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The characterizations of dynamical systems using shadowable measures
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We aimed for the new development of the shadowing theory of dKnamicaI
systems by generalizing the notion of shadowing property from the viewpoint of measure theory and
extending our dynamical systems to non-uniformly hyperbolic systems, but not completed yet. In
this project, we introduced the notion of shadowable measures for the set of pseudo-orbits, and try
to characterize the diffeomorphisms admitting the shadowable measures by analyzing the behavior of
shadowable pseudo-orbits from measure-theoretical viewpoint.

We have two remarkable results by making use of the shadowable measures. One is for a system
which does not satisfy the shadowing property in general, we obtained the quantitative estimation
for the set of ﬁseudo—orbits of the system by the shadowable measure. The other is in the context
of C diffeomorphisms, we proved that there is a C open set of diffeomorphisms such that for any
element of the set, the Lebesgue measure itself is shadowable for the element.



shadowing property, SP Anosov-Bowen
SP
SP
SP SP
(expansive homeomorphism)

Morales-Sirvent [5]
(measure-expansivity)

Sl
[7,13]
SP
SP SP
C'- [°]
JSPS 25400105 JP16K05167 M
[12]
f M goooM f- f p-
M -expansive 0 >0 XEM u (s (xX))=0
M s QO={yeM:d(F'(x),F'(¥)) & ( nez) | E={fc
Diff(M):p - ( wemMD)} I E C-
Axiom A MM M f-
SP [4]
[4]
SP
pseudo-orbit
SP
SP
Cc*- M SP
SP CO-
SP Cl-
SP hyperbolicity
Pilyugin Springer LNM [8]
SP
SP [1,2,3]

shadowable measure

SP



(X,d) X n X'=Xx ...x X n )
f X 5 >0 {xi}ex £ 0o - d -p-
0 d(fF(xi), Xi)<d (i=0,...,n-2) € >0 {xi}
X" € - yeX d(f'(y),xi)<e (i=0,...,n-1)
X pu (F- V] n
Moo= x .xp(n 2) 0 >0 f & -p-o {xi}ex" PO(% ,n)
€ >0 € - o -p-0 SPO(% ,& ,n) ( PO ,n))
¥
: € >0 0 >0 neEN M o(SPO(S ,& ,n))=
M 2(PO(3 ,n)) f -
f:Xx-X SP ¥ f p- M support
supp(M ) X f p- fzsupp(p ) -
supp(u ) SP M | 1 idi, SP
id, M-
g T? Axiom A R?
SP
P, g LON
{p}=w"(a){a} Axiom A SP
g P g
| - <l 2 di |-
A% v
n A
A Iy
2 >————— / < >—— 2
v psv / 0] Apv K
U
\ A
2
c”- M Diff(M) C- M
M(M) feDiff(M) f- M(M)
f- HONEEO))
(a) PS={feDiff(M):p - ¢ b EMM))},
(b) | S={feDiff(M):p - ( v EMOD)}
(c) ES={feDiff(M):u - ( Y EMEOD)}
c-
M(M)
M(M) M)
SP c'-
JSPS
SP
PS (- Axiom A+

[6]



IS ¢C*- Axiom A

[61
ES (- partially hyperbolic splitting
dominated splitting
[1,2,3,7,13]
[6] PS, IS (-
ES
ES st
60
[10]
SP
[11] Filtration
M m ci-
m c?
c-
SP

[1] F. Abdenur and L. J. Diaz, Pseudo-orbit shadowing in the C' topology, Discrete
Contin. Dyn. Syst. 17 (2007), 223-245.

[2] C. Bonatti, L. J. Diaz and G. Turcat, Pas de "shadowing lemma®" pour des dynamiques
partiellement hyperboliques, C. R. Acad. Sci. Paris Sér. 1 Math. 330 (2000), 587-592.

[3]1 S. Kryzhevich and S. Tikhomirov, Partial hyperbolicity and central shadowing,

Discrete Contin. Dyn. Syst. 33 (2013), 2901-2909.

[4] K. Lee and C. A. Morales, Topological stability and pseudo-orbit tracing property
for expansive measures, J. Differential Equations 262 (2017), 3467-3487.

[5] C. A. Morales and V. F. Sirvent, Expansive measures, IMPA Mathematical Publications
29, Coloquio Brasileiro de Matematica, Instituto Nacional de Matematica Pura e Aplicada,
Rio de Janeiro, 2013.

[6] K. Moriyasu, K. Sakai and N. Sumi, Diffeomorphisms with shadowable measures, Axioms
2018, 7, 93; https://doi.org/10.3390/axioms7040093

[7] M. J. Pacifico and J. L. Vieitez, On measure expansive diffeomorphisms, Proc. Amer.

Math. Soc. 143 (2015), 811-819.

[8] S- Yu. Pilyugin and K. Sakai, Shadowing and Hyperbolicity, Lecture Notes in Math.

2193 (2017), Springer.

[9] K. Sakai, Pseudo orbit tracing property and strong transversality of
diffeomorphisms on closed manifolds, Osaka J. Math. 31 (1994), 373-386.

[10] K. Sakai and N. Sumi, The measures of shadowable pseudo-orbits, Dyn. Syst. 35

(2020), 369-381

[11] K. Sakai and N. Sumi, Filtrated pseudo-orbit shadowing property and approximately
shadowable measures, Axioms 2021, 10, 38; https://doi.org/10.3390/axioms10010038

[12] K. Sakai, N. Sumi and K. Yamamoto, Measure-expansive diffeomorphisms, J. Math.

Anal. Appl. 414 (2014), 546-552.

[13] K. Sakai, N. Sumi and K. Yamamoto, Ergodic measure-expansive diffeomorphisms, Dyn.

Syst. 29 (2014), 569-577.



4 4 0

Kazuhiro Sakai 58
Positively expansive maps and the limit shadowing properties 2021
J. Korean Math. Soc. 207-218
DOI
10.4134/JKNS. j200019
Sakai Kazuhiro Sumi Naoya 10
Filtrated Pseudo-Orbit Shadowing Property and Approximately Shadowable Measures 2021
Axioms 38 38
DOI
10.3390/axioms10010038
K. Sakai and N. Sumi -
The measures of shadowable pseudo-orbits 2019
Dynamical Systems: An International Journal -
DOI
10.1080/14689367.2019.1703907
K. Moriyasu, K. Sakai and N. Sumi -
Shadowing Property and Invariant Measures Having Full Supports 2020

Qualitative Theory of Dynamical Systems

DOl
10.1007/s12346-020-00338-9







