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Several results illuminating novel mathematical structures of 3-dimensional
integrable systems are obtained. (1) By invoking the representation theory of quantized coordinate ring
of SP(4), two kinds of solutions are constructed for the 3-dimensional reflection equation proposed by
Isaev and Kulish in 1997 for the first time. Its combinatorial limit, the classical analogue and a
polynomial formula are obtained. (2) The transition coefficients of the PBW bases of the positive part of
the quantized universal enveloping algebra Ug(g) are shown to coincide with the matrix elements of the
intertwiner of the Soibelman representations of the quantized coordinate ring of g for all g of finite
classical type. (3) For the two solutions known as R-operator and L-operator of the tetrahedron equation,
2-dimensional reduction is performed, and the results are identified with the quantum R matrices for

generalized quantum groups including quantum superalgebras.
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