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Gapless states, in which the ground state can be modified b{ an
infinitesimal energy, appear not only at quantum phase transition, but also as stable quantum
critical phases. In this project, we introduced two novel characterizations of gapless quantum
critical states. One is a quantum anomaly, which represents an obstruction against gauging
(localizing) both the spin rotation symmetry and translation of spin locations simultaneously. The
second is a new exponent characterizing the scaling of the polarization amplitude, which represents
the magnitude of the fluctuations of the electric polarization, when the system size is increased.
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