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研究成果の概要（和文）：ミュー粒子の磁場中でのスピン運動の周期へのハドロン寄与と呼ばれる原子核を構成
するクォークとグルーオンからの影響を、量子色力学の第一原理計算を行うことによって計算した。ハドロン寄
与を現実世界のクォークの質量や電荷に則して、統計誤差を抑え系統誤差を全て評価した計算を行った。その結
果、１つめのハドロン真空偏極寄与を0.５%程度、光光散乱寄与を30%程度の精度で決定することが出来た。他の
理論計算と合わて理論値は最新の実験値から 標準誤差の 4.2倍程度小さく出ており、このずれが理論・実験の
誤差によるものなのか、未知の素粒子や相互作用の発見に繋がるのか非常に重大な問題となっている。

研究成果の概要（英文）：Hadronic contribution to the muon’s anomalous magnetic moment, g-2, was 
computed by solving the first principle, Quantum Chromo Dynamics, on a massively parallel computer 
using discretized space-time lattice.
We compute two different hadronic contributions for quark mass and electric charge of nature. 
Statistical error of the Monte Carlo integral was highly suppressed, and all systematical errors 
were taken into account. Our calculation, which gives 0.5% accuracy for Hadronic Vacuum Polarization
 contribution and 30% error for Hadronic Light-by-Light contribution, predicts a smaller g-2 value 
than that of the latest experimental value by 4.2 times the standard error. It now becomes one of 
the most exciting issues in fundamental physics whether this discrepancy is due to unknown new 
particle and/or interaction beyond the Standard Model of particle physics.

研究分野：素粒子理論

キーワード： 格子場の理論　素粒子論　ミュー粒子の異常磁気能率　ハドロン物理　素粒子標準模型

  ３版

令和

研究成果の学術的意義や社会的意義
現在までに非常に高精度で測定されているミュー粒子の異常磁気能率と直接付き合わせることの出来る理論物理
からの信頼できる理論値を第一原理計算により導出した。最新の実験値は理論値に比べて既知の素粒子や物理法
則では説明のつかない有意なずれを示している。近い将来　日米で今よりもさらに4－5倍程度精度の高い実験が
計画されており、理論計算のさらなる進展と合わせて、現在の標準模型と呼ばれる既知の素粒子・物理法則を超
えた新発見が近い将来もたらされる可能性が高まっている。

※科研費による研究は、研究者の自覚と責任において実施するものです。そのため、研究の実施や研究成果の公表等に
ついては、国の要請等に基づくものではなく、その研究成果に関する見解や責任は、研究者個人に帰属します。



様 式 Ｃ－１９、Ｆ－１９－１、Ｚ－１９（共通） 
 
 
１．研究開始当初の背景 

 
ミュー粒子は電子と同じ電荷を持つ約２００倍重い（荷電）レプトンと呼ばれるスピン 1/2 を持
つ粒子である。磁場中でミュー粒子のスピンが磁場の方向からその反対方向に向きまだ同じ方
向に戻ってくるまでの周期は、質量に反比例し比例係数は g 因子と呼ばれる無次元の数で表さ
れる。ミュー粒子が仮に古典電磁気学に従うならば、g 因子は正確に 2 となる量であるが、現実
世界では量子力学の効果でミュー粒子や磁場から放出されまた吸収される素粒子の影響により
２から 0.1%程度大きくなり、このずれはミュー粒子の異常磁気能率と呼ばれている。 
  

 
このずれは 1940 年頃に誕生した量子場の理論と呼ばれる素粒子の基本法則の発見と確立に大
きく寄与し続けてきた。実際、この 0.1%程度の g 因子の２からのずれはミュー粒子が光子を一
回放出・吸収する過程を量子電磁気学で計算すると計算出来、量子電磁気学の確立につながった。
現在ではこの g 因子は 非常に高精度（１１桁程度）で実験的に測られており、その結果は全て
の既知の素粒子の物理法則を表す素粒子標準理論から予言される値と正確に合致しなくてはな
らないが、２０００年頃に米国ブルックヘブン国立研究所では標準理論から有意に異なった結
果が報告され、実験値、理論値どちらかに間違いがあるのか、それとも素粒子標準模型では説明
のつかない新しい素粒子や物理法則の発見に繋がるのか大きな問題となっていたため、米国の
フェルミ研究所と日本の J-PARCでこのずれの検証とより精密な実験が計画、進行中であった。 
 
