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A key outcome of this research prgject was the successful development of the
theory of Strichartz estimates for orthonormal systems of initial data. In particular, significant
progress has been made in the case of the wave equation, the Klein-Gordon equation, and the
fractional Schrodinger equations. The first step was to establish certain oscillatory integral
estimates with appropriate weights, and these estimates were combined with ideas of Frank-Sabin to
obtain the Strichartz estimates for orthonormal initial data. Additionally, this research project
initiated the study of Carleson®s pointwise convergence problem for infinitely many fermions and
significant progress was made in the one-dimensional case. This was achieved by first establishing
orthonormal Strichartz estimates for fractional Schrodinger equations in a certain boundary case. It
is expected that this paper will inspire further research in this direction.

Strichartz estimates Orthonormal systems Fermions Pointwise convergence



(1) Strichartz estimates provide control on the size and decay of the solution to wave-like
and dispersive partial differential equations (Schrodinger equation, Klein-Gordon equation,
etc). Classically they are stated for the solution of the linear equation and they take their
name from fundamental work of Robert Strichartz in the 1970s. From around that time, it
became apparent that such estimates are extremely powerful as tools for understanding
nonlinear dispersive equations, and they have played a hugely impactful role in the recent
developments in this area of mathematical research. Strichartz estimates also enjoy close
connections with high profile open problems in other areas of mathematics, such as
harmonic analysis and geometric measure theory. This includes their rather direct
connection to so-called restriction estimates for the Fourier transform (Stein’s Restriction
Conjecture) and the overlap properties of thin tubes (Kakeya Conjecture). The interplay
between these areas has been extremely fruitful; indeed, the original work of Strichartz
built upon work of Tomas and Stein on restriction estimates for the Fourier transform
associated with the sphere.

(2) Arich and vast theory of Strichartz estimates has emerged over the past 50 years, and
this continues to be a thriving area of mathematical research. Particularly relevant for this
research project is pioneering work of Frank, Lewin, Lieb and Seiringer (Journal of the
European Mathematical Society, 2014) in which they initiated the study of Strichartz
estimates for systems of orthonormal initial data and in the context of the free Schrodinger
equation. Direct applications of these estimates by Lewin and Sabin to rigorously
understand the dynamics of systems of infinitely many fermions emerged soon after (e.g.
Communications in Mathematical Physics, 2015). Closely related space-time estimates
were considered by Chen, Hong and Pavlovic and applications of a similar nature were
made (e.g. Archive for Rational Mechanics and Analysis, 2017). Around this time, Frank
and Sabin (American Journal of Mathematics, 2017) made a significant advance by taking
a new perspective on the prior work of Frank, Lewin, Lieb and Seiringer which allowed
them to obtain stronger estimates in the case of the free Schrodinger equation, and also
allowed them to widen the scope an obtain certain results for the wave and Klein-Gordon
equations. In contrast to the work of Frank, Lewin, Lieb and Seiringer, a striking feature of
the paper by Frank and Sabin is that their approach was much closer to the original
approach taken by Strichartz.

(1) A major goal of this research project was to significantly advance the theory of
Strichartz estimates for orthonormal systems. As explained above, a vast theory of classical
Strichartz estimates already exists in the literature. This includes rather a rather abstract
theory which effectively says that one can reduce matters to establishing energy
conservation and certain dispersive estimates. The dispersive estimates typically amount
to the control of certain oscillatory integrals and in many cases these estimates follow from
classical results in harmonic analysis. The aforementioned work of Frank and Sabin
appears to open up the possibility of establishing a general theory of this nature which
would cover a wide class of dispersive and wave-like equations, and this was one of the
major goals of this research.

(2) This research project aimed to make use of recent advances in harmonic analysis to
push forward the theory of space-time estimates (not necessarily of Strichartz-type) for
solutions of dispersive partial differential equations, with a focus on those associated with
orthonormal systems of initial data.

(1) Initially in the context on the free Schrodinger equation, towards the goal of
understanding the effect of adding smoothness to the initial data, certain
frequency-localised estimates were obtained. In order to combine these estimates to remove
the frequency localization, first a summation idea due to Bourgain was employed to obtain
certain restricted weak-type estimates, and then further arguments based on interpolation
were used to upgrade to the desired strong-type estimates.



(2) In order to extend the existing results in the context of the wave, Klein-Gordon and
fractional Schrodinger equations, estimates for oscillatory integrals with certain damping
weights were established. These estimates give rise to kernel estimates for an appropriate
analytic family operators which, when combined with ideas of Frank-Sabin, yield
Strichartz estimates for orthonormal data in the context of the wave, Klein-Gordon and
fractional Schrodinger equations.

(3) With the goal of establishing certain boundary Strichartz estimates for orthonormal
data, in addition to the ideas listed above, bilinear interpolations were used. These
arguments were inspired by the proof by Keel and Tao of the endpoint Strichartz estimates
in the classical context (American Journal of Mathematics, 1998).

(1) For the free Schrodinger equation, the family of Strichartz estimates for orthonormal
initial data obtained by Frank-Lewin-Lieb-Seiringer and Frank-Sabin were extended to
allow data in Sobolev spaces. The effect of the regularity imposed on the initial data was
guantified in a sharp way.

(2) For the wave and Klein-Gordon equations, Frank and Sabin had obtained certain
results in the so-called sharp-admissible case. By establishing certain weighted oscillatory
integral estimates with the sharp decay rate, the results of Frank and Sabin were
significantly extended. The approach taken in this project was sufficiently robust that it
could handle a broader class of propagators including, for example, the fractional
Schrodinger equations.

(3) An almost complete answer was given to a problem raised by Frank and Sabin
concerning the free Schrodinger equation in the one-dimensional case and a certain
boundary case of the orthonormal Strichartz estimates. At the same time, the study of
Carleson’s pointwise convergence problem for fermions was initiated. Employing a
space-time switching argument of Kenig-Ponce-Vega, the boundary Strichartz estimates
were used to deduce certain maximal-in-time estimates which yield almost-everywhere
pointwise convergence of the density function associated with an infinite system of
orthonormal particles.

(4) Towards the latter stages of the research project, further results on boundary Strichartz
estimates and Carleson’s problem for fermions have been obtained and research papers are
close to completion. For the maximal-in-time estimates, new ideas were employed which
directly yielded the desired estimates rather than through use of Strichartz estimates. This
greater flexibility gave rise to significantly stronger results, including the scope to allow
certain estimates in higher dimensions.

(5) To help promote interaction between harmonic analysis and closely related topics, and
to showcase major recent advances in the field, a major 5-day international conference was
organized.
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