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This project focuses on inverse problems to estimate the unknown parameters in
errors-in-variables (EIV), multiplicative noise and discrete tomography models by combining different
types of data. We achieve a number of new results and publish 9 papers in international journals. The
applicant is invited to report the achieved results at several international conferences. We develop new
LS-based estimators to reconstruct multiplicative error models and conduct quality evaluation of lattice
basis reduction for discrete tomography, which can be directly affected by the probability distribution
of the reduced Gram-Schmidt coefficients. We propose bias-corrected LS and N-calibrated estimators to
estimate the EIV parameters, which are as good as total LS, but require much less computation. We prove
that the variance components in an EIV model can be inestimable and unstable. We investigate how EIV can
affect the parameter estimation and the weighting factors for different types of data.
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Inverse ill-posed problems has been based
on the implicit assumption that the weighting
factors of measurements are known. At the
present, more and more measurements are
routinely collected with different types of
Sensors or instruments to solve inverse
ill-posed problems in Earth Science (and
beyond) for the most accurate and high
resolution Earth models. Thus, combining
different types of data with heteroscedastic
nature and/or different accuracies has been
becoming more and more important and
essential to accurately estimate the unknown
parameters of inverse problems.

The weighting factors of data of different
types have been either assumed to be known
or empirically selected in all joint inversions
(of geophysical inverse ill-posed problems).
Although combining different types of data
to accurately estimate the parameters in an
inverse problem is of significantly increasing
importance in science and engineering,
extremely little attention has been done to
develop a solid foundation for use in any
inverse problems. Although covariance
structures with a few unknown parameters
have been proposed in the statistics literature,
these methods simply failed, if the stochastic
models of different types of data contain a
number of unknown variance components,
or equivalently, unknown weighting factors,
as has been clearly demonstrated by a great
number of simulations.

The major purpose of this research project is
to lay a solid mathematical foundation for
inverse problems with different types of data,
which is urgently demanded and is expected
to have widest possible applications in many
areas of science and engineering. On the
other hand, satellite gravity has found widest
possible applications in Earth Sciences, we
will further investigate its mathematics for
use in highly interdisciplinary subjects.

Motivated by the success of this applicant
in dealing with different types of data for
inverse problems, we aim at developing a
systematic solid mathematics foundation for
simultaneous estimation of parameters and
weighting factors for inverse problems.
Generalized cross-validation and L-curve
approach have been widely used to estimate
the unknown parameters in inverse problems.
In general, one assumes that the elements of
the design matrix are free of random errors.
In practice, such elements are often obtained
either directly from measurements and/or
indirectly computed from measurements. As
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important inverse problem models of the
research, we focus on an errors-in-variables
(EIV) model and discrete tomography, with
applications to GNSS. In such cases, the
estimation of parameters will be biased,
depending on the size of EIV random errors.
To correctly reconstruct errors-in- variables
models, we have to correctly determine the
weighting factors of different types of data,
which may be collected, for example, with
different types of sensors with different
variance components;

Although the regularization parameter is of
crucial importance for the quality of solution
to an inverse problem of EIV type, it can be
erroneously determined due to incorrect
weighting factors of different types of data
On the other hand, for inverse problems of
EIV type, we will investigate how the
calibration of the normal matrix could be
used for regularization. We will develop a
new N-calibrated solution-quality-based

method to unbiasedly reconstruct EIV
models,
As an important element of this research

project, numerical confirmation will be
crucial to show the power and significant
performance of the developed theory and
methods. Thus we will scientifically design a
variety of experiments to fairly compare the
developed methods and theory through
numerical simulations; and finaly,

Since satellite gravity is one of the geodetic
hot topics, with profound applications to
geophysics, water resource survey, and Earth
environmental monitoring, we will further
develop theory and methods for accurate and
super-resol ution gravity models.

To systematically develop the theory
and methods for solving joint inverse
problems with different types of data,
as first originated from Xu et al.
(2006) and Xu (2009), we plan to
investigate several major problems on
the topic. We will simultaneously
focus on theoretical development and
demonstrate the developed theory and
methods with EIV models.

Our basic approach to addressing and
solving inverse problems with data of
different types and different accuracy
would consist of the following aspects:
least squares estimation, bias analysis,
determination of unknown weighting
factors, and proposing an N-calibrated
estimator for regularization.

