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Development of Technologies of High Performance Computing for Accuracy Assurance
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We establish new implementation methods and performance evaluation for
high-precision matrix-matrix multiplication (HP_GEMM). A high-performance thread parallelization
method for HP_GEMM is developed by sparselization to reduce computational complexities. In addition,

we evaluate several implementation methods with an existing supercomputer. The implementations are
utilizing with sparse storage formats, such as CRS and ELL, and dense matrix-matrix multiplication
DGEMM, and implementations of sparse matrix-vector multiplications to increase efficiency of threads
execution with problem-level parallelisms. Performance of thread execution of the implementations
is clarified by the performance evaluation.
We discuss theory, implementation, and evaluation for accuracy of HP_GEMM. In particular, we

develop an algorithm to establish rounding for the immediate floating-point neighbors in error-free
transformation of the matrix-matrix computations.

LAS



B X C—19,. F—19—1. Z—19,.

1. WFZEBAR S 1D 5

(D) 178017 IR AN S D AR IE A
EEKLIETA4 770, =& 2I1E. BLAS
(Basic Linear Algebra Subprograms) 1. %
< OMIEHA THHEDOUETH 5,

&AM, TERDEAEF R CIRE R H X
BELTWD05, FHARRE RO IEMENE D EH
7o MO ERIENEERFEL 2o TWH
D
—745C. BLAS % W= U 2o Bfit 215
F4 77U ® LAPACK 72 El2B\W\ T, &
PRAEZ 3 D085 1T 700,

(2)Z DRI D G, BLAS Z 45 R EET S A28
DEMEHRFORABFZO T NV—TI2XD
H#EHHNTEY, EHMRHRENRHTETY
Do
ZO—J T, KEBEEHAE M ThivTn
HBA—/N—a ¥ a— X CEthie R 2T
9 HPC 328V Tix. BLAS O EHGE
T XL HEFEEL CFAMT D385 F
NTHY ., B EHOMZENTEREL T\ 5,

(3)YHPC 3% TILBILE, 2020 4= = A B AT HE
T g Yk ATy (RIRA N3 ) 12
T2 RHERSBRR M T TN D, IR AR
I VERBECIRMEO KBIFLIZ LY | i
FENER LA REOGBEMENE L TR
HZENESENTWD,
KR OF RN EETHIE, EIR
SR B OBEER L 72 | KREREEL D
F 5,

FDT, KEEERFET LT Y X LD E MR
RIEZITH) ZENBEBOREL 2> TV B,

2. WrZEDHI

(DABFFEIE ARG B KRR A 70— 7 THH %
SN m R EATHIATHIES (RIRFOTiE) ©
i EEAT AT A (HP_GEMM) 7 /L = U X
LA L L, 2olsbz b9 20 F o
JFH AR OLNIT L2 L2 AN ET 5,

I. HP_GEMM O &EResedE o i et - TBf
178 - BATHIRE ) <2 [HATH - BRITHI) D%
A

II. "f 7V v K MPI/OpenMP 2k %5
MREMLDJFRL . hWROB W T v R /AL v
27 .

III. MPI 15 O fei b o 58 : HP_GEMM
WHI L DR Byy MPI E8 5o
Ir

3. WD HIE

(1) YRk 28 4EFEClxFIC, HP_GEMM A7 /v
Y XLBA%E L OpenMP E4E7e & D Faiflk )7
KO EIT- T,

Frfil (f823) 1%, HP_GEMM |1Z351F % OpenMP
G2 T d DB DGEMM Z V7= RRE L
NOWMFME, B XU, BATIHEIZ XD SpMy
D FREDOVEREFTAM 217V >, HP_GEMM B3 A

