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Locally homogeneous non-Kaehler manifolds and Transformation groups
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A locally conformal Kaehler structure (IcK structure) on a Hermitian
manifold (M,g,J) is the fundamental 2-form Q satisfying dQ =QA 6 for some closed 1-form 6 . The

Lee field A is determined by the formula g(X) = g(A,X). If A is holomorphic Killing, then M is said
to be a Vaisman manifold. If a Lie group G admits a left invariant IcK structure, G is said to be an

IcK group. We have determined homogeneous Vaisman manifolds. Moreover, we classied unimodular
Vaisman IcK groups.
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1. MRFARLIOER

BB RIZ I B B2 BRI —
T — &R ERICIFR I NTE 7228, 70
ARG S IR — 5 — S fal 22T b Hefa]
WY ) — B HREER DTG D STFZE AL D
MENDZLITL D, BT BRI 2 5E R
PN RIR I ND LD IZm > T E T
ZDHRNIZIR > THIREDO K EWIET —
7 — RS lcK (Rt r—o—-) %
BARD haRa ¥ —Z2FFRTWL Z &3k
=T —RADX SMARBEL WD IR
IZHEWTHo kD 2B FENMETH 5.
(I) EHESIE LD TV I — NEE
WL A ) =< Iz kD EFE L
RITTIV I — NI R, Wt
BN EERTE DO\ T D R 22 SR
LB ehohES. ZTOFELWEE
PIRE RIT M ARE R 2 RTIT B VT H R
INBED, 2TV I — MEE RN
14 EOBREEEBELFEL, TDHH 9
A —Z =%z LCH D 5 IC1X)H
FRILTE o — 7 —3%fa] (B& L T leK S%fT) 23
ANB Z & DIATREE DL 5 1980 FAR
ZRINTWS ([3]). LhLEE 3L
DTN I — NEEEMIIIETr—F—
DG OITF M DHITRE -
THEHT, BxOFERY) - L 5
b ARE Y —FFEIERTDOIIL I — b
BT DFLE - DEIZRHUTETIVICK &
BROOEEE—REE2RMEL, Fri-dl
MIZ—A%2%UC5E0THD. [FERHICHE
K lcK 2FKIE b RoY—izs1r 5 (FE
AVRIT NV TV I Ty IS MAE
7= S IESE M o — 5 — SRR D % 5
Z5EDTH Y, IEFITHIED B 5 Rl 7
g e Bbhs.

(IT) T TIZHI SN T\ B BEE 2R (G
BAHARE) MR A AL L E, T —F7—%
kD a7 v ) —BERIZY T
T T4y 7 BADOBED S Z OB E
DD, D bhoTWD, —fkil
W2 — 55— I — NEREK EICEA
) —BERARH B L ED hRE Y — Dk
HIZIFEEAEDhroTWRWEBEbihs.
—J5IEEBHERN N —F AEMAIZEAL T I

WEde, AV N —F—%kkMK M
FITIERN b= A TR-AEHDPFES 5785
EHEER ev: TE—M, ev(t) = tx 15
FLUINDHERT ev, : Z*" — Ho(M;Z)
RAEEQAV—MEBEHTHL Z LW oN
TW5 A (rank 2n-EHITEA), — AT —
F—a VT b K SRR EOIEEFIE
A b —=J 2 TAAERIERLCREQY —
BB EERLRVWI ERRINTVDS
(2 rank I-ERIMEA). 2o &k Sicay
TN —REDMEF O FRE DAEAE 138
FILT—F— T —FZ KD bR
VRO TWE. Lo T
T —F =37 b leK 214K ED
EEY —HOEAZHARNSEZ LI b RD
VB 2R Z B ECMiED D B & E
AoNnb.

