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Summary: Two—point AG codes are a natural
extension of one—point AG codes which have
been investigated by many researchers
Depending on the values of parameters, they
have similar or better performances in
comparison with one—point codes. We present
a fast decoding method of two—point Hermitian
codes as a generalization of fast decoding
methods of one—point codes. The special
structure of 2D syndrome arrays of these
codes allows us to apply amodification of the
BMS algorithm to decoding them up to the
generalized order bound

1. Introduction

Hermitian codes [Stichtenoth 1988] are a
typical class of algebraic geometry (AG)
codes which has been not used yet in practice
as Reed-Solomon codes, but which seems to
have the best chance of being used eventually
[Justesen, Hoeholdt 2004]. Although RS codes
are optimal linear codes in the sense that
they have the largest minimum distance among
all the linear codes of the same codelength
and dimension (the Singleton bound), they
cannot have codelength larger than the size
$q$ of the defining finite field $ {¥bf F}_qg$.
It is known that we can have AG codes of larger
codelengths which have better performance
and that there are a series of AG codes with
correction performance approaching the
Varshamov—Gilbert bound or more [Tsfasman,
Vladut, Zink 1982] [Tsfasman, Vladut 1991].
Furthermore, AG codes are a natural extension



of the conventional practical algebraic
codes, and some basic decoding methods
[Skorobogatov, Vladut 1990] [Feng, Rao 1993]
based on Gaussian elimination and their fast
versions based on the BMS algorithm have been
proposed for them. But, there still remain
many things to be investigated about
construction and decoding of AG codes
[Sakata 2008]. A codeword of an $(N,K)$ AG
code over a finite field ${¥bf F} _q$ is given
as a vector $c=(c_j)$ with $c_j=f(P(j))$
$1¥leq j¥leq N$ for a set ${¥cal
P}=¥{P(j)¥mid 1¥leq j¥leq N¥}$ of points
$P(j)$ on an algebraic curve (or surface)
${¥cal X} $ over $ {¥bf F} _q$ and a linear space
${¥cal L}$ (of dimension $K$) of algebraic
functions $f$ on $ {¥cal X}$ having values in
${¥bf F}_q$. While a Reed-Solomon code (of
codelength $N=g—1$) over ${¥bf F} q$ is
defined by the pair $ ({¥cal P}, {¥cal L})$§ for
the set ${¥cal P}$ of points on a straight
line ${¥cal X}$ over ${¥bf F}_q$ (or rather
the set ${¥cal P}§ of all nonzero elements
$P(j)=¥theta {j—1}$ for a primitive element
$¥theta$ of ${¥bf F}_g$) and the linear space
${¥cal L}$ of polynomials (rational
functions) of degree $K-1$ or less, a
one—point Hermitian code over ${¥bf

F}_q$ with $q=q_1"2% is defined by the pair
$({¥cal P}, {¥cal L})$ for the set ${¥cal
P}$ of all the points
$P(D=(p_1(3),p_2(3))$ ($¥in {¥bf F} _q 2%),
$1¥1leq j¥leq N$ on the Hermitian curve ${¥cal
X1$:

Ybegin {egnarray}

x {q_1+1}=y {q_1}+y ¥label {eqn:hermitian}
¥end {eqnarray}

and a linear space ${¥cal L}={¥cal L} (m
P_{¥infty})$ of algebraic functions
(bivariate polynomials) on ${¥cal X}$, where
the codelength $N$ is the number $q_1"3$ of
all affine points $P_j$ of the curve ${¥cal
X}$ and ${¥cal L}$ is composed of functions
having a single pole with pole order less than
or equal to a fixed integer $m$ ($<N$) at the
unique point $P_{¥infty}$ of infinity on the
(projective) Hermitian curve

One—point AG codes such as one—point
Hermitian codes are a class of important AG
codes defined by a linear space of algebraic
functions having a single pole on their
defining curve, which have been treated by
many researchers (see [Hoeholdt, Lint,
Pellikaan 1998]). Recently, as a natural
extension of researches on one—point AG codes,
two—point AG codes have been investigated

Two—point AG codes such as two—point
Hermitian codes are AG codes defined by a
linear space of algebraic functions having
only two poles on their defining curve. These
two—point codes have similar and sometimes
better performances in comparison with
one—point codes, depending on the values of
parameters [Matthews 2001] [Matthews 2004]
[Homma 2004] [Homma, Kim 2005] [Homma, Kim
2006].

For one—point codes it is known that, in case
of codes from plane curves such as one—point
Hermitian codes, one obtains a syndrome array
defined over a subset of the two—dimensional
(2D) integral lattice ${¥bf Z}_072$ from a
received word, where ${¥bf Z} 0°2% is the set
of pairs of nonnegative integers, so that one
can have a class of fast decoding methods up
to the designed distance called the Feng—Rao
bound of those codes [Sakata, Justesen,
Madelung, Jensen, Hoeholdt 1995] [Sakata,
Jensen, Hoeholdt 1995] by applying the BMS
algorithm [Sakata 1988] [Sakata 1990] to such
a 2D array

But, it seems that one does not have such a
simple structure over ${¥bf Z} _0"2$ for more
general AG codes different from one—point
codes so that one cannot have a direct
application of the BMS algorithm or similar
fast algorithms to decode them.

Recently a class of codes called codes from
order domains, which is a generalization of
one—point AG codes, and their decoding method
up to the order bound, which is a
generalization of the Feng—Rao

bound, based on the BMS algorithm have been
presented [Geil 2002]. Furthermore, for
multiple—point codes, the generalized order
bound [Beelen 2007] and a basic decoding
method up to that bound [Beelen06] have been
introduced, whose calculation is based on
Gaussian elimination.

In this paper we present an extension of the
BMS algorithm to the case of an incomplete
array (in the sense of the definition
described in the last paragraph of Section 2
and in Section 3). By applying this modified
algorithm to syndrome arrays of dual
two—point Hermitian codes, which still have
some nice structure, we can have an efficient
decoding method of these codes up to the
generalized order bound. The layout of this
paper is as follows: we give a review of
one—point codes and their fast decoding
methods in Subsection 2.1, and discuss



two—point Hermitian codes and their
structure in Subsection 2. 2 as preliminaries.
Then, we present a generalization of the BMS
algorithm called the submodule BMS algorithm
in Section 3, and discuss fast decoding of
two—point Hermitian codes up to the
generalized order bound in Section 4. In
Section b, we give some concluding remarks.

()
5. Concluding Remarks

We have given a nontrivial modification of
BMS algorithm for incomplete arrays defined
over a subset of a stable set in the whole 2D
lattice ${¥bf Z}_072$. By applying this
submodule BMS algorithm with majority logic
to a syndrome array defined over such a subset,
we can decode the dual two—point Hermitian
code up to the generalized order bound
introduced by Beelen [Beelen07]. This
decoding algorithm can be applied to codes
from norm-trace curves [Geil 2003] which are
a generalization of Hermitian curves. The
computational complexity of our algorithm is
${¥cal 0} (N" {¥frac{7} {3}})$ similar to the
BMS algorithm of decoding one—point codes.
At present, generalization of our method to
either three— or more—point Hermitian codes
or two—point codes from other kinds of curves
seems to be difficult, which will be our
future work.
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