CK—19 (d:m)

b (EECEL D SpMV EE) 1[2B1T 5 EERE
FAET LT Y X NEET 5,

2) B (FE) 1%, BGOFEORRE
ThH7=H, HP_GEMM 7 /v =Y X AIZEGE L
TWo, 207D, Al E#ES 52 & T,
EPERE O MAIE D B W EEA~ DR 21T
Do

() FKMA () 13X, FEEMHGE S - N
HERCTELTHY ., BERIETLITY XL L
R F<— 7L DB TERETT I,

4. WF7ERE
() B O F5iEE, AJITHNCR L TULTF O
X (1) OEEELWREIT,

DATHIA E4T5IB % TR & 5 12+ 5
AT oI ANRFEVIZ I BENE Y N &R
Sk 5127 %)

A
B

A(1)+A(2) +A(3) ++-+A (p)
B(1)+B(2) +B(3) +--+B(q) <o (1)

IDATHIRE AB ZLLFO XS IZEETS (p
Xq EOATHIREL 72 %)

AB =
(A1) +A(2) +--+A(p)) (B(1) +B(2) +--+B(q))

= (A()+A(2)+-+A(p)) (B(1)+B(2) +--+B(q))

=A(D) B+ A1) B(2)+ A(2) B(1)+--+A(p)
B(q) <ee (i)

ZZTC, RGOS NTATHIREE S L
OB, ERBERMEZIT O HE CTNE S
ns,

Q)P 1) OfROMt % T RT 52 & T,
L T 21T DT8R &2 IR 2 D IEEIC T
DHIENTED, [TV AXNKREL2DIT
PEV, 1T & A E DB TAIRR 75 DI
&5,

Flo, B TH D p. q ZRET UL,
7 2 RALEE L RO R 255
TENTESL, LEN-T, HEMRMAEZE
LCEBENEXKD Z ENA[ETH D,

3) KHFFEIZ BT 2RI HFIEIIBT S
OpenMP % 7= A L v REEEFXOBHFIC
L. WERGRUTH L TE & 7 %
R LT,

(4) BEFZETlX. LT 11 fiEO FEHE o
BHFICE R L7,

i. dgemm |2 XL 234 (MRS ClI7e W E
)
i. RBIFOHET dgemm 2 AW DH5EE (1t

PARES" Y-V



nliﬁwﬁ& ZRUWNTHE 90%LL T CRS
Bz X 2815217 5 F (EFHE A
ﬁw%7W%)

iv. BRI D T IEIC B TERE 90%LL [T CRS
BRIz X 28185217 5 H (WEFHE A
ﬁw%7%%)

v . BRI DO IFEEIZ B TERE 90%LL T CRS
Bz X 28185217 5 H (EFHE A
ﬁ\w%7W%TW%VAW®Eﬂ@%EO
J7)

vi. Bl& D IFIEIZ B TERE 90%LL 1T CRS
Bz X 28185217 5 H (EFHE A
ﬁ\w%7W%TW%VAW®Eﬂ@%EO
FIET X7 FIVE100 OXWHIHEZ 5 F515)

vii. JFBMR O JFIEIC BT EREE 90%LL T ELL
Rz X 28175217 5 HX Q5L A
ﬁw~7W%)

vill. & D JFIEIZ BN TBRE 90%L4 T ELL
Bz X2 8T8 21T 5 H (EFHE A
ﬁw~7%%)

ix. BRI O T EIC B TEE 90%LL T ELL
BRIz X 2875217 5 = (EFHE A
ﬁ\w%7W$TW%VAW®Eﬂﬁ%ﬁ9
J7)

x . BRI O FHEICB W TEE 90%LL T ELL
Rz X 2875217 5 = (EFHE A
ﬁ\w%7W%TW%VAW®Eﬂ@%EO

FET T NVE 100 OWHI:ZF 5 H1E).

xi. BIGOHTERZ LD, AREEHEICLD
RO X EFIH L CHEET 5 5,

(B) T A MTHIE LT, 174 A ZHAATH &
HDEE S OBEFRICHT LT 0~1 OFFHATE
KT 5, BiLAOWITHIEZH WS

(6) 178 A L1751 BIZES9 2 MR D 4y
i (FNFr, Ak BEO Bk) 122V T,
05 HLEITAE S =% (Spm) 1ZLLFD
WY Thol,

