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研究成果の概要（和文）：このプロジェクトでは、現代的な強制法の技法の開発や、実線の組合せ論の理解に貢
献する結果を得ました。この成果は、13本の論文として発表され、12本は国際誌、6本は数学と論理学のトップ
ジャーナルに掲載されました。最もインパクトのある成果は、新しい強制法の技術を駆使して、Cichonの最大と
いう非常に深い問題を解決した。この研究は、オーストリアとイスラエルの研究者との積極的な共同研究の成果
であり、ヨーロッパ数学会の雑誌を含むインパクトのあるジャーナルに多くの論文を発表するまでに発展した。
このプロジェクトの成果は、16の招待講演で公開されており、ほとんどが国際会議でのものである。

研究成果の概要（英文）：During this project, we obtained results that contributed to the development
 of modern forcing techniques and to the understanding of the combinatorics of the real line. All 
these are presented in 13 published articles (including 2 preprints), where 12 are in international 
journals and 6 are in top journal in Mathematics and in Logic. The result that has the most impact 
is the paper "Cichon's maximum without large cardinal", where we elaborated novel forcing techniques
 and solved the very deep problem of Cichon's maximum, which describes completely the connections 
between Lebesgue measure, Baire category and compactness of the irrational numbers. This work is 
product of active collaboration with researches in Austria and in Israel, which has developed into 
many publications in high impact journals, including the Journal of the European Mathematical 
Society.
The results of this project has been disclosed in 16 invited lecture, most of them at international 
conferences.

研究分野： 数学基礎論

キーワード： 強制法理論　反復強制法　Creature forcing　連続体上の組合せ論　超フィルター　多次元反復強制法
　強測度ゼロ

  １版

令和

研究成果の学術的意義や社会的意義
Since the real line is present in all mathematical fields of research, its understanding is a 
essential part of the development of sciences. The research achievements of this projects provides 
great contribution to its understanding, supported by international collaboration.

※科研費による研究は、研究者の自覚と責任において実施するものです。そのため、研究の実施や研究成果の公表等に
ついては、国の要請等に基づくものではなく、その研究成果に関する見解や責任は、研究者個人に帰属します。
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１．研究開始当初の背景 
 
The iteration techniques in forcing theory are one of the most successful methods to 

construct models of ZFC (the modern formalism of mathematics) to support (or disprove) 
some mathematical conjecture, in particular, for solving problems about the combinatorics of 
the real line. Although it is an old technique, it has evolved and is still powerful to generate 
results with great impact. Examples of its evolution are matrix iterations ([1],[3],[4]), 
template iterations ([2],[5],[8]), iterations with ultrafilter limits [7], and three-dimensional 
iterations [10]. 
 
Very recently, Goldstern, Kellner and Shelah created the method of Boolean ultrapowers, 

whose application to FS (finite support) iterations yield a model of Cichoń’s maximum, which 
means that all non-dependant entries in Cichoń’s diagram (which describes combinatorial 
connections between Lebesgue measure, Baire category, and compactness) are pairwise 
different. This work was published in the prestigious Annals of Mathematics [11]. However, 
this result used large cardinals, which means working in a formalism stronger than the 
standard ZFC. To solve completely the problem of Cichoń’s maximum, it is required to 
construct a model of it without using large cardinals. This also triggered the interest to 
construct models where several classical cardinal characteristics of the continuum are 
pairwise different. 
 
Another iteration method is the product of creatures. This is useful to solve problems about 

the combinatorics of the real line, for instance [9]. It is an extremely complex and challenging 
forcing method, but due to its power, researchers long for a comprehensible presentation. A 
simplification can allow applications in different contexts, like in bounded arithmetic [6]. 
 
２．研究の目的 
 
 Produce and develop forcing iteration techniques that overcome the limitations of the 
previously discussed techniques, and that can be applied in diverse fields of mathematics, 
like analysis and computational complexity theory. We aim to use these new techniques to 
solve the following main problems about the combinatorics of the real line. 
 
(1) Produce models by forcing, without using large cardinals, where the cardinal invariants 

in Cichoń’s diagram can assume 8 or more different values. 
 

