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研究成果の概要（和文）：プロジェクトメンバーたちは、この科学研究費助成事業のすべての主要な目標を達成
し、全うすることができた。まずは、ウィグナー関数の拡張と定式化を導き出すことができた。そして、次に、
更新された数学的形式がエンタングルメントなどのあらゆる量子的な性質を、前述の数式のあらゆる表現をある
特定の断面の可視化をすることにより、解明出来ることを立証することができた。最後に、前述のウィグナー関
数のための可視化パッケージを二つ、更新された数学的形式に基づいて開発することに成功した。一つ目は
Pythonを用いて行われ、IBMのQISKitソフトに組み込まれ、もう一つは化学的システム分析のためSwiftで行われ
た。

研究成果の概要（英文）：Project members were able to meet and fulfill all major goals of the grant. 
To begin, project members were able to derive an extension and reformulation of the Wigner function.
 Project members were then able to verify that the updated formalism elucidates various quantum 
properties, such as entanglement, through the visualization of specific "slices" of the various 
representations of the aforementioned functions. Lastly, project members were successful in 
developing two visualization packages for said Wigner functions based upon the updated formalism; 
the first being done in Python and integrated into IBM's QISKit software package; the second being 
done in Swift for analysis of chemical systems. 

研究分野：数理物理
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研究成果の学術的意義や社会的意義
Our work generated two software packages; a half-dozen papers; advanced the visualization of quantum
 correlations in atomic, molecular, and chemical systems; and was instrumental in verifying the 
quantumness of a 20-qubit Schrodinger cat state (see Song et al., Science 365, 574-577 (2019)).

※科研費による研究は、研究者の自覚と責任において実施するものです。そのため、研究の実施や研究成果の公表等に
ついては、国の要請等に基づくものではなく、その研究成果に関する見解や責任は、研究者個人に帰属します。
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1 研究開始当初の背景
Since the beginning of this century, the rapid development of quantum state control has made it

possible to control, measure, and modify collections of quantum states in various, hybrid, physical sys-
tems. In order to analyze and understand these physical systems, the project members determined
that the existing mathematical framework describing such systems was not enough, and a new frame-
work for expressing quantum states of arbitrary dimensions and analyzing their quantum properties
was needed. The project members, having previously published variations of this framework - a phase
space formulation of quantum mechanics - combined their research and skills to generate a cohesive,
informationally-complete, phase space representation for hybrid quantum systems.

2 研究の目的
The purpose of our research was to develop a collection of “recipes” for generating the appropriate

phase space representation for pure and mixed state hybrid quantum systems, given various physical
systems of interest. From this, we wanted to offer various visualization methods for said representations
that would be of best use to experimentalists.

3 研究の方法
Before the beginning of this project, the various project members had focused their work on spe-

cific, group-theoretic extensions of the Wigner function, and first succeeded in constructing a SU(N)-
symmetric Wigner function (see Tilma et al., Phys. Rev. A. 45, 015302(1-13) (2012)). Furthermore,
in 2016, based on this work, the project members were able to expand upon their ideas to generate a
quasi-probability function for any physical system (see Tilma et al., Phys. Rev. Lett. 117, 180401(1-6)
(2016)). Based on these results, the project members have aimed to build a new theoretical system of
quasi-probability functions.

4 研究成果
Using a novel approach developed by the project members, we have shown how any quantum system

can be represented in phase space, and we have demonstrated that this provides a natural choice for
intuitively describing various quantum phenomena. We have also leveraged this approach to develop new
tools and techniques for the visualization and analysis of quantum systems in phase space.

4.1 Wigner関数の拡張と定式化
Project members have achieved an extension and reformulation of the Wigner function. This was done

through the derivation of a SU(N)-symmetric Weyl function based on the Stratonovich-Weyl relation,
and finding the appropriate transformations between the two. These results were published during H30.
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4.2 エンタングルメントなど量子的な性質とWigner関数の関係の解明
Project members have developed a viable formalism that elucidates various quantum properties, such

as entanglement, through the visualization of specific properties contained within various representations
(also known as “slices”) of the aforementioned functions. These results, that advance the state of the art
in visualizing quantum correlations in atomic, molecular, and chemical systems, were published during
H31 and were instrumental in verifying the quantumness of a 20-qubit Schrodinger cat state (see Song
et al., Science 365, 574-577 (2019)).

4.3 実験的なデータの有効な表示方法の開発
Project members have successfully developed two visualization packages for Wigner functions; the first

being done in Python and integrated into IBM’s “Quantum Experience” QISKit software package; the
second being done in Swift for analysis of chemical systems on an iPad. The later work is currently
available upon request, but our plan is to make it widely available thru an open software repository in
the near future.

Lastly, project members have also completed their studies on encoding graph states in phase space
using a variation of the Wigner formalism. This work was published during H31.

Going forward, project members will be exploring two areas of research. The first is applying the
Wigner and Weyl formalisms developed during this current project to “designer” Hamiltonians; in par-
ticular lattice systems and small-scale molecular systems. The second is developing the underlying
mathematical concepts that will unify the two phase-space formalisms currently in use: the finite-
system/continuous space formalism preferred by quantum optics theorists and the finite-system/discrete
space formalism preferred by quantum information theorists.

Addendum: Our overview of phase space methods for quantum technologies can be found here:
https://doi.org/10.1002/qute.202100016.
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