Finally, we will then work on high-
precision and high-resolution satellite



gravity models.
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The Hermite factors of the 10,000 random
examples (in logarithm) after the reductions by
LLL (panel A), DEEP (panel B), SLLL (panel C),
VLLL (panel D) and PLLL (panel E). Shown in
panel F are the Hermite factors of the random
prablems (in logarithm with symbol +) and the
mean values of n for each rank of lattice, with the
green line for PLLL and the dashed red line for
DEEP.
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The pdf histograms of the Gram-Schmidt
coefficients after the reductions. A --- LLL; B ---
DEEP; C --- SLLL; D --- VLLL; and E --- PLLL.
In order to show a direct comparison of these
methods, we have also plotted all the pdf curves
together in panel F: the green line --- LLL; the
black line --- DEEP; the red line --- SLLL; the
pink line --- VLLL; and the blue line --- PLLL.
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For inverse EIV models, we have
proved that the variance components
in the EIV stochastic models are not
estimable, if all the elements of the
design matrix A are random without
any functional constraints and can be
classified into, at least, two groups of
data of the same accuracy. The same is
true for the EIV model of regression
type. This result about inestimability
implies statistically that we cannot do
anything to gain any knowledge on
such EIV stochastic models. From this
point of view, to gain knowledge on the
EIV stochastic models, one will have to
directly collect repeated measurements
and/or alike of the elements of A for
such a stochastic model. Otherwise, if
the variance components are estimable,
we derive the MINQUE estimates of
the wvariance components in EIV
models. For the measurements with
different accuracy in different groups,
we have derived the componentwise
positive estimates of the variance
components. The variance component
estimation in the EIV model may be
unstable, however, as confirmed by the
simulated numerical examples. Finally,
we have worked out the finite sample
biases of the variance components, if
they are estimable. As a result of
equation instability, the biases of the
estimated variance components could
be significantly amplified due to a large
condition number.

While the EIV model has been widely
applied in practice, total least squares
(TLS) and weighted LS methods are
known to produce almost negligible
differences for some problems. This is
particularly true in geodetic coordinate
transformation. We have investigated
the effects of the random errors of the
design matrix on the weighted LS
estimates of quantities of interest, in
particular, the model parameters, the
variance-covariance matrix of the
estimated parameters and the variance
of unit weight. By taking the bias and
the variance-covariance matrix into
account, we can further compute the
mean squared error matrix for the
weighted LS estimate. The theoretical
analysis of bias has shown that the
effect of EIV on adjustment depends on
the random design matrix itself, the
variance-covariance matrix of the EIV
errors, the measurement weighting

matrix and the model parameters.
Roughly speaking, the bias of the
weighted LS estimate would depend on
two factors: the model parameters and
the values of the noise-to-signal ratios.
If A contains no random errors, then
the bias of the weighted LS estimate
becomes zero. The interdisciplinary
example of climate change has
revealed a significant impact of the
EIV on the weighted LS estimate. The
biases of both parameters are even at
the same order of magnitude as the
parameters themselves.

(5) We propose calibrating the normal
matrix by removing the bias of the
random normal matrix and accordingly
constructed an N-calibrated weighted
LS estimate. The simulations have
clearly shown that both estimators
work well to reduce the bias of the
weighted LS estimate. If the signal-to-
noise level is sufficiently large, the bias
of the weighted LS estimate can be
removed almost completely, without
loss in accuracy. The simulations show
surprisingly that the N-calibrated
weighted LS estimate is easier

computationally and performs even
better than the bias-corrected weighted
LS estimate in reducing the bias of the
weighted LS estimate, though it is
intuitively constructed to calibrate the
normal matrix only
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The first 200 examples of the weighted LS
estimator (black line), the bias-corrected
weighted LS estimator (green line) and the
N-calibrated weighted LS estimator (red line) on
the basis of the original data from Mann and
Emanuel (2006). The true values of two
parameters are equal to 2.2 and 1.0, respectively.

(6) The numerical integration method has
been used by almost major institutions



worldwide to produce global standard
gravitational models from satellite
tracking measurements of CHAMP
and/or GRACE types. Such Earth's
gravitational products have found
widest  possible  multidisciplinary
applications in Earth Sciences. The
method is essentially implemented by
solving the differential equations of the
partial derivatives of the orbit of a
satellite with respect to the unknown
harmonic  coefficients under the
conditions of zero initial values. From
the mathematical and statistical point
of view, satellite gravimetry from
satellite tracking is essentially the
problem of estimating unknown
parameters in the Newton's nonlinear
differential equations from satellite
tracking measurements. We prove that
zero initial values for the partial
derivatives are incorrect mathematic-
cally and not permitted physically. The
numerical integration method, as is
currently implemented and used, is
groundless, both mathematically and
physically. This result is an invited talk
at the EGU 2015 General Assembly in
Vienna.
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