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The Wirtinger integral is obtained by lifting the Euler integral of the hypergeome
tric function on an elliptic curve, and is written as an integral of complex power product of four theta f
unctions. There are two directions for generalizing the Wirtinger integral. In one direction, an ordinary
differential equation satisfied by the integral of the multiplicative function on an elliptic curve with b
ranch points more than 4 is determined, and the relation between that integral and monodromy preserving de
formation theory is studied. In the other direction, the structure of twisted (co)homology groups of an ab
elian surface minus theta divisors, which will be the space of generalized integrals, is studied.
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$X$ 2 $D0_1%, $D_2%
$M=X-(D_1¥cup
D 2)$ $D 1% S$¥theta¥bmatrix 1 ¥,
0 ¥¥ 1 ¥, O¥endbmatrix(z_1,z_2;¥tau)$
$D 2% $¥theta¥bmatrix 0 ¥, 1
¥¥ 0 ¥, l¥endbmatrix(z_1,z 2;¥tau)$

$¥alpha¥not¥in{¥bm Z}$
$¥varepsilon=e"{¥pi i¥alpha}$
$T(z_1,z_2)=¥theta¥bmatrix 1 ¥, O ¥¥ 1 ¥,
O¥endbmatrix(z_1,z_2;¥tau)"{¥alpha}¥,¥t
heta¥bmatrix 0 ¥, 1 ¥¥ 0 ¥, 1¥endbmatrix
(z_1,z_2;¥tau)"{-¥alpha}$

$¥check{¥cal L}={¥bm C}¥cdot
T(z_1,2.2)$ IM$

$H_O0(M,¥check{¥cal L})=H_1(M,¥check{¥cal
LP=H 3(M,¥check{¥cal

L})=H 4(M,¥check{¥cal L})=0$. $¥dim
H_2(M,¥check{¥cal L})=¥chi(M)=6$.

2
Q)
$S=¥lambda_1*¥lambda_3-¥lambda_2*¥lambd
a_4%$

$S+¥lambda_1*¥lambda 2-¥lambda_3*¥lambd
a_4¥in Z 2(M,¥check{¥cal L})$
$H_2(M,¥check{¥cal L})$

(1) 3$D 1¥cap D 2=¥{p,p"¥}$

$1Li¥ (i=1,2)$  $ps$ $p"$

$D_i$ $1=1_1-1_2%
$[I¥%in H_1(X,{¥m Z})$
$[17=0$ $1_1,1 2%

$¥exists¥Delta$ s.t.
$¥partial ¥Delta=1_1-1_2%.
$¥gamma_i,¥  ¥gamma_i'¥  (i=1,2)$
$D_i$ $p$ $p°$

1 $¥partial

¥gamma_1=(1-¥varepsilon)¥bullet=¥partia
I (-¥gamma_1"),¥quad¥partial
¥gamma_2=(¥varepsilon-1)¥bullet=¥partia
1(-¥gamma_2")$ $¥Delta 1$
$¥Delta$
$¥partial ¥Delta 1=1 1-1 2%
S¥tilde{l}_13%
$¥partial
¥tilde{l} 1=-¥gamma_2"-¥gamma_2+(1-¥var
epsilon)l_1$

.$¥tilde{l} 2%
$¥partial



¥tilde{l} 2=-¥gamma_1"-¥gamma_1+(¥varep
silon-1)1_2% ;

$¥displaystyle¥tilde{¥Delta}=(¥varepsil
on-1)¥Delta_1+¥tilde{l}_ 1+¥tilde{l} 2+¥
frac{¥gamma_1*¥gamma_2}{1-¥varepsilon}+
¥frac{¥gamma_1"*¥gamma_2"}{¥varepsilon-
1}¥in Z_2(M,¥check{¥cal L})$.

