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This project shows that the monotonicity of the control function implied by the celebrated Heckman
selection model is shared by a much larger family without parametric assumptions. It proposes a more
convenient semiparametric estimation method for the sample selection model.

Motivated by the celebrated Heckman selection model which implies a
parametric and monotone selection function, this project studies a sample selection model that does
not impose parametric distributional assumptions on the latent errors, while maintaining the
monotonicity of the control function. It shows that a positive dependence condition on the latent
errors is sufficient for the monotonicity. The condition is equivalent to a restriction on the
copula function of latent error terms. Using the monotonicity, this project proposes a
tuning-parameter-free semiparametric estimation method and establishes root n-consistency and
asymptotic normality for the estimates of finite-dimensional parameters. Simulations and an
empirical application are conducted to illustrate the usefulness of the proposed methods. The
shape-restricted estimation methods are also applicable to other semiparametric models including
the ordered response model and accelerated failure time model.
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lection model Ordered response model Accelerated failure time
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The sample selection problem arises frequently in economics when observations are not taken
from a random sample of the population. Understanding the self-selection process and
correcting selection bias is a central task in empirical studies of the labor supply behavior of
females, the determinants of schooling choices, unionism status, and migration decisions,
among others. The celebrated Heckman selection model yields a selection correction function
(control function) that is parametric and monotone. When the joint distribution of error terms in
the selection and outcome equations is unknown, the control function becomes nonparametric.
This project studies a sample selection model that does not impose parametric distributional
assumptions on the latent error terms, while maintaining the monotonicity of the control
function. Using the monotonicity, this project develops a new semiparametric estimation
method of the sample selection model that does not relies on parametric assumptions, and at the

same time does not require tuning parameters such as the bandwidth.

2. WL BE®

(1). To find a sufficient condition for the monotone control function, which is related to an
intuitive dependence concept of two latent errors.

(2). To propose a new semiparametric estimation method of the sample selection model that
incorporates the monotonicity of the control function and thus frees practitioners from
specifying tuning parameters.

(3). To investigate the asymptotic properties of the proposed estimator.

(4). To apply the monotonicity-restricted estimation method to other models including the

ordered response model and the accelerated failure time model.

3. WHEOTE
(1). To characterize the sufficient conditions for the monotonicity of the control function, this

project utilizes a concept of positive (negative) dependence in the probability literature: the right
tail increasing (decreasing) (Esary and Proschan, 1972). Then using the copula theory, this
project shows that the monotonicity of the control function in the Heckman model is shared by a
much larger family without requiring any parametric assumptions.

(2). To incorporate the monotonicity restriction into the estimation, this project uses the
nonparametric maximum likelihood estimator (NPMLE, Groeneboom and Hendrick, 2018) in
the first stage and then uses the isotonic regression (Huang, 2002) in the second stage.

(3). To establish the convergence rate and the asymptotic normality of the proposed estimator,

this project relies on the empirical process theory and the characterization of isotonic regression.

4. WHFERCR

(1). This project shows that a specific positive (negative) dependence condition between the two
latent error terms (in the selection and outcome equations, respectively), i.e., the right tail
increasing (RTI) (or right tail decreasing), is sufficient to induce a monotone control function.
This condition only depends on the copula function without restricting the marginal

distributions of the latent errors. This project presents several parameterized joint distributions



of latent errors that yield monotone control functions, and it also discusses the economic
meaning of RTI by comparing it to another popular measure of positive dependence: stochastic
increasing.

(2). This project proposes a new semiparametric estimator (MCF hereafter) for the sample
selection model that incorporates the monotonicity of the control function and circumvents the
choice of user-specified tuning parameters. The proposed estimation method contains two
stages: in Stage 1, the estimator first computes the NPMLE for the distribution function of the
error term in the selection equation for any fixed value of the coefficients in the selection
equation, and then estimates these coefficients via moment conditions; in Stage 2, the
coefficients in the outcome equation are estimated via a partial linear model where the
nonparametric component part is estimated by the isotonic regression. The algorithm can be
implemented conveniently in R.

(3). Although the NPMLE and the isotonic regression for the nonparametric components are
known to have a slow convergence rate, this project shows that the proposed estimator for the
coefficients in the outcome and selection equations keeps the desirable root-n convergence rate.
In addition, the asymptotic normality and bootstrap consistency are also established.

(4). Free from the choice of bandwidth, the Monte Carlo simulation study shows that the finite
sample performance of proposed MCF estimator is competitive relative to the kernel estimator
using different bandwidth selectors. Table 1, which presents a part of the simulation results,
compares the root mean square error (RMSE) of the proposed estimator (MCF) to the

parametric Heckman’s estimator and kernel estimators for the outcome equation’s coefficient.

Table 1: Root mean square error of the Heckman’s estimator, the proposed
estimator (MCF) and the kernel estimator (with different bandwidth selectors) for
the single coefficient in the outcome equation. CV=cross-validation bandwidth
selector, PI= plug-in bandwidth, 2ord=:Linton (1995)’s optimal bandwidth based

on the second order approximation, ROT=rule of thumb bandwidth, N= sample

size.

N Heckman | MCF Kernel-based (Klein-Spady + Robinson)
CV,CV | CV,PI CV, 2ord | ROT,ROT

1000 1892 1531 .1706 .1646 .1642 .1696

2000 1467 .1073 1131 1120 1132 1215

5000 .1002 .0633 .0658 .0669 .0652 .0675

(5). The proposed estimation method is applied to estimate female wage equation, using the
Merged Outgoing Rotation Groups (MORG) of the US’s current population survey for the year
2013. In this example, the control function will be decreasing if there is a strong enough
positive dependence between the unobserved productivity in the wage equation and the working
incentive in the labor market participation equation. In addition, such a monotonicity restriction

is also supported by the kernel estimate of the control function in Figure 1.#

Fig-1. The estimated control functions for the wage equation of married women in US,
MORG 2013. Solid line = NPMLE estimate of the control function, dotted line = kernel
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(6). This project also proposes monotonicity-restricted estimation methods for other
semiparametric models including the ordered response model and accelerated failure time
model. In the former case, there is an inherent monotonicity restriction on the distribution
function of the error term. In the latter case, the project shows that the monotonicity of the
hazard function of the error term is implied by the log-concavity of its survival function, which
is in turn satisfied by a large family of commonly used parametric duration models. By
incorporating the monotonicity restriction into the estimation method, the proposed estimator
for the ordered response model is free from any tuning parameters, and the estimating equations
for weighted rank estimators for the accelerated failure time model is guaranteed to have a

unique global solution.
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