尚、電子のｇ因子はミューオンに比べてさらに正確に測定されているが、ミュー粒子の方が新し
い物理に（質量の自乗に比例するため）４万倍程度敏感であると期待されるため、ミューオン粒
子の異常磁気能率に注目が集まっている。 
 
２．研究の目的 
 
本研究ではこの標準模型から得られる理論値の計算、特に今までの理論計算で最も理論誤差の
大きい、ミュー粒子や磁場が光子を通して放出吸収するクォークからの寄与を曖昧さ無く求め
ることを目標とした。クォークは原子核などのハドロンと呼ばれる物質を構成する素粒子で非
常に強い力でハドロン中に閉じ込められている。クォークからのｇ因子への寄与（ハドロン寄与
とも呼ばれる）には以下の２つの図に示すようにミュー粒子が放出・吸収する光子を通じてクォ
ークと反クォークを生成消滅する過程（この光子とクォークの部分は量子電磁気学での最低エ
ネルギー状態である真空中に仮想的にハドロンが生成・消滅する過程と同じであることから、ハ
ドロン真空偏極寄与 Hadronic Vacuum Polarization (HVP)と呼ぶ）と、磁場からクォーク・反
クォークが生成され、ミュー粒子と３つの光子を通じて繋がるハドロン光光散乱寄与（２つの光
子がハドロンを放出吸収してまた２つの光子になることから、丁度光と光の散乱に対応する）。
ハドロンから１つの光子を通じてミュー粒子と繋がる過程は光の伝搬への影響として真空偏極
の過程に取り入れられており、またハドロンから出た２つの光子がミュー粒子に繋がる過程は
対称性から起きないので、この光光散乱がハドロンが関わる寄与として、真空偏極の次に大きな
ものとなる。 
 

図 1 ミュー粒子の異常磁気能率に対応する過程（ファイン

マン ダイアグラム）矢印付きの実線がミュー粒子。波線は

磁場やミュー粒子から放出・吸収される光子を表す。J.シュ

インガーにより 1948 年に計算された。  
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これらのハドロン寄与は異常磁気能率全体への影響は真空偏極寄与が 約 2 万分の１、光光散乱
はさらにその約 100 分の一という極小の寄与であるが、最新の実験の誤差は光光散乱の半分以
下の誤差で、将来はさらにその 4 倍から 5 倍程度精度の高い実験が予定されている。理論の誤
差に関しては、この２つのハドロン寄与の誤差が支配的であり、現在及び近未来の実験精度に見
合う精度は真空偏極寄与を 0.2-0.5%程度の誤差で、光光散乱を 10％程度の寄与で決定すること
が求められている。これだけ高精度の実験と付き合わせる理論計算は現実世界の素粒子の運動
を忠実に計算し、それでも残る様々な種類の誤差を全て完全に評価し尽くした値を求めなくて
はならない。 
 
 
３．研究の方法 
 
現実世界に忠実な完全な計算を行うために本研究では、クォークが運動する時空間を格子状に
離散化し、その格子上でクォークや反クォークが前記の２つ（真空偏極）ないし４つ（光光散乱）
の光子の放出・吸収をする確率の振幅を、量子色力学と呼ばれる量論的に正しい第一原理のモン
テカルロ積分を行う事により解く格子量子色力学の大規模数値計算を行った。 
 
現実世界のクォークの持つ質量・電荷を忠実に計算するために今まではほとんど行われてこな
かった、量子色力学と量子電磁気学を同時に格子上で計算し、クォークのスピンに関わる重要な
対称性であるカイラル対称性と呼ばれる対称性を格子状でも保ったままの理論形式（ドメイン
ウォール フェルミオン形式）を用いていることが特色となる。 
 
目標とする精度を目指して 真空偏極の計算では、モンテカルロ積分の統計誤差を計算コストの
より低い近似計算を組み合わせる All Mode Average 法を、ハドロンの中のクォークの運動の主
要部分となる低エネルギー固有状態を数千個分計算し、その部分は正確に計算し残りの数億か
ら数十億の自由度に関しては統計的に偏りのないモンテカルロ計算を行うことによって行った。
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FIG. 1. Leading contributions from hadronic light-by-light
scattering to the muon anomaly. The shaded circles repre-
sent quark loops containing QCD interactions to all orders.
Horizontal lines represent muons. Quark- connected (left) and
disconnected (right) diagrams are shown. Ellipsis denote di-
agrams obtained by permuting the photon contractions with
the muons and diagrams with three and four quark loops with
photon couplings (See Fig. 3).