2. MROEH

L BTV IcK SRR, BAahiE D185
»o TREHET — 7 — (IcK) Z8R4ED
AT TIOVEMIZE S WIHDT, WD
EDXD5MDB LT lcK ZRKIEE
T IVZERNZ —EAL (uniformize) X415 5]
EWVWD FEE—BIEDSE OWE THAN
THAIWIZ L ThoTz. HELRRMEK M E
125 2 57z 2-form Q BF dQ = 0AQ
72U, 0 1 closed 1-form T b &
E, (M,Q) % lcK ZFkE WS, 22T
01 Lee form FEEXNS. 0 3% U exact
e, M OB f AEIELTO = df &
BBME, (x) 0=t Q LBIFIEER
o

OIFr—J—form &5, L7=ho
T M IFHBWIZr—F -2k TH 5.
Vaisman 1% 1980 FERAEAIZ D Lee &
® 012X L, g(X,Y) = Q(X,JY) TH
ZoNd TV — MlE g DRI
5 g(X,€) = 0(X) (VX € TM) £%3
Lee RZ MG EEFZ, TNWgIZEL
CIEH Killing (EVAR5 & £ < B
1B RIS RAE 2 727) L7125
L ED K ZRIEZREOT 7. BifEZ
1UE Vaisman (IcK ) ZRRA L IF XN TN
% . Hopf ZHfAk S x S2n—1 | d HAU k) 72 451
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Thb. oMz St fix RLRRIA
(Y, (w,J)) £DFE ST x Y % Vaisman lcK
itz b, (S'xY EOWEEMEE J 1%
aY X2 b form w D Reeb field #* Killing
THd & SITHDIHE (HENME) 705
ZeNF—FKRA Y NTHB.) Vaisman %
BRAK (M, g) DSHZ Z DI 72 B D01 —
WIZEZRWH, UL IcK &8 g ot
HDOHTIK a2 VA58 TM
WIREEHRIR ST XY IS 25 2 &
IFFEHE N T WS,

II. RS IcK ZhkikD—=4k. Rir
BE K ZRRkR & 1335 E B 22 YK &
W FRE %2 R DEHE IcK 20K G/H T
HY, HEEA R EGE D (< Q) I2&5
Z Oz (MHERZEE) OZ & TH B,
Z DR TD T4 D—HEDRBIXIRD &
SITEMTES.

(1) BEHE lcK 284K T\G/H »*
EDES5BLieBEGDLE, H5D
WX GPED LS pEEERD
& &, Vaisman ZHKIC—EILT
EEMRETHILTHD, D
L&

N\G/H ® R V=D H»5
orbi-bundle (L& H) HEiE, Ml
DB 51X IER] Seifert fiber H
H§i& (holomorphic Seifert fiber-
ing) ZNETNRDL. THIZ
AT % (2) D fiber A5 <
SEHERE UTRED 1 % (IR
P, MERGHTIESE).

— /5RO BT ZHRO T —< Iz
HBEBRT AR E LT, 2013 Fi2F
WFROZ e %R, T —F —Ffi~D—
DO S E G 2 7=

Theorem A ([2]). I ¥ /37 b IcK HE
ZRRR M 1 Vaisman IcK 2K TH 5.
ZDLEMIFS &ix REELRRIK S
DER ST x SICIFAIERRALE LT—E
fbxnd. S oICEFEHEESMIK N 282
FHZRFDIEE IR b — F AERI AN
RV :TE - M — N ORE% .

3)

—ETWo &, BULHHEANAY NV S
EMIETr—5 2RI TLES -
b, ZOEHI IcK FEDOIFFEIZT) r—
FMRAERTH B.

3. MROAE

EAN=K, 3 X D. Alekseevsky K,
V. Cortés [, O. Baues & —#§i2 ) —&
D (L FRIR SR T & BESCGRE O (R M
o CIET — T —RATEE IcK 2Rk
IZDWT FELDWFZEEHENIT U 72 A% > TR
DI &% EIZHNRT.

o AU NI AHZ MR 2 SR L C, RFnsE
B lcK ZRRET\G/H 7 Vaisman ZFk{k
THHLEOY -G OMEEEARRET
OWE, BLOT\G/H D7 74 N—FHE
i& (GEHN Seifert fibering) DPRAE.