D)
$¥lambda_1*¥lambda_3,¥ ¥lambda_2*¥lamhd
a 4%

$a,¥ a'$ $D_1% $D 2%
$¥lambda_1*¥lambda 3% $b,¥b"$
$D_1$ $D_2%

$¥lambda_2*¥lambda_4$

$¥lambda_{13},¥ ¥lambda {13}"$ $a$
$a"$

$¥lambda_1*¥lambda_ 3%

$¥lambda_{24},¥ ¥lambda {24}"$ $b$
$b"$

$¥lambda_2*¥lambda_4$

${¥bm Z}$

$¥lambda_1*¥lambda_2,¥ ¥lambda_2*¥lambd

a_3,¥ ¥lambda 3*¥lambda 4,¥ ¥lambda 4*¥

lambda_1,¥ ¥lambda k"{(1)},¥ ¥lambda k~

{(@¥¥quad (k=1,2,3,4)$  $¥check{¥cal
L}$
8
4
¥[
¥begin{split}

&¥sigma_{12}=-¥lambda_1*¥lambda_2+¥lamb
da_1™{(1)}-¥lambda_2"{(1)}-¥lambda_{13}
*¥lambda_{24},¥quad
¥sigma_{12}"=¥lambda_1*¥lambda_2+¥lambhd
a_ IM{(2)}-¥lambda_27{(2)}+¥lambda_{13}"
*¥lambda_{24}" ,¥¥
&¥sigma_{23}=-¥lambda_2*¥lambda_3+¥lamb
da_2"{(1)}-¥lambda 3"{(1)}+¥lambda_ {13}
*¥lambda_{24},¥quad
¥sigma_{23}"=¥lambda_2*¥lambda_3+¥lambhd
a_ 2™{(2)}-¥lambda_3"{(2)}-¥lambda_{13}"
*¥lambda_{24}" ,¥¥
&¥sigma_{34}=-¥lambda_3*¥lambda_4+¥lamb
da_3"{(1)}-¥lambda 4"{(1)}-¥lambda_ {13}
*¥lambda_{24},¥quad
¥sigma_{34}"=¥lambda_3*¥lambda_4+¥lambd
a_3™N(2)}-¥lambda_4™{(2)}+¥lambda_{13}"
*¥lambda_{24}" ,¥¥
&¥sigma_{41}=-¥lambda_4*¥lambda_1+¥lamb
da_4™{(1)}-¥lambda_1"{(1)}+¥lambda_{13}
*¥lambda_{24},¥quad
¥sigma_{41}"=¥lambda_4*¥lambda_1+¥lambd

a_a™N{(2)}-¥lambda_1™{(2)}-¥lambda_{13}"
*¥lambda_{24}".

¥end{split}

¥]

), an, am 6

$H 2(M,¥check{¥cal L})$

$¥tau$ 2
$X={¥bm C}"2/({¥bm
Z} 2+¥tau{¥bm Z}"2)$
2

$X$ 2
$¥theta_i=¥theta_ i(z_1,z_2;¥tau),¥ i=1,

¥ldots,N$ $D_i$
$D=¥sum_iD_i$
$M=X-D$
$¥alpha_i¥in{¥bm C}-{¥bm Z}$,

$¥sum_i¥alpha_i=0$
$T=T(z_1,z_2)=¥prod_i¥theta_ i(z_1,z. 2)"
{¥alpha_i}$ $T$ VS

$¥mathcal{L}$ $T(z_1,z 2)"{-1}$

NS $LS
${¥mathcal L}$ NS
$¥mathcal {0} M(L)$ $L$
$N$

$¥mathcal{0} M(L)¥cong

¥mathcal{0}_M¥otimes_{¥bm

Cl¥mathcal{L}$
$(¥mathcal{0}_M(L),d)$ Deligne

canonical

extension$(¥mathcal{V},¥tilde{¥nabla})$

$¥mathcal{V}=¥mathcal{0} X$,

$¥tilde{¥nabla}=¥nabla=d+d¥log

T¥wedge$

$HAp(M, ¥mathcal{L})¥cong{¥bf

H}'p (X, ¥Omega_X~{¥bullet}¥langle D

¥rangle,¥nabla)$

$¥Omega_X"{¥bullet}¥langle D ¥rangle$

de Rham ${¥bf H}\p={¥bf
H}'p (X, ¥0mega_ X"{¥bullet}¥langle D
¥rangle,¥nabla)$

$E_1M{pq}=H"q(X,¥Omega_X"p¥langle
D¥rangle)$

$E_27°{02}=H"2(X,¥mathcal{0}_X)$;¥quad
$E_2~M{11}=H"1(X,¥Omega_X"1¥langle
D¥rangle)/¥nabla HML(X,¥mathcal{0} X)$;



¥noindent
$E_27°{20}=H"O(X,¥0mega_X"2(D))/{¥bm
C}¥nabla(dz_1)+{¥bm
Cr¥nabla(dz_2)+¥sum_{i=1}"{N-1}{¥bm
Cl¥nabla(d¥log¥theta_i-d¥log¥theta {i+l
Ds. $1, 2N-1, NA2-N$
$E_27{pq}$
SE_2=E {¥infty}$.

$HA2(M, ¥mathcal{L})¥cong {¥bf H}"2$
$X$ 2

(Deligne

¥begin{equation}

0  ¥longrightarrow  ¥Omega_X"1¥langle
D¥rangle ¥longrightarrow ¥Omega_X~1(D)
¥overset{¥bar{¥nabla}} ¥longrightarrow
¥frac{¥sum_{k_1+¥cdots+k N=1}¥Omega X"2
¥left(¥sum_{¥nu=13}"N(k_{¥nu}+1)D {¥nu}¥
right) }{¥Omega X"2(D)} ¥longrightarrow
0,

Y%¥tag 1

¥end{equation}

¥begin{equation}

¥begin{split}

0

& ¥to ¥mathcal{0} X ¥to ¥mathcal{0} X(D)
¥overset{¥bar{¥nabla}} ¥longrightarrow
¥frac{¥sum_{k_1+¥cdots+k N=1}¥Omega_X"1
¥left(¥sum_{¥nu=13"N(k_{¥nu}+1)D_{¥nu}¥
right)}{¥Omega X"1(D)} ¥¥

& ¥overset{¥bar{¥nabla}} ¥longrightarrow
¥frac{¥sum_{k_1+¥cdots+k_N=2}¥Omega_X"2
¥left(¥sum_{¥nu=13}"N(k_{¥nu}+1)D_{¥nu}¥
right) }{¥sum_{k_1+¥cdots+k_N=1}¥Omega_X
¥ left(¥sum_{¥nu=1}"N(k_{¥nu}+1)D_{¥nu
Hright)}

¥longrightarrow 0.

¥end{split}

¥end{equation}

¥noindent
$k_1,¥cdots,k N$ O
SHA{¥bullet}(X,*)$
SHA{¥bullet}(*)$

E_{¥infty}*{20}, E_{¥infty} {11},
E_{¥infty}*{02} 2
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