detail in Ref. [31], and the diagrams to be computed are
shown in Figs. 2 and 3. It is still not possible to do all
of the sums over coordinate space vertices exactly with
currently available compute resources. Therefore we re-
sort to a hybrid method where two of the vertices on
the hadronic loop(s) are summed stochastically: point
source propagators from coordinates x and y are com-
puted, and their sink points are contracted at the third
internal vertex z and the external vertex xop. Since the
propagators are calculated to all sink points, z and xop
can be summed over the entire volume. The sums over
vertices x and y are then done stochastically by comput-
ing many (O(1000)) random pairs of point source prop-
agators. To do the sampling e�ciently, the pairs are
chosen with an empirical distribution [? ] designed to
frequently probe the summand where it is large, less fre-
quently where it is small. Since QCD has a mass-gap,
we know the hadronic loop is exponentially suppressed
according to the distance between any pair of vertices,
including |x ≠ y|. As we will see, the main contribution
comes from distances less than about 1 fm. The muon
line and photons are computed e�ciently using FFT’s;
however, because they must be calculated many times,
the cost is not negligible.

Two additional, but related, parts of the method bear
mentioning. First, the form dictated by the right hand
side of Eq. 2 suggests the limit q æ 0 is unhelpful since
the desired F2 term is multiplied by 0. Second, in our
Monte Carlo lattice QCD calculation the error on the
F2 contribution blows up in this limit. The former is
avoided by evaluating the first moment with respect to
xop at the external vertex and noticing that an induced
extra term vanishes exponentially in the infinite volume
limit [31]. This moment method allows the direct calcula-
tion of the correlation function at q = 0, and hence F2(0).
To deal with the second issue, we first recall that it is the
Ward identity that guarantees the unwanted term to van-
ish in the moment method. We thus enforce the Ward
identity exactly on a configuration-by-configuration ba-
sis [31]. i.e., before averaging over gauge fields by insert-
ing the external photon at all possible locations on the
quark loop in Fig. 2. This makes the factor of q in Eq. (2)
exact for each measurement and not just in the average
and reduces the error on F2(0) significantly. Implement-
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• Point source photons at x and y.

• Importance sampling is used in choosing x and y.

� Major contribution comes from the region where x and y are not far separated.

� In fact, we can evaluate all possible (upto discrete symmetries) relative positions for
distance less than a certain value rmax, which is normally set to be 5 lattice units.

• Moment method for xop. Evaluate F2(q2) at q = 0 directly.

Method published in Phys.Rev. D93 (2016) no.1, 014503. Order 1000 improvement over the
previous approach [Phys.Rev.Lett. 114 (2015) no.1, 012001].

FIG. 2. Connected diagrams. Sums over x and y are com-
puted stochastically. The third internal vertex z and the ex-
ternal vertex xop are summed over exactly. The sums on the
muon line are done exactly using FFT’s. Strong interactions
to all orders are not shown.
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FIG. 3. Disconnected diagrams contributing to the muon
anomaly. The top leftmost is the leading one, and does not
vanish in the SU(3) flavor limit. Strong interactions to all
orders, including gluons connecting the quark loops, are not
shown.

ing the above techniques produces an order O(1000) fold
improvement in the statistical error over the original non-
perturbative QED method used to compute the hadronic
light-by-light scattering contribution [30].
The quark-disconnected diagrams that occur at O(–3)
are shown Fig. 3. All but the upper-leftmost diagram
vanish in the SU(3) flavor limit and are suppressed by
powers of mu,d ≠ ms, depending on the number of quark
loops with a single photon attached. For now we ignore
them and concentrate on the leading disconnected dia-
gram which is computed with a method [32] similar to
the one described in the first part of this section. To en-
sure the loops are connected by gluons, explicit vacuum
subtraction is required. However, in the leading diagram
the moment at xop implies the left-hand loop in Fig. 3
vanishes due to parity symmetry, and the vacuum sub-
traction is done to reduce noise.
As for the connected case, two point sources (at y and
z in Fig. 3) are chosen randomly, and the sink points
(at x and xop in Fig. 3) are summed over. We com-
pute M (usually M = 1024) point source propagators
for each configuration. All M2 combinations are used to
perform the stochastic sum over y ≠ z. This “M2 trick”
[31, 32] is crucial to bring the statistical fluctuations of
the disconnected diagram under control (see Sec. B of

Contribution Section Equation Value ⇥1011 References

Experiment (E821) Eq. (8.13) 116 592 089(63) Ref. [1]

