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This project conclusivelﬁ and systematically solved the problem of
constructing operator bases in effective field theories. Namely, it provided a concrete recipe to
construct the operator basis of a relativistic effective field theory, given its symmetries. It has
filled a significant gap in the literature, and has application in theoretical aspects of the search
for new physics at the Large Hadron Collider, and at future colliders, such as the International
Linear Collider that is currently in Pre-Lab stage. The project also provided an unanticipated new
viewpoint on effective field theory itself, introducing the language of harmonics and power spectra
to the paradigm. Unanticipated mathematical links to Monte Carlo integration techniques, and to dark
matter direct detection were also uncovered. The research was disseminated in publications in
high-impact, peer reviewed international journals, and through invited talks at international and
domestic conferences.
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Effective field theory (EFT) is a powerful and universal framework in which physics beyond the standard
model of particle physics can be searched for. It has an ability to ‘parameterize the unknown’, and this
makes its use mandatory at the Large Hadron Collider, where not only direct (production of new
particles) but indirect signs (quantum 'whispers' of new particles) of new physics must be searched for.
EFT is relevant for the latter approach, and has become an approach of paramount importance given the
absence of direct signs of new physics.

Historically, the electroweak force of nature was discovered in this indirect EFT way, via its effect in beta
decay. The physics is captured by an operator in the EFT of nucleons, electrons and neutrinos, and
decades passed before the W and Z bosons that mediate the force were directly produced at a collider.

At the LHC, the list of particles in the EFT is simply the list of all known standard model particles. This
‘standard model EFT’ is of crucial important for the indirect search for new physics, as per the W, Z
boson example given above. However, EFT is also invaluable in direct searches for dark matter,
supersymmetric particles etc. at the LHC. Such particles are simply added to the input particle list to the
EFT, and the catch-all nature of EFT gives predictions for all experimental avenues in which such
particles might be observed, as is necessary to test the new theoretical model at hand.

However, the EFTs relevant for the LHC are much more complicated than the EFT relevant for beta
decay, often involving hundreds of phenomenological relevant operators. The route from a given
theoretical model to its EFT, and its experimental consequences, has been obscured by a lack of
systematic understanding of what is essentially a coordinate system— a basis — for an EFT.

The reasons for this is that not all operators are independent— giving rise to overlapping physical effects
—due to redundancies between operators called equation of motion (EOM) and integration by parts (IBP)
relations. These relations have been notoriously tricky to deal with; simply counting the number of
independent operators in e.g. the standard model EFT had a tumultuous history stretching for 1986 to
2016.

The key motivation for applying for this research proposal was to introduce and develop new techniques
to systematically account for these relations between operators when constructing an EFT. That is, to
conclusively solve the EFT construction problem in high energy physics, enabling e.g. better
interpretations and understanding of LHC data, in the search for new physics.

2. HEOHMN

The objective of the research project was to obtain a step-by-step recipe for constructing a
phenomenologically relevant basis of independent operations in an EFT Lagrangian for theoretical
models where particle internal symmetries (e.g. colour, isospin, etc) are linearly realised in the
Lagrangian. The standard model is in this class, as are many extensions that include dark matter, etc.;
their EFTs all share features that rendered the broad treatment appropriate.

This objective was aimed at removing an existing obstacle in relating a beyond-the-standard model theory
of nature to experiment. The automatic construction of an EFT, together with a clear understanding of the
EFT basis, was lacking the literature.

The research was also aimed at facilitating explorations away from the very lowest-lying operators in the
minimal ‘standard model only’ EFT, where some such operators have been shown to be important at the
LHC.

The proposal also had an original aspect in that in order to achieve the above objective, the underlying
mathematical structure of EFT would be studied, particularly with an eye to clarifying how EOM and IBP
act on the full operator basis (collection of all operators) in the EFT.
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The method was to focus on a large class of relativistic theories with linearly realised internal
symmetries. This is because in this case, a special operator basis could be chosen: a basis of what are
called conformal primary operators. The method taken was to study the operator basis through the lens of
the action of the conformal group.

