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Study of graph homomorphisms from functional analysis
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In this study, we translated inclusion relations of finite graphs (assumed
to be simple and connected) into the language of embedding of Hilbert spaces, and showed that de
Branges-Rovnyak theory can be applied to this setting. Then, it gives a general method of finding
inequalities. In particular, we had the following two consequences.

1. As an application of discrete de Branges-Rovnyak decomposition to increasing sequences of finite
graphs, we gave a dimension formula for quasi-orthogonal complements (which can be considered as
generalized quotient spaces in a broad sense) and an inequality concerning numbers of connected
components of graphs.

2. As an application of continuous de Branges-Rovnyak decomposition to inclusion of two finite
graphs, we gave quadratic inequalities for graph Laplacians. As a by-product of our study, our

method gives a toy model of the de Branges®™ first proof, known to be very complicated, of the
Bieberbach conjecture.
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