HVP LO (e+e�) Sec. 2.3.7 Eq. (2.33) 6931(40) Refs. [2–7]
HVP NLO (e+e�) Sec. 2.3.8 Eq. (2.34) �98.3(7) Ref. [7]
HVP NNLO (e+e�) Sec. 2.3.8 Eq. (2.35) 12.4(1) Ref. [8]
HVP LO (lattice, udsc) Sec. 3.5.1 Eq. (3.49) 7116(184) Refs. [9–17]
HLbL (phenomenology) Sec. 4.9.4 Eq. (4.92) 92(19) Refs. [18–30]
HLbL NLO (phenomenology) Sec. 4.8 Eq. (4.91) 2(1) Ref. [31]
HLbL (lattice, uds) Sec. 5.7 Eq. (5.49) 79(35) Ref. [32]
HLbL (phenomenology + lattice) Sec. 8 Eq. (8.10) 90(17) Refs. [18–30, 32]

QED Sec. 6.5 Eq. (6.30) 116 584 718.931(104) Refs. [33, 34]
Electroweak Sec. 7.4 Eq. (7.16) 153.6(1.0) Refs. [35, 36]
HVP (e+e�, LO + NLO + NNLO) Sec. 8 Eq. (8.5) 6845(40) Refs. [2–8]
HLbL (phenomenology + lattice + NLO) Sec. 8 Eq. (8.11) 92(18) Refs. [18–32]
Total SM Value Sec. 8 Eq. (8.12) 116 591 810(43) Refs. [2–8, 18–24, 31–36]
Di↵erence: �aµ := aexp

µ � aSM
µ Sec. 8 Eq. (8.14) 279(76)

Table 1: Summary of the contributions to aSM
µ . After the experimental number from E821, the first block gives the main results for the hadronic

contributions from Secs. 2 to 5 as well as the combined result for HLbL scattering from phenomenology and lattice QCD constructed in Sec. 8. The
second block summarizes the quantities entering our recommended SM value, in particular, the total HVP contribution, evaluated from e+e� data,
and the total HLbL number. The construction of the total HVP and HLbL contributions takes into account correlations among the terms at di↵erent
orders, and the final rounding includes subleading digits at intermediate stages. The HVP evaluation is mainly based on the experimental Refs. [37–
89]. In addition, the HLbL evaluation uses experimental input from Refs. [90–109]. The lattice QCD calculation of the HLbL contribution builds on
crucial methodological advances from Refs. [110–116]. Finally, the QED value uses the fine-structure constant obtained from atom-interferometry
measurements of the Cs atom [117].

0. Executive Summary

The current tension between the experimental and the theoretical value of the muon magnetic anomaly, aµ ⌘
(g � 2)µ/2, has generated significant interest in the particle physics community because it might arise from e↵ects
of as yet undiscovered particles contributing through virtual loops. The final result from the Brookhaven National
Laboratory (BNL) experiment E821, published in 2004, has a precision of 0.54 ppm. At that time, the Standard
Model (SM) theoretical value of aµ that employed the conventional e+e� dispersion relation to determine hadronic
vacuum polarization (HVP), had an uncertainty of 0.7 ppm, and aexp

µ di↵ered from aSM
µ by 2.7�. An independent

evaluation of HVP using hadronic ⌧ decays, also at 0.7 ppm precision, led to a 1.4� discrepancy. The situation was
interesting, but by no means convincing. Any enthusiasm for a new-physics interpretation was further tempered when
one considered the variety of hadronic models used to evaluate higher-order hadronic light-by-light (HLbL) diagrams,
the uncertainties of which were di�cult to assess. A comprehensive experimental e↵ort to produce dedicated, precise,
and extensive measurements of e+e� cross sections, coupled with the development of sophisticated data combination
methods, led to improved SM evaluations that determine a di↵erence between aexp

µ and aSM
µ of ⇡ 3–4�, albeit with

concerns over the reliability of the model-dependent HLbL estimates. On the theoretical side, there was a lot of activity
to develop new model-independent approaches, including dispersive methods for HLbL and lattice-QCD methods for
both HVP and HLbL. While not mature enough to inform the SM predictions until very recently, they held promise
for significant improvements to the reliability and precision of the SM estimates.

