically, we have defined three algebras: the Betti, the de Rham, and the Dolbeault algebras of
a curve. They represent new symmetries arising from the geometry of the corresponding moduli spaces,
which plaK a preeminent role in geometry (e.g., in non-abelian Hodge theory) and in physics (e.g.,
in gauge theory). Thus, they unlock a new striking connection between geometry, algebra, and
physics, which needs to be investigated further.
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e Cohomological Hall algebras (a la Schiffmann and Vasserot).

Let Q be aquiver (i.e., an oriented graph with a finite number of vertices and oriented arrows) and let
Rep(Q, v) bethe stack of representations of Q with fixed dimensionv. The cotangent stack T* Rep(Q,v)
of Rep(Q,v) is the stack Rep(ng,v) of representations of the so-called preprojective algebra ng of the
quiver Q with fixed dimension v. The cohomological Hall algebra CoHAq of Q is, as a vector space, the

direct sum of (equivariant) Borel-Moore homologies of the T*Rep(Q,v)’s by varying of the v’s. The
associative product is given as a convolution product via the stack parametrizing short exact sequences of

representations of the preprojective algebrano.

Maulik-Okounkov Yangian and Lie algebra.

Maulik and Okounkov has defined another associative algebra associated with an arbitrary quiver. Their
construction hinges on the notion of stable envelope to produce a quantum R-matrix, and then onthe RTT
formalism to define an associative algebraY Q. Taking a quasi-classical limit, they also defined aclassical
R-matrix and agraded Lie algebra gQ. If Q is of finite type, gQ isthe Lie algebra associated with Q, and
Y Q isthe Yangian of the same type. In general, Y Q is a deformation of the enveloping algebra of the Lie
algebra of polynomial loops gQ[z]. If Q is the one-loop quiver, YQ is the Yangian associated with the
affine gl(1). In both mentioned cases, (a positive part of) YQ coincides with CoOHAQ; in general, this
equality is still an open question and it was proved only that CoHAQ is a subal gebra of (a positive part
of) YQ. Okounkov conjectured that the graded dimension of gQ[v] coincides with the Kac polynomial
Av(t-1) — this conjecture extends Kac’s conjecture (nowadays, theorem) for finite type quivers, relating
the dimension of the Lie algebra gQ with the leading term of Av(t-1). Recall that Av(qg) counts the number
of absolutely indecomposabl e representations of Q over afinite field with g elements. The way to address

Okounkov’s conjecture pursued by Schiffmann and Vasserot was via cohomological Hall algebras.

»  Kac polynomial of acurve and Higgs sheaves.

Schiffmann has introduced the analog of Kac polynomial for acurve: he proved that there exists a unique
polynomial Ag,r,d such that its evaluation at the Weil numbers of a smooth projective curve of genus g
over afinite field with g elementsis equal to the number of absolutely indecomposable vector bundles of
rank r and degree d.

A “key guestion” to ask is the curve analog of Okounkov’s conjecture, which is the following: given a
smooth projective curve X of genus g, is there a graded Lie algebra gX such that the dimension of the

graded piece gX[r,d] is given by Ag,r,d?

The present project aims to elucidate the “key question” by using the theory of cohomological Hall
algebras, by developing the following points:

a. Define acohomological Hall algebra CoHAX for a curve X.

b. Study the genus zero case: provide an explicit description of COHAX for X=P1 to understand if

itisaYangian (or at least it contains a Yangian as a subal gebra).



c. Defineafiltration of CoOHAX compatible with the al gebra structure, such that the graded algebra
is generated by primitive elements.
d. Study the Lie algebra generated by primitive elements and compare its (graded) dimension with

the Kac polynomial of the curve.

(8) (Dolbeault) Cohomological Hall algebraof X. Let X be a smooth projective complex curve of genus
g. Denote by Coh(X,r,d) the stack of coherent sheaves on X of rank r and degree d. This stack plays the
role of the stack Rep(Q,v) in the curve case, therefore the conomological Hall algebra CoHAX of X is, as
avector space, the direct sum of (equivariant) Borel-Moore homologies of the stacks T* Coh(X,r,d)’s by
varying of the ranks and degrees. T* Coh(X,r,d) coincides with the stack Higgs(X,r,d) parametrizing pairs
(E, f), where E is a coherent sheaf on X of rank r and degree d, and f is a morphism between E and the
tensor product of E with QX, where QX isthe canonical bundle of X. These pairsare called Higgs sheaves
on X. Analogously, one can introduce the stack Higgs(X,r1,d1,r2,d2) parametrizing short exact sequences
0—> (E1, f1) —> (E, f) —> (E2, f2) —> 0 of Higgs sheaves on X, with E1 of rank rl and degree d1,
and E2 of rank r2 and degree d2. There are two natural maps

p(rl1,d1;r2,d2): Higgs(X,rl,d1,r2,d2) —> Higgs(X,r1,d1) x Higgs(X,r2,d2), and
q(rl,d1;r2,d2): Higgs(X,r1,d1,r2,d2) —> Higgs(X,rl1+ r2,d1+d2).

