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We have developed new approaches to study beta ensembles, especially the three classical beta

ensembles. By those approaches, we can completely describe the global and the local asymptotic
behavior of beta ensembles in a high temperature regime.

We study beta ensembles on the real line with focusing on the three
classical beta ensembles (Gaussian beta ensembles, beta Laguerre ensembles and beta Jacobi
ensembles). In a high temperature regime, we show a universality result at the bulk, that is, around

any fixed reference energy, the local statistics converges in distribution to a homogeneous Poisson

point process. For the three classical beta ensembles, we completely describe the global behavior,
that is, two fundamental results on the convergence to a limit of the empirical distribution (law of

large numbers) and Gaussian fluctuations around the limit (central limit theorem). We flexibly use
tools from probability theory, spectral theory, theory of orthogonal polynomials and stochastic
analysis. The limiting measure in a high temperature regime is related to associated Hermite
polynomials (Gaussian case), associated Laguerre polynomials (Laguerre case) and associated Jacobi
polynomials (Jacobi case).
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Beta ensembles are objects in random matrix theory, statistical mechanics, potential
theory and spectral theory. Among them, three classical beta ensembles on the real
line are now realized as eigenvalues of certain random tridiagonal matrices. The
parameter beta regarded as the inverse temperature is usually assumed to be fixed.
Problems with beta varying have been investigated for some specific beta ensembles
recently, leading to some crossover results. This research aims to establish new
spectral properties and to provide universal approaches to deal with even the case of
beta varying.

This research aims to establish new spectral properties of beta ensembles, in general,
and of the three classical beta ensembles and their related random matrix models, in
particular. It focuses on universal methods which can deal with the case of varying
parameter beta as well.

The idea is to flexibly use tools from spectral theory, probability theory and potential
theory together with an analytic approach based on the joint density.

This research studies spectral properties of beta ensembles and related random matrix
models in case the inverse temperature beta is allowed to vary with the system size.
In what follows, a high temperature regime is the case where the temperature parameter
(the reciprocal of beta) is proportional to the system size. We obtain the following
results.

(1) Gaussian beta ensembles. They are the most studied random matrix model. The
convergence of the empirical distribution of the eigenvalues to a limit and Gaussian
fluctuations around the limit have been established even when the parameter beta is
allowed to vary as the system size tends to infinity. In a high temperature regime,
the empirical distribution converges weakly to a probability measure of associated
Hermite polynomials, almost surely. Gaussian fluctuations around the limit can be
established by using the random tridiagonal matrix model.

We study dynamical versions of the three classical beta ensembles (Gaussian beta
ensembles, beta Laguerre ensembles and beta Jacobi ensembles), that is, stochastic
processes called beta Dyson’ s Brownian motions, beta Laguerre processes and beta
Jacobi processes. We develop a moment method at the process level to solve two
fundamental problems: the convergence of the empirical measure process to a limiting
process, and fluctuations around the limit. This approach yields several new results
on the proves level. In addition, it provides a natural way to explain the appearance
of orthogonal polynomials in the problem of Gaussian fluctuations around the limit.

Back to the Gaussian case: in a high temperature regime, our new moment approach at
the process level yields a fundamental result on Gaussian fluctuations: by taking
primitives of associated Hermite polynomials, Gaussian limits are independent.

(2) Beta Laguerre ensembles. We completely describe the global asymptotic behavior of
the empirical distribution, that is, the convergence to a limit distribution and
Gaussian fluctuations around the limit. Beta Laguerre ensembles are generalizations of
the distribution of the eigenvalues of Wishart matrices or Laguerre matrices, two types
of random matrices in statistics, in terms of the joint density. They are now realized
as eigenvalues of a random tridiagonal matrix model. For the proof, we make use of the
random matrix model and extend some ideas used in the case of Gaussian beta ensembles.



In a high temperature regime, we show that the empirical distributions converge weakly
to a limiting measure which 1is the probability measure of associated Laguerre
polynomials (Model 11), almost surely. We also establish a dynamical version of that
result. Namely, consider beta Laguerre processes in a high temperature regime, we show
that their empirical measure processes converge to a limiting process (in probability).
For the proof, we develop a moment method at the process level. The key ideas are: (i)
each moment process of the empirical measure processes can be shown to converge to a
deterministic process by induction, and (ii) under some additional mild conditions,
the limiting moment processes determine the limiting measure uniquely, and thus, the
convergence of the empirical measure processes follows. Similar to the Gaussian case,
Gaussian fluctuations at the process level have also been studied.

(3) Beta Jacobi ensembles. We extend the dynamical approach to study beta Jacobi
ensembles and beta Jacobi processes at a high temperature regime. For the result, we
obtain a new model of associated Jacobi polynomials, named Model 111. We also establish
a fundamental result on Gaussian fluctuations around the limit, or central limit
theorems involving orthogonal polynomials. The Jacobi case 1is technically more
difficult than the Gaussian case and the Laguerre case. Detailed arguments involve:
result on the freezing regime in which the system size is fixed while the parameter
beta tends to infinity, duals of Jacobi polynomials, joint convergence of stochastic
processes and their initial data. Two important new ideas here are: (i) dealing with
stationary beta Jacobi processes whose stationary distribution is nothing but the
corresponding beta Jacobi ensembles; and (ii) showing that in the limit, the initial
conditions are independent of the rest of the process.

(4) Beta ensembles on the real line with generic potentials. In a high temperature
regime, we show that the local statistics around any fixed reference energy converges
to a homogeneous Poisson point process. We prove the Poisson statistics by analyzing
the joint density with the help of some estimates from the theory of large deviation
principle.
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