This more tantalizing discrepancy is not at the discovery threshold. Accordingly, two major initiatives are aimed
at resolving whether new physics is being revealed in the precision evaluation of the muon’s magnetic moment. The
first is to improve the experimental measurement of aexp

µ by a factor of 4. The Fermilab Muon g � 2 collaboration is
actively taking and analyzing data using proven, but modernized, techniques that largely adopt key features of magic-
momenta storage ring e↵orts at CERN and BNL. An alternative and novel approach is being designed for J-PARC. It
will feature an ultra-cold, low-momentum muon beam injected into a compact and highly uniform magnet. The goal
of the second e↵ort is to improve the theoretical SM evaluation to a level commensurate with the experimental goals.
To this end, a group was formed—the Muon g�2 Theory Initiative—to holistically evaluate all aspects of the SM and
to recommend a single value against which new experimental results should be compared. This White Paper (WP) is
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The current tension between the experimental and the theoretical value of the muon magnetic anomaly, aµ ⌘
(g � 2)µ/2, has generated significant interest in the particle physics community because it might arise from e↵ects
of as yet undiscovered particles contributing through virtual loops. The final result from the Brookhaven National
Laboratory (BNL) experiment E821, published in 2004, has a precision of 0.54 ppm. At that time, the Standard
Model (SM) theoretical value of aµ that employed the conventional e+e� dispersion relation to determine hadronic
vacuum polarization (HVP), had an uncertainty of 0.7 ppm, and aexp

µ di↵ered from aSM
µ by 2.7�. An independent

evaluation of HVP using hadronic ⌧ decays, also at 0.7 ppm precision, led to a 1.4� discrepancy. The situation was
interesting, but by no means convincing. Any enthusiasm for a new-physics interpretation was further tempered when
one considered the variety of hadronic models used to evaluate higher-order hadronic light-by-light (HLbL) diagrams,
the uncertainties of which were di�cult to assess. A comprehensive experimental e↵ort to produce dedicated, precise,
and extensive measurements of e+e� cross sections, coupled with the development of sophisticated data combination
methods, led to improved SM evaluations that determine a di↵erence between aexp

µ and aSM
µ of ⇡ 3–4�, albeit with

concerns over the reliability of the model-dependent HLbL estimates. On the theoretical side, there was a lot of activity
to develop new model-independent approaches, including dispersive methods for HLbL and lattice-QCD methods for
both HVP and HLbL. While not mature enough to inform the SM predictions until very recently, they held promise
for significant improvements to the reliability and precision of the SM estimates.

This more tantalizing discrepancy is not at the discovery threshold. Accordingly, two major initiatives are aimed
at resolving whether new physics is being revealed in the precision evaluation of the muon’s magnetic moment. The
first is to improve the experimental measurement of aexp

µ by a factor of 4. The Fermilab Muon g � 2 collaboration is
actively taking and analyzing data using proven, but modernized, techniques that largely adopt key features of magic-
momenta storage ring e↵orts at CERN and BNL. An alternative and novel approach is being designed for J-PARC. It
will feature an ultra-cold, low-momentum muon beam injected into a compact and highly uniform magnet. The goal
of the second e↵ort is to improve the theoretical SM evaluation to a level commensurate with the experimental goals.
To this end, a group was formed—the Muon g�2 Theory Initiative—to holistically evaluate all aspects of the SM and
to recommend a single value against which new experimental results should be compared. This White Paper (WP) is
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図 ２ ハドロン真空偏極寄与。斜線の部分が光子から放出さ

れるクォーク反クォーク対から出来たハドロンを表す。  

図 ３ ハドロン光光散乱寄与。左側が一番寄与の大きな主要

部、右側が次に主要な寄与。両者はクォークがどのように繋

がっているか（左図ではクォークは一つのループ、右図では

２つのループをなす）が異なる。この他にも 6 種類の異なる

つながり方をするクォークの寄与がある。  

表 1 異常磁気能率 (g-2)/2 の内訳。 HVP が真空偏極寄与。

HLbL が 光光散乱寄与。ＱＥＤは量子電磁気のみからの寄

与（図１とその高次効果に対応）。Electroweak は電弱相互

作用からの寄与。 



クォークの低エネルギー部分の計算は疎視化した格子上での計算と元の精密な格子上での計算
を繋げるマルチグリッド法を考案して高効率化している。 
 
真空偏極寄与は、光子が様々なハドロンになりまた光子に戻る現象であるが、特に光子間の距離
が遠くなるとエネルギーの低いハドロン、特に様々なハドロンの中でも質量が最小であるパイ
中間子が２つ伝搬する過程が大きな寄与をもたらす。この性質に注目して目的とする光子から
光子への過程だけでなく、2体のパイ中間子が生成され光子になる過程やその逆をも計算しそれ
らの複数の過程の情報を合わせることによって遠距離部分の計算精度を大きく改善することに
成功した。これらの 2体パイ中間子はお互いに強い相互作用を通じて力を及ぼし合うが、その相
互作用（2体パイ中間子の散乱相互作用）を正しく取り入れたこととなっている。 
 