The product in Borel-Moore homology should be defined as the composition of the pullback with respect
to p(rl,d1;r2,d2) with the pushforward with respect to q(rl1,d1;r2,d2). The definition of this product and
the proof of its associativity are more involved than in the quiver case, since the stacks | am considering

are not anymore of finite type as it was in the quiver case.

(b) Betti, de Rham, Dolbeault Cohomological Hall algebra of X. The approach described in (a) is doable
only for the Higgs case. On the other hand, in the curve case, we can consider other two moduli stacks
naturally attached to a curve: the de Rham moduli stack, which parametrizes vector bundles on X with
flat connections, and the Betti moduli stack, which parametrizes finite-dimensional representations of the
fundamental group of X. In order to define algebras associated to these all these stacks in a unified way,
we use Simpson’s theory of shapes of varieties and natural derived enhancements of the moduli stacks
mentioned above. This provides us a way to construct not only the Betti, de Rham, and Dolbeault
cohomological Hall algebra of X, but also to categorify the construction at the level of dg categories of
coherent complexes over the derived enhancements. Moreover, the use of shapes provides a way to
compare the 3 algebras and obtain versions of the Riemann-Hilbert correspondence and the non-abelian

Hodge correspondence for these algebras.

(c) Genus zero case. It is expected that the Dolbeault cohomological Hall algebra of the projectivelineis
the affine Yangian of type A_1. This is geometrically justified by the derived equivalence between the
derived category of sheaves on the projective line and the derived category of modules of the Kronecker

quiver, or, equivaently, by the derived M cKay correspondence for thetype A_1 singularity. The Dolbeault



algebra should provide a half of the affine Yangian which is different from the half provided by the quiver
construction. Geometrically thisisjustified by the fact that the above derived equivalences are not exact.
A study of the relationship between the Dolbeault algebra and the mentioned derived equivalence should

enlighten the description as a Yangian.

The main results of the project are the following ones.

1. The introduction of the Betti, de Rham, Dolbeault cohomological Hall algebras of a smooth
projective curve.

2. Categorified versions of the above algebras have been provided as symmetric monoidal
structures on the dg categories of coherent complexes on the Betti, de Rham, Dolbeault (derived)
moduli stacks.

3. The above algebras (and their categorifications) are related by Hall algebra versions of the
Riemann-Hilbert correspondence and the non-abelian Hodge correspondence for these algebras.

4. Inthe projective line case, the semistable Dolbeault algebra has been described explicitly (and
more generally | obtained a characterization of the semistable cohomological Hall algebra of the
resolution of the A_N singularity). (This latter part was concluded in April 2020 because of the
lockdown of Italy, France, and USA due to the COVID-19 Pandemic.)

These results have appeared on:
- Duiliu-Emanuel  Diaconescu, Mauro  Porta, Francesco Sala  McKay correspondence,
cohomological Hall algebras and categorification. arXiv:2004.13685
- Mauro Porta, Francesco Sala. Two-dimensional categorified Hall algebras. arXiv:1903.07253
- Francesco Sala, Olivier Schiffmann. Cohomological Hall algebra of Higgs sheaves on a curve.
arXiv:1801.03482 (also, it appeared on Algebraic Geometry, volume no. 7, issue no. 3, pages
346-376, 2020.)

The understanding of the full Dolbeault algebrais a subject of a current investigation: | am investigating
the relation between the cohomological Hall algebra of the resolution of the A_N singularity (for N=1,
one has the Dolbeault algebra) and the braid group action coming from the derived category of sheaves
on the resolution of the A_N singularity. (This approach is analogous to that of Beck for quantum

enveloping algebras.)

Finally, the construction of the categorified version of the algebras was not planned in the proposal, but it
arisen naturally by using derived algebraic geometry. An important consequence of the construction isthe
dg coherent categorification of (a positive half of) the elliptic Hall algebra. It will be subject of afuture
investigation the relationship between my dg coherent categorification, the coherent categorification of

Shan-Varagnolo-Vasserot recently introduced, and Khovanov-Lauda e Rouquier categorification.
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