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Conic optimization is a class of problems that is quite useful in practice, with applications in
many fields. Through this project, we helped to elucidate some aspects of conic optimization that
will be helpful when solving certain challenging instances.

We proved several results on the geometry of general convex cones, including

a characterization of self-duality of polyhedral cones and a study on automorphisms of certain
hyperbolicity cones. We also proposed the notion of "amenable cones", proved its properties and
compared it to other classical notions of facial exposedness. We developed new techniques based on
facial reduction for regularizing conic linear programs. One of the main new results of this project
was a new framework for computing error bounds based on the notion of facial residual functions and

facial reduction. New error bounds were computed for symmetric cones, exponential cones, p-cones
and power cones. We proposed a new framework for obtaining convergence rate results for algorithms
for co?vex feasibility problems. All the aforementioned results were published in peer-reviewed
journals.
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Conic linear programming (CLP) corresponds to the task of optimizing a linear function
subject to the constraint that the decision variable belongs to the intersection of an affine
space and a convex cone. Examples of CLPs include linear programs (LPs), semidefinite
programs (SDPs) and many others. Unfortunately, as we move from LPs to more complex
classes of problems, certain kinds of ill-posedness/ill-behavior appear which makes it difficult
to actually solve a given CLP instance. In those cases, a solver may fail to obtain the right
answer or may wrongly declare that some instance is feasible/infeasible.

Since the central objects in conic programming are convex cones, there have been many
efforts in trying to further elucidate the theoretical and geometric properties of general
convex cones. At the start of this project, while much was known about certain classes of
cones such as the positive semidefinite matrices, there were many useful cones whose
properties were not adequately explored. In addition, even for classical problem classes such
as SDPs, there was much that was not known about the possible ways that a CLP instance
can misbehave and how best to address that in theory and practice.

The motivation for this project was to deepen our understanding of ill-posedness/ill-behavior
in CLPs and to develop techniques to better analyze and handle ill-posed instances. To do so,
our goal was to investigate the theoretical properties of general convex cones, explore a few
important families of cones and further develop certain techniques based on facial reduction.

We advanced the goals of this project through collaboration with researchers both in Japan
and abroad. This included online zoom meetings and, before the COVID-19 pandemic,
international visits. During this project, we wrote several papers and submitted them to peer-
reviewed journals. We also presented several of our results in international conferences.

We obtained new results on the following topics.

Theoretical Properties of Cones

In a paper published in the Mathematical Programming journal, we introduced the class of
amenable cones . Initially, amenability was introduced with the goal of obtaining error
bound results for certain classes of cones (more on that later), and in , we showed that
symmetric cones (which include the special case of positive semidefinite matrices) are
amenable. Although we omit the precise definition of amenability here, it turns out that
amenability is a sufficient condition for a cone to have another useful property called niceness.

Amenability turned out to be a useful facial exposedness property and, with the goal of
further understanding the class of amenable cones, we wrote a paper published at the SIAM
Journal on Optimization , where we carefully examined the properties of amenable cones
and further showed that all spectrahedral cones are amenable. In that paper we also showed
that there exist nice cones that are not amenable. Later, in a Mathematical Programming
paper , we showed that all hyperbolicity cones are amenable.

Figure 1 — A picture from depicting a 3D slice of a 4D cone
that is nice but not amenable.



Other related theoretical work we did on the structure of cones included a study of

automorphisms of certain hyperbolicity cones , a characterization of self-duality for
polyhedral cones and the study of certain properties of spectral functions associated to
Euclidean Jordan algebras . One curious finding described in is that it is possible to

systematically search for self-dual polyhedral cones by solving semidefinite programs, see
Figure 2.

Facial reduction and related techniques

In , we developed a new technique based on facial reduction to “completely solve” (in
theory) arbitrary conic linear programs by solving a sequence of “well-behaved” intermediary
conic linear programs. Here, “completely solving” includes deciding whether a specific
instance is feasible/infeasible, computing the optimal value and an optimal solution (if one
exists). We also revisited Ramana’s famous extended dual for semidefinite programs and
provided a simple derivation based on elementary linear algebra techniques in

Figure 2 — A picture from describing a 3D slice of a 4D numerically self-dual

polyhedral cone found via semidefinite programming.

Error bounds

One of the main outputs of this project is a new framework for computing error bounds for
conic linear programs. This work started in , initially for amenable cones and was later
expanded to arbitrary cones in . Both and were published at the Mathematical
Programming journal. The key ingredients for our framework are the newly introduced
notion of facial residual function (FRF) which is then combined with a facial reduction
technique in order to derive the final error bound.

Essentially, we showed that the problem of determining error bounds for certain problems

associated to conic linear programs boils down to the computation of the facial residual

functions for the underlying cone. Initially FRFs were only known for symmetric cones (see
), but later we developed techniques for computing FRFs for other cones, which allowed us

to obtain new error bound results for exponential cones , p-cones and power cones

We also developed techniques to examine whether certain error bounds are “optimal” and

explored applications of error bounds in determining certain algebraic properties of cones in

and

Among the new error bounds we obtained, the ones for the exponential cone were particularly
curious, since we found examples where the underlying error bound was not Holderian.
Previous examples in the literature of non-Hélderian behavior were mostly confined to
artificial examples, but the exponential cone example shows that this may happen even for
cones that are widely useful in practice.

Figure 3 - A picture from which shows a part of the exponential cone.



We also introduced a new framework for the study of error bounds for convex sets and
used it to analyze the convergence rates of certain algorithms . A new aspect of the
work done in is that we were able to obtain concrete convergence rates even when
the underlying error bound is not Hélderian. This enabled, in particular, to obtain
convergence rates for certain problems involving exponential cones.
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