今までの多くの格子量子色力学の計算では、6種類あるクォークの内最も軽いアップとダウンク
ォークの質量差を無視したアイソスピン対称近似を行いまたクォークの持つ電荷もゼロとして
扱っている。これらの近似は真空偏極寄与で目的とする精度では許されない近似となり、現実世
界のアップ・ダウンクォークの質量と電荷を使って計算する必要がある。これらの寄与（アイソ
スピン対称性の破れの寄与）も、対応する過程を計算知ることによって行った。この計算は格子
計算としては新しい先進的な計算であり、ミュー粒子の異常磁気能率という高精度が必要な計
算のために開発した。アイソスピンの破れの計算は他にも多くの高精度が必要な物理にとって
必要な技術要素であり多くの応用が期待できる。 

 
 
 
 
４．研究成果 
 
以上述べた様々な工夫を凝らした計算の結果、ハドロン真空偏極寄与については我々の格子計
算結果と電子・陽電子が対消滅してハドロンへ崩壊する実験の振幅を表す比 (R 比)の精度のエ
ネルギー部分を合わせて目的とする ０．５％  程度の精度を達成した。ただし、この R 比を
使うところは実験からの数値を使っており、純粋な理論物理計算ではない。 
R 比を使わなかった場合の我々の結果の精度は ２−３％ 程度の精度で最終的な目標にはまだ
達していないのでそれを目指して現在も計算を進行中である。 
 
 

 

 

 

 

(a) V (b) S (c) ST (d) T (e) Td

(f) F (g) D3 (h) D3T

(i) D1 (j) D1T (k) D1d (l) D1d,T (m) D2 (n) D2d

Figure 42: Photonic-correction diagrams to order O(↵) with external vector operators. Adapted from Ref. [403].

(a) M (b) O (c) R (d) Rd

Figure 43: SIB-correction diagrams to order O(�m). The diamonds denote the insertion of a scalar operator. Adapted from Ref. [403].

set of diagrams coming from the expansion to O(↵) in the QED coupling is shown in Fig. 42.29 These diagrams can
be divided into three di↵erent classes: QED corrections to the quark-connected contributions are given by diagrams V ,
S , and S T ; diagrams F, D3, and D3T represent corrections to the quark-disconnected contributions; while diagrams T ,
D1, D1T , D2 and Td, D1d, D1d,T , D2d account for QED IB e↵ects coming from dynamical sea quarks for the quark-
connected and quark-disconnected contributions (the latter denoted by a subscript d), respectively. Diagrams S T , D1T ,
D3T , D1d,T of Fig. 42, denoted by subscripts T , correspond to the insertions of the tadpole operator. The latter is a
feature of lattice discretization and plays a crucial role in order to preserve gauge invariance to O(↵) in the expansion
of the quark action. In the calculation performed in Ref. [11] tadpole contributions are absent since insertions of local
vector currents are used. Regularization-specific IB e↵ects associated with the tuning of the quark critical masses in
the presence of QED interactions [389, 393] arise when the lattice fermionic action does not preserve chiral symmetry,
as in the case of Wilson and twisted-mass fermions (see, e.g., Refs. [12, 375]). This requires in addition the evaluation
of diagrams with insertions of pseudoscalar densities (i.e., replacing the insertions of a scalar operator in Fig. 43 by
pseudoscalar currents). IB corrections due to the expansion in the quark masses are given by the diagrams in Fig. 43.

The ETM [12, 375] and RBC/UKQCD [11] calculations are performed within the so-called electroquenched
approximation, i.e., by treating sea quarks as neutral particles with respect to electromagnetism. Thus, diagrams where

29The use of lattice conserved vector currents at the source and at the sink requires the evaluation of additional diagrams [432].
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図 4 真空偏極のアイソスピンの破れの効果を計算するのに
必要なファインマンダイアグラム。 
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No New PhysicsNo New Physics
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FHM-19
PACS-19
RBC/UKQCD-18
BMW-17
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HPQCD-16
ETM-13
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DHMZ-19
BDJ-19
Jegerlehner-18

RBC/UKQCD-18

aµ
HVP,LO . 1010

LQCD
Pheno.

