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For more than two years, | was significantly ill due to an intractable
disease (a type of vasculitis) and a kidney disease, and he was repeatedly hospitalized and
discharged. Therefore, my research did not proceed as expected, and he could not go out due to the
spread of the new corona. This is why | have not used a significant portion of his Grants-in-Aid for

Scientific Research.

For this reason, unfortunately, I have not yet provided an overview of our achievements. However,
studies of discrete sets in Euclidean space have yielded some results. The most interesting subject
is the discrete set defined "arithmetically"”. The discrete set related to the Eisenstein number as
an typical example has been the subject of research so far. I have obtained knowledge about the
distribution from the viewpoint of generalized Riemann sum. It is also interesting as an example of
aperiodic crystal composition. If | feel better, I will continue my research in this direction.

Geometry



The Russian mathematician P.L. Chebyshev (1815--1897) once said in a general
context that the collaboration of theory and practice brings out the most beneficial
results in the sciences. N.I. Lobachevskii (1792--1856), one of the discoverers of non-
Euclidean geometry, also said, ~"There is no area of mathematics, however abstract,
which may not someday be applied to phenomena of the real world.” Their
statements pertain to what this work intends to convey to the reader; that is, the
author wishes primarily to provide the reader with mathematical insight into
modern crystallography, a typical practical science that originated in classifying of
the observed shapes of crystals. However the tools we shall employ are not adopted
from the traditional theory of crystallographic groups, but rather from algebraic
topology, a field in pure mathematics cultivated during the first half of the last
century. More specifically, the elementary theory of covering spaces and homology is
effectively used in the study of 3D networks associated with crystals. This explains

the reason why this research is entitled Topological Crystallography.

We formulate a minimum principle for crystals in the framework of discrete
geometric analysis, which provides us with the concept of standard realizations, a
canonical way proposed by the author and his collaborator Motoko Kotani in 2000
to place a given crystal structure in space so as to produce the most symmetric
microscopic shape. In spite of its purely mathematical nature (thus having nothing
to do with physical and chemical aspects of crystals), this concept, combined with
homology theory, turns out to fit with a systematic design and enumeration of crystal
structures, an area of considerable scientific interest for many years. Incidentally,
crystallographers proposed a similar concept in their recent studies to determine the

ideal symmetry of a crystal net and to analyze its topological structure.

The objects in topological crystallography are not necessarily restricted to structures
of atomic scale, visible only through special devices. Ornamental patterns having
crystallographic symmetry in art, nature, and architectures also fall within the
scope of this research. Indeed, many interesting forms (katachi in Japanese) that
are potentially useful for artistic designs in various areas can be generated from

standard realizations.



Standard realizations show up in the asymptotic behaviors of random walks on
topological crystals, the abstraction of crystal structures, and are closely related
to a discrete analogue of Abel--Jacobi maps in algebraic geometry. These
remarkable aspects of standard realizations, indicate that topological
crystallography is neither an outdated nor isolated field in mathematics; it
vigorously interacts with other areas in pure mathematics which have been
intensively developed in the last decade. Thus this research, though devoted to a

single application of mathematics, takes the reader to various mathematical fields.
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