In particular, it was proposed to construct the special basis of conformal primaries in a systematic manner
using the annihilation properties of the special conformal generator. A simple numerical algorithm was
planned to be developed. Regarding internal symmetries (colour, weak charge, etc), the method was to
note that these considerations factorize from the conformal aspects of the problem; the internal
symmetries can then be studied via standard group theory techniques.

Another key methodology that was proposed was to utilize objects called Hilbert series. These are all-
order generating functions that enumerate (not construct) the operator basis of an EFT. The study of all-
order properties of these objects can reveal structure about the basic building blocks of an EFT, i.e.
generators, and how relations between generators are encoded.

As well as utilizing known properties of Hilbert series, another key method to achieve the object was to
develop this mathematical technology for use in EFT construction. This would look for recursive
properties and analytic (pole) structure of Hilbert series corresponding to ‘toy’ EFTs.

The method was to study all of the above in the simplest toy EFT cases, that do not correspond to real-
world theories, but where the structure and technical aspects can be developed most transparently. Then,
the method was to extend this to real-world theories involving multiple types of particle, including those
with spin.

4. WFFEER

The goal of the project was achieved, namely the problem of constructing operators in general relativistic
EFTs (with linearly realised internal symmetry) was successfully elucidated. A concrete recipe to
construct the operator basis of a relativistic EFT, given its symmetries as input, was provided. This filled
the gap in the literature that existed at the outset of the project.

The method of studying EFTs thorough their underlying structure proved to be very successful. Indeed,
more mathematical structure was uncovered than was anticipated. Specifically, it identified a new
application of a mathematical duality - Howe duality - in physics. This relied on the identification of a
‘physical manifold’ upon which all observables in a quantum field theory have to live. This manifold is
termed a Stiefel manifold.

The method of using the annihilation properties of the special conformal generator to construct primary
operators for an EFT basis is given a new perspective through this underlying mathematical structure. The
generator can be identified with a generalized Laplacian on the Stiefel manifold, such that the primary
operators can be identified as harmonics of the manifold. In other words, constructing an EFT is a form of
harmonic analysis, and one can talk of ‘the power spectrum of the standard model’ in a precise
mathematical sense. This new way of looking at EFT is completely novel, and arose out of the particular
methodology that was taken in this research project.

Unexpected results arose in the course of this research project, in the form of previously unidentified
connections to Monte Carlo phase space generation. In fact, the Stiefel manifold is closely related to the
Grassmann manifold. Using coordinates of a particular chart on the Grassmannian led to a particularly
simple and unconstrained parameterisation of particle momenta on Lorentz invariant phase space. This is
a particularly useful parameterisation when integrating over this phase space using Monte Carlo methods
to obtain high precision predictions for LHC collisions. Technically, the singular (infra-red divergent)
pieces of the calculation take a very simple form in the Grassmannian parameterisation.

While a connection to the study of dark matter at colliders was anticipated (via its inclusion into an EFT),
another unexpected connection was discovered in the course of the research project. This was the
realisation that the use of EFT is crucial in the description of the interaction of light dark matter (with
mass well below that of a proton) with a dark matter detector material (e.g. a crystal). The point here is
that the detector itself must be described by an EFT, because the de Broglie wavelength of the dark matter
becomes larger than interatomic spacing, and thus individual atoms are not resolved. Thus one needs to



construct a EFT to obtain reliable theoretical predictions of scattering rates. The techniques and
methodology used in this project can be developed for application here too.

The above insights and results were disseminated in peer reviewed, high-impact international journals,
and through invited talks at international and domestic conferences.

Particularly promising future research prospects include the application of the methods of EFT
construction to the light dark matter detection, and to Monte Carlo calculations of high precision
predictions of Large Hadron Collider events, described above. Other directions are to deepen the
understanding of the Howe duality structure that was uncovered, and to further connections to the
conformal field theory literature that were uncovered, especially with an eye to moving beyond the
construction of a basis of an EFT towards the study of the dynamics of the theory.
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