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We have investigated the lower bound problem on Hilbert-Kunz multiplicities,

and gave a characterization of regular local rings in terms of HK multiplicity, and posed a
conjecture on lower bound for HK multiplicities for singular Cohen-Macaulay local rings, which is an

open question. In this research, we generalized an inequality with respect to the HK multiplicity
and the usual multiplicity of the maximal ideal in 2-dimesnional Cohen-Macaulay local rings to the
case of any m-primary ideals in any dimensional Cohen-Macaulay local rings, and posed a new
conjecture on F-signatures as an application. Furthermore, we submitted a research paper as a joint
work with Kei-ichi Watanabe (Nihon Univ.), Yusuke Nakajima Kyoto Sangyo Univ.) et.al.
On the other hand, we introduced the notion of geometric ideals (pg-ideal, elliptic ideal) and gave
a characterization of those ideals as a joint work with Kei-ichi Watanabe (Nihon Univ.)and Tomohiro
Okuma (Yamagata Univ.).
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EXAMPLE 2.8 [27, Example 3.10]. Let g > 2 be an integer, and let K be a field of
char K = 0 or char K = p, where p does not divide 2g+2. Then R = K[X,Y,Z]/(X? -
Y?29+2 — 729%2) is a graded normal K-algebra with degX =g+ 1, degY =degZ = 1. Let
A= RY be the gth Veronese subring of R:

_ -1 —2.2 -1 ) -1
A=K a7 2f 2 sy 52y® 2y 255058277,

where z,y,z denote, respectively, the image of X,Y,Z in R. Then A is a graded
normal domain with Ay = Ry, for every integer k£ > 0. Let I = (y9,y9712) + A>o and

Q = (y9 — 229,597 12). Then the following statements hold:

(1) py(A)=g.
(2) nr(I)=1and 7(I) = g+ 1. Indeed,
(a) I=Iand I" =I"=QI" ! for every n=2,...,g.

(b) La(ToF1/QT9) =1 (T9FT = I+ 4 (ay?" 1))

Int1 = QI™ for every n > g+ 1.

o(I) =49—2, & (I)=3g—1, é&(I) = g, and Ls(A/I) = g.
(4) g(nl)=g—mn for every n=0,1,...,9; q(gI) = q(ccl) = 0.
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THEOREM 3.2. Let (A,m) be a two-dimensional excellent normal local domain contain-
ing an algebraically closed field k = A/m, and let I C A be an m-primary integrally closed
ideal. Put G = G(I) and R = R(I). Then the following conditions are equivalent:

(1) ¥(I)=2.

(2) py(A)>q(I)=q(ocl).

(3) &(I)=eo(I)—a(A/I)+&(I) and &(I) > 0.
(

(

4) L4(A/I"Y) = Pyr(n) for alln >0 and éx(I) > 0.
5) G is Cohen-Macaulay with a(G) = 0.

When this is the case, I is said to be an elliptic ideal and £4([HZy(G)o) = €a(I2/QI) = &(I).
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