® N=1000: Ak=2, Bk=3. Spm = 2

() ZOFHETIZLL FOFHEMEEZFIH Lz,
® Fujitsu PRIMEHPC FX100 (FX100)
o I EKFERLEYE ¥ —5E
® (PU : SPARC64 XIfx, 2.2 GHz 32(+2) =
7
o GUEBERE 326, Hinr— M () —
R) : 1.1264 TFLOPS (fF5/%), 2.2528
TFLOPS (HLKEEE)
® Xy Tk
> L1:64KB (@45 7 — X 0HfE, =27
), L2:24MB (JLF)
> 4UxA
> 1YV v 4701627, /—FKd
720 2 Y/ v k@ NUMA Rk
> B i@ MPI
» 2 N A FZ :Fujitsu C/C++
Compiler Driver Version 2.0.0
P-id: T01776-01 (Jun 22 2016
14:52:00)

> A A TFTa
> BATHN I — R RSy
-Kopenmp
< FNLgL - -00 *Kopenmp
» AE® VT 7 AMEE (node H 72
V) 240 GB/F (AN /T &)

. —Kfast

Q) BIFDOFIET ¢ da—RTaEREnzb
DZFIH L. FX100 (45K E T 5 MPFR 7
A7V EEALTINEEEE L CHX
HEAPHNT, FMEIE 1 J— R 32 ALy R
WZEE LT, &Ll 7 4 77 Vo FX100 [A1F
BLAS (A L v FIEFIIR, L PZEERR DK
J7) % BLAS JHEERICIFFIA LT b,

(9)F 112, MBI OR R A2 R~ T,

#£1 AJATHNZKRILT
PekFEEE2 &2 1 L LT2BA0OMER FR
(11— zwﬁﬁ®ﬁ>
ESVF-" R R

i 1.00
iii 4.84
iv 22.70
v 14. 47
vi 8.27
vii 3.78
vii 6. 74
ix 3.76
F£1OFERIZ, 20T & MTIFIOBE. 1t

KCORIROFHiEDIEHX 2 1Txt L, F2d
FHR 4 B, I —FNVEEE OB AT 22 £
ik EhTnb

Lo ﬁfm HL OB TOHENE
R T &ﬁf(%fw

(10) AR 28 AL, FEEECRAEAT & Bfil st
HOBRIZESLI RV T <w—7 23575
7o, MIERBEICOWT, @R R I
i FTRE 7R s R R E A B R LT,

ZOJET, KEGREEZN—ALLTE
V. RO L SIS U CRSHC GRS
LS, BRI E 2 R T 57
HDOHLDTHD,

El ﬁﬁ%ﬁ%ﬁméﬁfﬁﬁﬁ%%i
T35 72012i%, 1787 hVEE, X7 hv
@W%@ﬁﬁ IOVWTERELRLETDH

0. ZhEEMEREFRRE CERT -0
TNIY X LENFEFES— A TRIEL, &
I COMFEZREZ DT ENTET,

(11) “ERk 29 AL, @RS 174 - 17588
(ZDOWTC, BIELRDBELZHREL, %
BB ERT DT T X AICOWN TR
1T o7,

224 % F1E13 PBLAS. #51Z PDGEMM & (2 K
ERIFT D20, @i - @IS e N
MfFEns, Flo, HHBELY 02 @0t



EIZFH b s gilBEFEEDO v 7 Z A
o AT Y REHAICEIEL T,

(12) PRk 29 FEEIX, @RS EEATHIRE O RS B 1
2OV T OB - 3245 - Bl 217 - 7o, FFLT,
TR D =T —7 U — &M h H CRE T
BN EERTH TV TY X LD
FEIToT,

BpEEh N LD ST, BEAEICEED &
FE/NUSH DO EHE L0 ZIRTHOTH D,
FHEEICEBERZENMEATWND,

Z DR ERFFER X OWEREREE 21T - 7=,
MM B0, TREEO 7HRED
Ry CRE B B NS LD BN ERR S LD 2
& EHUEERICE VR LT,

5. EIpFEIGm L
(WFFEFRAE . WHIE5HE M ORI ZE4 12
(=)

GEEams) (B3 1)