(2) Produce models by forcing that guarantee that several combinatorial concepts of the 
reals, like splitting, almost-disjointness, evasion-prediction, reaping, strong measure 
zero and Cichoń’s diagram, are pairwise independent. 
 

(3) Adapt known powerful forcing techniques (like product of creatures) to weaker contexts, 
which can be applied to solve problems in mathematical fields like bounded arithmetic. 

 
３．研究の方法 
 
 To fulfill the objectives of the research project, we elaborate the following forcing iteration 
techniques. 

(i) Multidimensional iterations with ultrafilter limits. The researcher, with Goldstern, 
Kellner and Shelah, introduced the method of ultrafilter limits along FS iterations 
[7]. With the experience of the researcher on iterations in multiple dimensions [10], 
we aim to develop multidimensional methods of ultrafilter limits to solve problems 
related to (1) and (2) above. 
 

(ii) Multidimensional template iteration. Like (i), we plan to extend Shelah’s method of 
template iterations ([2],[5],[8]) to multidimensional iterations. We plan to use the 
new produced techniques to solve instances of problems (1) and (2) above. 
 

(iii) Weak creature forcing. We plan to build a simplified creature forcing method, as strong 
as the original method, but easier to adapt to problems in different fields, like 
bounded arithmetic. This is used to solve problems related to (3). 



４．研究成果 
 
(K1) With collaboration with Goldstern, Kellner and Shelah, we constructed a model of 

Cichoń’s maximum without large cardinals, which solves problem (1) completely. 
Surprisingly, alternative methods to those proposed in (i) –(iii) were developed to solve 
this problem, namely, we discovered how intersecting models with σ-closed models can 
affect the combinatorics of the real line, leading to new constellations of Cichoń’s 
diagram. This result was published in the high-ranked Journal of the European 
Mathematical Society. 

 
(K2) We succeeded to solve several instances of problem (2), and in many cases the models 

we obtain are compatible with Cichoń’s maximum as guaranteed in (K1). Concretely: 
(K2.１) Several new forcing methods were incorporated to show that numbers 

related to Martin’s axiom, the pseudo-intersection number, and the group-wise 
density number can be pairwise different. 

(K2.２) Using infinite graphs, we proved that the splitting and the reaping number 
can be controlled via FS iterations. 

(K2.３) We use collapsing arguments to extend the results of (K2.１). The forcing 
methods in this work are closely related to (K1). 

(K2.４) A template-like iteration method, as indicated in (ii), was developed to 
control cardinal characteristics of the continuum. This consists of a two-
dimensional construction that allows vertical support restriction. 

(K2.５) We show how to control the almost-disjointness number in a forcing that 
separates the left side of Cichoń’s diagram. In this proof we created a forcing 
method as described in (i), concretely, we develop two-dimensional iterations with 
ultrafilter limits. 

(K2.６) We prove that, in Sacks model, the covering of the strong measure zero 
ideal is large. 

These results are joint work with researchers in Austria, Israel, and Colombia. 
 

(K3) In collaboration with researchers in Vienna, we obtained a considerable simplification 
of the creature forcing method as described in (iii), which represents considerable 
advances for problem (3). We first developed simple limsup creature forcing methods 
to control anti-localization numbers, and afterwards we presented a full simple theory 
for creature forcing constructions. This method is promising to be incorporated in the 
context of bounded arithmetic. 
 

(K4) Other results obtained with support of this research: 
(K4.１) We proved general absoluteness theorems for analytic subsets of Polish 

spaces. These have wide applications in forcing theory. 
(K4.２) We present a simple proof of the independence of Whitehead’s problem. 
(K4.３) An extension of Whitehead Problem and its connection to Martin’s axiom 

was obtained for path algebras. 
(K4.４) We discovered some congruence equations (in Number Theory) for power 

residues modulo a prime number. 
(K4.５) In connection with (2), we generalize the notion of measure zero to 

quotients modulo ideals on the natural numbers. 
 
 
 
 
 

Figure 1 Cichoń’s maximum without large cardinals 
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