o UV —BD aKED Y —HOMEM%E KD
T, BT E LR T\G/H D Vais-
man [cK #EZFONZDOHED G B &
O H 2B 2 ) —RE 5 OHESRME.
B, BRI, Cortés [, Alekseevsky K
WXRTEE IcK %A T\G/H D&%
FART, WD Vaisman ZHRARIZIR B ik
EU. ZHE—D G IZxd 3 Vais-
man HiEDFEZFARBE Z L THEH 5. fif
5, Baues KIZEATEE Vaisman lcK %
BRAA T\G/H 12X U Seifert holomorphic
fibering ##id& Z X, fER & UTRHHILR &
UCTOEAREET 2 E L7z

se /iR (1) Vaisman lcK %
ik T\G/H D% G/H D5 FAHRE
Diff(G/H) N D IERIHERE K Lie H50HE
RHAB. U G/H EOTMAMEE
ZZ T, BrEE IcK 2K T\G/H »
Vaisman ZHKD & Z 12 Diff(G/H) O
TG OFRBBEZRL T G/H OFif=72 1/
R Lie el o2 Ths. BRH
IZIEN(H) % HD G2 5 ERMbREE
U, EGxN(H)I¥G/HIZ ((9,),zH) =
gra tH L UTIEHT 5 & &, BRICHE
[ U: G x N(H) — Diff(G/H) %%
<. %4, Aut(G/H) % G/H FOFHI%E
WL 5. G/H » Vaisman ZHRk{K
D& EX G/H EIZERE Lee field € H°



ERI Killing & UCHET B2 Em 5, ¢
DHEET 5 G/H EO 1-FREEHEER
"BoNnd. (x) TR —F — form ©
IZBIL T, G & homothety TEFAS 57
5, ZOH O isometry & UTEAT 24K
Ot 1 D Lie #72HE Gy < G WWHIT(EE
ULTW: GoxR — Aut(G/H) 1T H5HZ %5
5. 2026V EELTG/H ITHH
lcK 2Rk Go/H xR LIREI NG, 514
¢ % Aut(G/H) D TE (deform) T
%7261, T\G/H D IFH] Seifert fibering
TL - T\G/H — Q\Go/S' - H (=J=5%
BT — 5 =% KK BREKTE 5.

(II) Cohomology VHi#k & Vaisman lcK
MG, Fx DR LR HIIZIR AT
EIDFEADAE 72 sk G A compact
(H o & —#%IZ reductive) %% & Hochshild-
Serre-Novikov operator dg = d — § 73D
{bakERY— HgR) WiHWT 2
e THo7. FEBE QD IcK-form 725
dgQ =0TH Y, 1-form ¢ BFIEL T (%)
Q=dp— 0Ny LB, FarxORE
lcK ZRkiK T\G/H »"\»D Vaisman T
BB ITBVWTEST RO GARED &L
5 R E S TIE[Q] € HY(G/H:R) A
HWT 2Dpe NS ZEIZEHTS. 2
DRUZKL G D Huls CO(G) 5 1 IRITGEA
L7253 Q) BMHKT 2 THA S LTl
U, I\G/H 7 Vaisman (2725 Z & DY
HTE7 (X0 (v, J) X CR-MER G
Z%). HiZdimC(G) > 1 L WS RE I
G 7% compact (reductive) 7% & X 72 T 4
52 LHAHTE 5.
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4. BRAR

The first part of our results concerns
the existence of Vaisman structure on
homogeneous [cK manifolds. Let Ng(H)
be the normalizer of H in G. We have
proved in [1], [2] that if G is a reduc-
tive Lie group such that Ng(H) is com-
pact, G/H is Vaisman. The key fact is
that a compact lcK group is necessarily a
4-dimensional Lie group locally isomor-
phic to S x SU(2). Moreover any left
invariant lcK structure on S! x SU(2)
compatible with any complex structure
is always Vaisman. Along this line, we
shall generalize this result. Let C(G) be
the center of G and C(g) the Lie algebra
of C(@G).

Theorem 1. Let (G/H,Q,J) be a ho-
mogeneous lcK manifold with Lee form
0. If (i) there exists a central element
t < C(g) such that (t) = 1 and (i)
Ng(H)/C(G) is compact, then the ho-
mogeneous lcK manifold (G/H,Q,J,0)
is Vaisman. In particular, under the con-
ditions (i), (ii), so is any compact non-
Kahler locally homogeneous lcK mani-

fold m\G/H.

Next we introduce the following groups:
Recall that the Heisenberg nilpotent Lie
group A is the manifold R x C" with
group law

($7Z) ) (y7w) = (x+y+1mt2w7z +w)
,wn) € C™).

(z="(21,-+,2n),w = "(wn,...