Pheno+LQCD

Figure 44: Compilation of recent results for aHVP, LO
µ in units of 10�10. The filled dark blue circles are lattice results that are included in the “lattice

world average”. The average, which is obtained from a conservative averaging procedure in Sec. 3.5.1, is indicated by a light blue band, while the
light-green band indicates the “no new physics” scenario, where aHVP, LO

µ results are large enough to bring the SM prediction of aµ into agreement
with experiment. The unfilled dark blue circles are lattice results that are older or superseded by more recent calculations. The red squares indicate
results obtained from the data-driven methods reviewed in Sec. 2. See Table 8 for more information on the results included in the plot. Adapted
from Ref. [443].

are not included in the averages.
The lattice results for the dominant light-quark connected contribution aHVP, LO

µ (ud), shown in the upper-right
panel of Fig. 45, exhibit a similar spread in central values as those for aHVP, LO

µ . There is a 2.4� tension between
the results with lowest (ETM-18/19 [17, 377]) and highest (Mainz/CLS-19 [15], PACS-19 [13]) central values, while
BMW-17 [10], RBC/UKQCD-18 [11], FHM-19 [14], and Aubin et al.-19 [16] lie in between. In HPQCD-16 [376],
the light-quark connected contribution is not defined in the same way as in this review, as it is evaluated there at
the physical charged pion mass. As a result it cannot be directly compared to lattice results for aHVP, LO

µ (ud) and
is therefore omitted from Fig. 45. As discussed in Sec. 3.2, aHVP, LO

µ (ud) is sensitive to the long-distance (large
Euclidean time) behavior of the vector-current correlator, which is the region where the correlator su↵ers from a StN
problem. It is possible that the above tension is related to the di↵erent strategies employed to control and model this
important region. Further investigations, including comparisons of other intermediate quantities with di↵erent levels
of sensitivity to the short- and long-distance contributions, would be useful. The fact that the tension between di↵erent
results is larger than the individual errors may be an indication that some systematic e↵ects are underestimated. We
expect that this situation will improve in future high-precision studies, which will enable more refined analyses of the
underlying systematic errors.

The strange- and charm-quark connected contributions aHVP, LO
µ (s) and aHVP, LO

µ (c) are shown in the upper-right
and lower-left panels of Fig. 45 respectively. These quantities are already calculated at close to target precision.
The results for aHVP, LO

µ (s) and for aHVP, LO
µ (c) from Refs. [10, 11, 17, 358, 377] are nicely consistent. However, the

PACS-19 [13] result for aHVP, LO
µ (s) is in 1� tension with the other lattice results while for aHVP, LO

µ (c) it is in almost
2� tension with the rest. The strange- and charm-quark connected contributions, while insensitive to FVEs and StN
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図 5 真空偏極の計算結果のまとめ。RBRC/UKQCD-18 が本研
究結果。水平線より上が、本研究を含む格子計算のみの結果。
水平線の間の４つの結果は電子・陽電子のハドロンへの崩壊
散乱実験(R 比)からの結果。二つめの水平線の下が格子計算
と R 比のそれぞれの誤差が小さいエネルギー領域について
の合算したハイブリッド値。”No New Physics”の両矢印で
示した範囲が、ミュー粒子の異常磁気能率の実験結果。 



 

 

 
ハドロン光光散乱寄与に関しては、複数あるクォークのつながり方の内、主要となる２つの寄与
に関してはそれぞれ目標とする約１０％の精度を達成したが、これらの 2 つの寄与は符号が逆
でお互いに予想外に強い打ち消し合いが起こることが判明した。このため、4種類のつながり方
の総合計としては 30% 程度の精度に留まっており、こちらもさらなる計算を進めている。 
 
図５に示したように、格子計算、R比共に、ミュー粒子の異常磁気能率の実験結果からのずれを
示している。ずれの大きさは 理論・実験両方の誤差の 3.7 倍程度と有意な水準で、両者に間違
いがなければ素粒子標準模型では説明のつかない新しい素粒子や新物理法則が存在することを
示唆する。 
 
2021 年 4 月 7 日には フェルミ研究所から 最新のミュー粒子の異常磁気能率の結果が報告され
大きな話題となった。2000 年のブルックヘブン研究所の実験結果（本報告で使っている実験値）
と誤差・中央値共に無矛盾で、両実験を合わせて素粒子標準模型からのずれは誤差の 4.2 倍と
未知の現象を捉えている可能性がより高くなった。フェルミ研究所では数年先に今の 4−5 倍程
度精度の高い報告を目指し、日本の J-PARC でも同様の精度で異なった実験手法での実験が計画
中で、本研究を含む理論計算のさらなる進展と合わせて、現在の標準模型と呼ばれる既知の素粒
子・物理法則を超えた新発見が近い将来もたらされる可能性が高まっている。 
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FIG. 5. Infinite volume extrapolation. Connected (top), dis-
connected (middle), and total (bottom). We have use the
hybrid method to calculate the continuum limit for the con-
nected contribution.