@ Shuntaro Ichimura, Takahiro Katagiri,
Katsuhisa Ozaki, Takeshi Ogita, Toru
Nagai, Threaded Accurate
Matrix-Matrix Multiplications with
Sparse Matrix—Vector Multiplications,
Proceedings of IEEE IPDPSW2018, 2018,
1-10

© zkm s, Bl A, FOR HESE. FAR
ZEPE, HPC 3 BFIZ BT DS ERREAT & %K
EFIR P DR, HRHE A N7 +—
v AaAVEa—TF 47 (HPC),
2017-HPC-160, 2017, 1-5

@ TR BEKRR, A AV, Rl EA. 3K
B o, & 7. K8 Rk, v LT o
T EHEMEIC X D mR AT - ATHIRE T L
Y XL OMEREFHIT, PRI A A T
F—~vr AL Ea—T 47 (HPC),
2017-HPC-160, 2017, 1-8

(P E) (G 10 14)

(O Takahiro Katagiri, Shuntaro Ichimura
and Kenya Yamada, High Precision
Computing of Matrix—Matrix
Multiplications and a New Approach of
Auto—Tuning to Numerical Libraries by
Deep Learning, SIAM Conference on
Parallel Processing for Scientific
Computing 2018 (SIAM PP18), 2018

@ RIF s ATHIREIC 3T 5 BB /N K
NADDOFERZ RS T LT X h HAE
B s A e R 2018

(® Takeshi Ogita, Development of Verified

Numerical Computations in
High—Performance Computing
Environments, 2018 Conference on

Advanced Topics and Auto Tuning in
High—Performance Scientific Computing
(ATAT in HPSC 2018) (##f7ifi#) , 2018
@ Takeshi Ogita, Accurate and Verified

Numerical Computations with HPC, SIAM
Conference on Parallel Processing for
Scientific Computing 2018 (SIAM PP18),
2018

(® Takahiro Katagiri, Satoshi Ohshima,
Masaharu Matsumoto, Algorithmic
Revolution and Auto—tuning for Matrix
Computations in Post Moore’ s Era,
SIAM Conference on Computational
Science and Engineering (CSE17), 2017

® Takeshi Ogita, Iterative refinement of
eigenvectors of symmetric matrices
with clustered eigenvalues, SIAM
Conference on Computational Science
and Engineering (CSE17), 2017

(@ Katsuhisa 0Ozaki, Takeshi Ogita,
Faithful Rounding for Matrix
Multiplication, SIAM Conference on

Computational Science and Engineering
(CSE17), 2017

® zkH KL BEMEICET 5 HPC M X 0
FEEERGEE & RIESRIE, F 9 RIE BT
a— =V TEM OB LISHICET 5 v
VAR A (ATTA2017) (FEARaET) . 2017

© FKH KL, BEREAEICBIT 2 KEK
Bk FE1THEIAT eSS A — T T T
v yia L (ATOSIT), (FEAFFEER) .
2017

@O FKHE RS, FERFRITEI O E A Rkt
T HREEEIE, ISHMENTIFs2, 2016

(X&) G o)

L

(PEER PEHE)
OHFER I Gt 0 1)
L
ORI (B0 1)
L

(Z Dfth)

R B s

http://www. abc—1ib. org/MyHTML/getpaper.
html

6. WFIERER

() wrgefas

Ffid 2#PE (KATAGIRI, Takahiro)
BRI 2 — - B
e85 5 40345434

(2) 9oy

M @5 (0GITA, Takeshi)
W21 K%« BUREER I - 30
9% 5 : 00339615

Flw  7i/A (0ZAKI, Katsuhisa)
S THERSE « VAT LB T -



%

WFgeE 35 - 90434282

(3) HHEMFIE
L

(4) W7t
At EEAKES (ICHIMURA, Syuntaro)



