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We are witnessing a proliferation of software-driven devices that often exhibit reconfigurable
features. The operation of such devices is safety-critical, necessitating rigorous development
assisted by formal methods. This project set the foundation for such formal methods.

Hybrid-dynamic logics are recognized as suitable for describing systems with
reconfigurable features and reasoning about their properties. The project developed a mathematical
foundation for the formal specification and verification of reconfigurable systems through a unified
study of hybrid-dynamic logics. The results were developed within an abstract framework provided by
ghe category-based definition of stratified institutions. The project centered on two main research

irections:
(1) We investigated the model-theoretic properties of relatively unconventional (and therefore not
well-studied) hybrid-dynamic logics, and
(2) We provided proof-theoretic results such as completeness for hybrid-dynamic logics.

logic, category theory, formal methods
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Recent developments of computer systems have triggered a paradigm shift from standard
applications with fixed resources to reconfigurable systems, i.e. applications that work in
different operation modes, called configurations, and react flexibly to internal and external
stimuli for optimizing their performance. Very often the operation of reconfigurable systems
is safety-critical: any malfunction may result in the serious injury to people. The safety
requirements can be fulfilled only by applying formal methods. The project provides a solid
logic-based foundation for developing formal methods to describe reconfigurable systems and
to reason formally about their properties.

Reconfigurable systems can be conceptualized as transition systems in the following manner:

(a) the configurations are states, and
(b) switching from one configuration to another is a transition.

Hybrid-dynamic logics, on the other hand, are modal logics that inherit features from both
hybrid logics and dynamic logics. Their expressivity allows one to describe transition systems
and express the dynamics of (re)configurations:

(a) The configurations of the software in use today may be modeled using first-order logic,
higher-order logic, rewriting logic, order-sorted algebra etc; in this context, these logics
are considered as base logics.

(b) The transition between configurations, i.e., the dynamics of configurations, can be speci-
fied by modalities over structured actions, which are which are built upon the base logic;
The process of constructing a hybrid logic over a base logic is referred to in the literature
as the hybridization [9].

To unify the study of hybrid logics and hybrid-dynamic logics, we employed a more abstract
logic framework than hybridization given by the definition of stratified institution [1]. Through
this approach, we were able to establish results for hybrid logics that cannot be obtained by
hybridization of some base logic.

2. Lo HIY

The aim of the project was to provide a foundation for the formal specification and verification
of reconfigurable systems. To achieve this objective, we proposed a uniform development of
hybrid-dynamic logic knowledge at an abstract level, encompassing both its semantics and
proof-theoretic aspects, independently of the details of concrete hybrid-dynamic logics:

(a) Stratified institution model theory amounts to advancing abstract model theory within
the framework of stratified institutions. The project laid the foundation of a specification
methodology through a unified study of the semantic properties of the multitude of
hybrid-dynamic logics found in the literature.

(b) Stratified institution proof theory involves developing proof-theoretic infrastructure for
hybrid-dynamic logics within the abstract framework of stratified institutions. This
research constitutes the basis of a formal wverification methodology for reconfigurable
systems.

3. RO HIE

The project is based on a top-down approach to logic: the hypothesis are kept as general as
possible and introduced only by-need basis, and the unnecessary details of concrete logics are
removed from proofs to reveal the clean causality between logical properties. There are at
least two advantages of the abstract approach:



(a) a better understanding of the logic phenomenon that is not hindered by the largely
irrelevant details of particular logical systems, but guided by structurally clean causality;
and

(b) a unified study of the multitude of hybrid-dynamic logical systems used in mathematics
and computer science.

This approach aligns with the universal logic trend [6], which examines logic from a rela-
tivistic, non-substantialist perspective. From a practical point of view, any technology based
on the foundations developed in this project will be highly adaptable and open to future
improvements.

4. WFERCER

The design of a formal method consists of several steps, depicted in the left node of Figure 1.
Each step relies on certain model-theoretic or proof-theoretic properties, which should be
defined at an appropriate level of abstraction within the framework of stratified institutions.
The proof of these model-theoretic and proof-theoretic properties are carried out within the
framework of stratified institutions, as depicted on the right side of Figure 1. Once proved,
the abstract results are instantiated into concrete logical systems.
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Figure 1: Formal method design

(P1) Forcing. Forcing is a method of constructing models based on consistency results. It
was invented by Paul Cohen [7, 8] to prove the independence of the continuum hypothesis
from the other axioms of Zermelo-Fraenkel set theory. Robinson [18] developed an analogous
theory of forcing in model theory. Barwise [5] and Keisler [17] extended Robinson’s theory to
infinitary logic and used it to give a new proof of the Omitting Types Theorem. The present
project introduces the forcing technique in the abstract framework of stratified institutions
and investigates two forcing properties which are discussed below.

(P1.1) Syntactic forcing property. We study a forcing property based on a notion of syn-
tactic consistency defined within the context of a system of proof rules defined for
an abstract stratified institution. This syntactic forcing property is used to prove a
layered completeness result for a logic framework given by the definition of stratified
institution. The usual restriction to signatures composed of a countable number of
symbols typically required for forcing is not needed in our framework. The abstract
results are then instantiated into concrete examples of hybrid logics, thereby provid-
ing sound and complete entailment systems for several benchmark examples of hybrid
logics. The results mentioned above are reported in [11].