ensembles, and the I-DSDR ensembles are used to ob-
tain the volume dependence only. In particular, the
32Dfine ensemble does not a�ect the fitted aµ at all. It
only helps to determine the parameter cD

2 , which pro-
vides evidence for the size of the potential O(a4) sys-
tematic errors. We find for the connected, disconnected,
and total contributions, acon

µ = 23.76(3.96)stat(4.88)sys ◊

10≠10, adiscon
µ = ≠16.45(2.13)stat(3.99)sys ◊ 10≠10, atot

µ =
7.47(4.24)stat(1.64)sys ◊10≠10, respectively. For the total
contribution, we fit the total contribution for each ensem-
ble, which is slightly di�erent from the sum of the fitted
results from the connected and the disconnected parts.
Notice there is a large cancellation between the connected
and disconnected diagrams that persists for a æ 0 and
L æ Œ, so even though the individual contributions are
relatively well resolved, the total is not. The cancella-
tion is expected since hadronic light-by-light scattering
at long distance is dominated by the fi0 which contributes
to both diagrams, but with opposite sign [34, 43, 44]. No-
tice also that the a2 and 1/L2 corrections are individually

con discon tot

aµ 23.76(3.96) -16.45(2.13) 7.47(4.24)
sys O(1/L3) 2.34(0.41) 1.72(0.32) 0.83(0.56)

sys O(a4) 0.83(0.53) 0.71(0.28) 0.96(0.94)
sys O(a2 log(a2)) 0.21(0.18) 0.25(0.09) 0.03(0.17)

sys O(a2/L) 4.18(2.37) 3.49(1.37) 0.86(2.20)
sys strange con 0.30 0 0.30
sys sub-discon 0 0.50 0.50

sys all 4.88(2.17) 3.99(1.29) 1.64(1.15)

TABLE II. Central value and various systematic errors. Num-
bers in parentheses are statistical error for the corresponding
values.

con discon tot

aµ 24.16(2.30) -16.45(2.13) 7.87(3.06)
sys hybrid O(a2) 0.20(0.45) 0 0.20(0.45)

sys O(1/L3) 2.34(0.41) 1.72(0.32) 0.83(0.56)
sys O(a4) 0.88(0.31) 0.71(0.28) 0.95(0.92)

sys O(a2 log(a2)) 0.23(0.08) 0.25(0.09) 0.02(0.11)
sys O(a2/L) 4.43(1.38) 3.49(1.37) 1.08(1.57)

sys strange con 0.30 0 0.30
sys sub-discon 0 0.50 0.50

sys all 5.11(1.32) 3.99(1.29) 1.77(1.13)

TABLE III. Central value and various systematic errors, use
the hybrid continuum limit for the connected diagrams. Num-
bers in parentheses are statistical error for the corresponding
values.

large but also tend to cancel in the sum.

The systematic errors mostly result from the higher or-
der discretization and finite volume e�ects which are not
included in the fitting formula Eq. (5). We therefore
estimate the errors through the change of the results af-
ter adding a corresponding term in the fitting formula.
For O(1/L3), we add another 1/(mµL)3 term with the
same coe�cient as the 1/(mµL)2 term. For O(a4) ef-
fects, we add an a4 term also for the Iwasaki ensembles
with coe�cient similar to the I-DSDR ensembles. For
O(a2 log(a2)) e�ects, we multiply the discretization ef-
fect terms in Eq. (5) by (1 ≠ (–S/fi) log(a2 GeV)). For
O(a2/L), we multiply the discretization e�ect terms in
Eq. (5) by (1 ≠ 1/(mµL)). In addition, for the only two
contributions which we have not included in the present
HLbL calculation: (a) strange quark contribution to the
connected diagrams; (b) sub-leading disconnected dia-
grams’ contribution. We have performed lattice calcula-
tions with the QEDŒ approach [48] on the 24D ensemble
to estimate the systematic errors. These systematic er-
rors are added in quadrature and summarized in Tab. II.
In the supplementary materials, these systematic errors
are discussed in more detail.

図 6 光光散乱寄与の主要部（上図）、次に主要な部分（中図）
を計算している格子の大きさの逆数の自乗の関数として表
した図。横軸がゼロとなる外挿値が求めたい格子の体積が無
限大の極限。異なるシンボルは格子間隔のサイズの違いや、
ミュー粒子と光子の計算方法の違いを表す。主要部と次主要
部をを足した合計が下図。 
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