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This research establishes several new spectral properties for a random matrix model so called

Gaussian beta ensembles. Approaches are also new and are applicable to a large class of random
Jacobi matrices.

Gaussian beta ensembles, a natural generalization of Gaussian
orthogonal/unitary/symplectic in terms of the joint probability density functions, are now realized
as eigenvalues of random symmetric tridiagonal matrices, called Jacobi matrices, with independent
entries. In this research, we establish several new spectral properties of Gaussian beta ensembles
such as convergence to a limit and Gaussian fluctuations around the limit of the spectral measures
and of the empirical distributions. Approaches which are mainly based on the random matrix model are

also applicable to a large class of random Jacobi matrices.
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Gaussian beta ensembles were originally defined as ensembles of real particles with
explicit joint probability density functions which generalize Gaussian orthogonal/
unitary/symplectic ensembles. They can be viewed as the equilibrium measure of a one-
dimensional Coulomb log-gas under a Gaussian potential at the inverse temperature beta.
A random symmetric tridiagonal matrix (called a Jacobi matrix) model for them was
introduced by Dumitriu and Edelman in 2002. Since then, many new spectral properties
such as the limiting behaviors of the local statistics and of the largest eigenvalue
have been derived by using the model. Universality phenomenon, meaning that a property
which holds for Gaussian beta ensembles also holds for a large class of beta ensembles
or a large class of random Jacobi matrices, has also been studied intensively.

The purpose of this research is to establish new spectral properties of Gaussian beta
ensembles and of random Jacobi matrices. This research aims to provide universal
approaches which are applicable to a large class of random matrices.

Since Gaussian beta ensembles and random Jacobi matrices are related to many fields of
mathematics and physics, this research has been done by exchanging ideas with people
from different fields through attending seminars, workshops and conferences.

The following are some main achievements.

(1) Spectral measures of random Jacobi matrices. Three classical beta ensembles on the
real line are now realized as eigenvalues of certain random Jacobi matrices. The
limiting behavior of the empirical distributions has been well studied. In this research,
we study the limiting behavior of the spectral measures. It was motivated by the fact
that a finite Jacobi matrix of size N is one to one correspondence with a probability
measure, called its spectral measure, supported on exactly N real points. A universal
approach is developed to show the convergence to a limit and Gaussian fluctuations
around the limit of the spectral measures of random Jacobi matrices of the three
classical beta ensembles. Furthermore, for these three beta ensembles, relations
between their spectral measures and empirical distributions can be made explicitly.
Thus, studying spectral measures provides another way to establish the limiting
behavior of empirical distributions.

(2) Global spectrum properties of Gaussian beta ensembles. For fixed beta, the empirical
distributions of Gaussian beta ensembles converge to the semi-circle distribution,
known as Wigner’ s semi-circle law. What happens if the parameter beta varies with the
matrix size? This study gives the answer. We show that:(i) Wigner' s semi-circle law
holds as long as Nf tends to infinity, and (ii) in case NS goes to a finite constant,
the empirical distributions converge to a probability measure with full support which
is the probability measure of associated Hermite orthogonal polynomials. Gaussian
fluctuations around the limit, or more precisely, central limit theorems for linear
statistics are also established for test functions having continuous derivative of
polynomial growth.

(3) Determinants of Gaussian beta ensembles. The determinant of a matrix is an important
quantity. For fixed beta, a central limit theorem for the log-determinants of Gaussian
beta ensembles is established. Note that the log-determinant can be written as the
linear statistics with respect to the logarithm test function. However, the logarithm
does not belong to the class of test functions mentioned in Problem (2) above. Thus,
it should be dealt with separately. Note also that the absolute value of determinants
of Gaussian orthogonal ensembles and of Gaussian unitary ensembles can be written as
products of independent random variables, implying a central limit theorem by using
some classical limit theorem in probability theory.

(4) Poisson statistics for the local statistics of Gaussian beta ensembles in the
regime where NS stays bounded. In the regime where NS tends to a finite constant,
the Poisson statistics was established previously by analyzing the joint density of



Gaussian beta ensembles but without explicit form of the intensity measure. We give an
alternative proof based on the random Jacobi matrix model. We first refine Minami’ s
method to show the Poisson statistics for general Jacobi matrices with independent
entries under some mild conditions. Then we show that such conditions hold true in
case of Gaussian beta ensembles in the considering regime.
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