(P1.2) Semantic forcing property. We develop a forcing technique and then we study a forc-
ing property based on local satisfiability, which lead to a refined proof of the Omitting
Types Theorem. Intuitively speaking, in model theory a type is a complete description
in the appropriate formal language of a potential element of a model. A model may
or may not have elements that satisfy such a description: if it has at least one, we say
that it realizes the type, if it does not have any, it omits the type. For uncountable sig-
natures, our result requires compactness, while for countable signatures, compactness
is not necessary. We apply the Omitting Types Theorem to obtain upwards and down-
wards Lowenheim-Skolem theorems for several hybrid and hybrid-dynamic benchmark
logics from the literature, as well as a completeness theorem for their constructor-based
variants. The results mentioned in this paragraph were reported in [13].

(P2) Interpolation. A logical property that is useful for dealing with combining and decom-
posing theories is interpolation. It involves areas such as algebraic, specification, theorem
proving or model checking. The reason for the interest in interpolation is the fact that it is
the source of many other results. We prove the interpolation property as follows:



Following in Lindstrom’s footsteps, we use an Omitting Types Theorem for many-sorted
hybrid-dynamic first-order logics established in [13] to obtain a Robinson Consistency
Theorem. An important corollary of this result is the interpolation property. Our results
rely on compactness, so they apply only to hybrid logics, since hybrid-dynamic logics
are not compact.

In [2], Areces et al. solved the interpolation problem positively for hybrid propositional logic,
and in [3], they establish a similar result for hybrid predicate logic with constant domains
(also called here rigid domains). Our results, although similar, do not follow from theirs.
For one thing, the framework of [3] is limited to rigid domains, whereas we allow variable
domains. Moreover, as usual in the area of algebraic specification, we work in a many-sorted
setting and, importantly, we consider arbitrary pushouts of signatures (see, e.g., [19]); not
only inclusions. This seemingly small change splits one-sorted interpolation and many-sorted
interpolation apart. One can have the former but not the latter. Therefore, our interpolation
results are new and meaningful, and they were reported in [12].

(P8) Hybrid-Dynamic Ehrenfeucht-Fraissé Games. In first-order logic, elementary equiva-
lence is characterized by Ehrenfeucht-Fraissé games [15]. While Ehrenfeucht-Fraissé games
have been applied to modal logic using the standard translation to first-order logic [10],
there has been no form of Ehrenfeucht-Fraissé game supporting different types of quantifi-
cation within a modal logic context. In this project, we proposed a novel notion of modular
Ehrenfeucht-Fraissé games for hybrid-dynamic propositional logic and its fragments. Here
we use Ehrenfeucht-Fraissé games to establish a new modular Fraissé-Hintikka Theorem for
hybrid-dynamic logics and to study the relationship between countable game equivalence (de-
termined by countable EF games), and bisimulations (determined by countable back-and-forth
systems). To the best of our knowledge, there is no proof of Fraissé-Hintikka theorem for
hybrid or dynamic logics in the literature. A direct consequence of this theorem is a charac-
terization of hybrid-dynamic elementary equivalence in terms of Ehrenfeucht-Fraissé games.

In a Ehrenfeucht-Fraissé game, the players’ moves correspond to various types of (hybrid)
quantification, including possibility over structured actions, first-order quantification, and
store, which names the current state. The mathematical structure supporting this formaliza-
tion is the gameboard tree [14], extended by labels for the edges. The role of such trees is
comparable to that of a chessboard in chess. Gameboard trees can also be seen as representing
the quantifier ranks of sentences, as the nodes consist of signatures, and the edges are labeled
extensions of signatures with a finite set of variables. The results about hybrid-dynamic
Ehrenfeucht-Fraissé games are submitted for publication and are currently under review. The
publication that made these results possible is [14].

(P4) Bisimulation. A celebrated characterization theorem due to van Benthem (see [21])
states that a first-order formula is equivalent to a translation of a modal formula if and only
if it is invariant under bisimulation. Similar characterizations exist for certain fragments of
hybrid logic: Areces et al. [2] give one for the fragment with @ and |, the fragment with
@, was characterized by ten Cate [20], and Hodkinson and Tahiri in [16] characterized the
fragment with | but, importantly, without nominals. As we will see, these characterizations
are rather disparate and some of them do not extend to richer fragments. In particular, the
method used in [16] does not cover the language with nominals, and the authors pose the
problem of finding a characterization for this fragment. They also tabulate existing results,
and ask, more generally, which fragments can be characterized by some form of bisimulations.
Here is a version of this table:

Hybrid signature Invariance under

1] Bisimulations

{}} w/o nominals  Quasi-injective bisimulations
{}} with nominals unknown

{a} H(@)-bisimulations
{Q, ]} w-bisimulations

{3} unknown

{@, 3} equivalent to FOL
full signature equivalent to FOL

In this project, we answered these questions by providing a characterization for all (sensible)
fragments of the hybrid language by means of a fine-tuned version of w-bisimulation, a notion



introduced in Areces et al. [2], which provides one crucial ingredient for our results that have
been reported in [4].
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