It is known that A supports a standard
pseudo-Hermitian structure (¢, J) which
has the group of pseudo-Hermitian trans-
formations A" x U(n). Let T™ be the
maximal torus of U(n). Let (k,l) to be
a pair of integers such that £k > 1,1> 0
with k+1=n. Put 0 = (0,...,0) € C*,
1=(1,...,1) € T, (0,(cs,...,q1)) €
(0,C!) < C". Choose a nontrivial rep-
resentation p : C'—T*% = (T* 1) < T".
Let V! be the abelian group generated
by Ci - P(Cz) € (O,Cl) X (Tk71) < C"x
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T™ which is is isomorphic to C!. (1 <
i < ¢). Form the solvable Lie group
C(k,l) = C* x V! in C* x T™. Note
[C(k,1),C(k,1)] < C* (k > 1). Thus
C(k,1) is a meta-abelian group. Let N x
U(n) %5 C" x U(n) be the central ex-
tension. Consider the pre-image M (k, 1)
in N x U(n) Then M(k,I) is a solvable
Lie group with one-dimensional center
but not meta-abelian unless [ = 0 while
M(n,0) = N. Let (z,(z1,...,21501 -
p(cr),....ci-p(ar))) € M(k,1) be an ar-
bitrary element. We further form a solv-
able Lie group M(k, 1) xR in which R =
(ap | 0 € R) acts on M(k,l) as

ao (@, zi5¢5 - pley)) = (%emezi;cj -p(cy))

for some fixed nonzero real numbers \;
(1<i<k).

Theorem 2. A simply connected uni-
modular Vaisman group is isomorphic to
either one of Lie groups R x M(k,1),

M(k, 1) xR, RxSU(2) or R x SL(2,R).

There are four types of simply con-
nected unimodular lcK groups. First
(i) R x SU(2).
structure on RxSU(2) is always Vaisman
([1], [2]). Note that a compact lcK group
is necessarily a 4-dimensional Lie group
locally isomorphic to S x SU(2).

(ii) R x SL(2,R) where SL(2,R) is the
universal covering of SL(2,R). Any ho-

Any homogeneous lcK

mogeneous [cK structure on the reduc-
tive group S! x SL(2,R) is classified in
[1] (cf.[2]). It is worthwhile to mention
that there exist non-Vaisman homoge-
neous [cK structures on S' x SL(2,R).
For the remaining cases (iii) R x M(k, 1),
(iv) M(k,1) x R. Any left invariant ho-
mogeneous Vaisman structure on (iii) or
(iv) is a restriction of any R x N x T"-
invariant lcK structures on R x N'. Any
homogeneous lcK structure on a simply
connected nilpotent Lie group is of this
type on R x N which is always Vaisman
([2, Theorem 2]).

We do not know whether there exists
a non-Vaisman homogeneous IcK struc-
ture on R x M(k, 1) or M(k,l) x R for
dim M(k,1) > 5. That is, a homoge-
neous lcK structure non-extendable to
R x N x T™-invariant [cK structures.

Theorem 4. A simply connected Vais-
man lcK Lie group which admits a uni-
form lattice is isomorphic to either one
of the following Lie groups R x N, R x
SU(2), RxSL(2,R) and N' xR in which
R = (ap | € R) acts on the Heisenberg
group N as ag(w,z;) = (x,e9%2;) for
some fized real numbers A; (1 <i <k).

Theorem 5. Let 7\G/H be a compact
locally homogeneous Vaisman manifold.
Then we have dim C(G)° > 1.

(i) Suppose that C(G)® = R x T. There
exists a holomorphic fibring over a lo-
cally symmetric Kdahler orbifold accord-
ing to T =R or S respectively.

(ii) Suppose that C(G)° = R. Then G =
Rx K;-Sg such that C(K1)? = C(Sp)° =
{1}. In general there is an orbibundle.

F\R X Kl/Hl—)T('\G/H%Q\V(So)/HO
(iii) Suppose that C(G)° = C(Gy)* =T

(=R or S). There exists a holomorphic
fibering over a locally symmetric Kdhler
orbifold.

Finally we have the following topolog-
ical characterization.

Theorem 7. Let w be the fundamental
group of a compact locally homogeneous
Vaisman manifold ™\G/H. Then 7 has
a finite index normal subgroup w which
i a group extension of a nilpotent group
by a nonpositively curved group. If M is
aspherical, then M is a holomorphic or-
bibundle over a locally symmetric Kahler
orbifold with fiber an lcK infranilmani-
fold (or a complex torus T¢).
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