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Learning graphs via enumerative queries bring the unique benefits of succinctness (theoretical
bounds) and efficiency to sample richer knowledge structures (parallelization), rendering the
improved approaches to tackle complex problems in graph design/optimization in robotics and
engineering.

In this research, learning graph structures via enumerative queries and
their applications were conducted. In one hand, the efficient algorithms to design structures of
directed networks, undirected networks, modular networks, and variable-size networks achieving the
state-of-the-art efficiency were made possible. And the applications in path planning and graph
design and optimization problems have shown the desirable performance, efficiency, and versatility
of the proposed algorithms.
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Efficient representations to learn graph structures are relevant to computing and encoding dependencies
ubiquitously. Contrasted with conventional and indirect graph representations, the enumerative
representation of graph structures offers extreme succinctness (theoretical tight bound) and the utmost
efficiency to sample via enumerative queries.

Learning general graphs with n nodes and m edges is known to be hard. Often, the graph is unknown a-
priori, and is to be learned via topology sampling queries. Practical applications are often studied in
Engineering, Molecular Biology, Chemistry and Machine Learning. Yet, significant questions remain, such
as (1) how to learn general graphs using efficient queries of the search space, and (2) how to use
simultaneous queries (parallelization) while balancing exploration and exploitation mechanisms efficiently.

This research aims at constructing algorithms to learn graph structures by using enumerative queries over
the search space of graphs and tackle their practical applications in graph architecture search and network
design and planning problems.

(1) Graph Structures

Efficient algorithms to learn graph structures using enumerative queries were developed. In particular, the
state-of-the-art learning algorithms using both gradient and gradient-free optimization frameworks through
directed graphs, undirected graphs, graphs with self-loops, and graphs with modules were proposed.

(2) Applications

The applications underlying the learning of graphs using enumerative queries in directed, undirected,
modular and variable-size learning networks for robot control and computer-aided design problems were
proposed. In particular, the applications in path planning, network design (sensor networks, neural networks),
multi-agent system (multi-robots) and aesthetic design.

(1) the efficient sampling algorithms for directed graphs, the novel bijections tree structures and Catalan
objects, and the rendering of Steiner trees on the plane with obstacles. Here, we use the hybrid between
hierarchical optimization of shortest routes through sequential quadratic programming over constrained two-
dimensional convex domains, and the gradient-free stochastic optimization algorithms with a convex search
space. Our approach offers the cornerstone mechanisms to further advance towards developing efficient
network and combinatorial optimization algorithms with flexible and scalable representations.

(2) a novel sampling-based differential particle scheme for nonlinear optimization and control problems,
which unifies the principles of difference of vectors and particle schemes for parameter adaptation through
archive (memory) mechanisms. Our computational simulations using 25 control problem instances (motor
position and velocity control, magnetic levitation, inverted pendulum, crane stabilization), and the
comparisons 23 optimization algorithms has shown the outperforming benefits of the proposed approach
under tight function evaluation budgets. Our obtained results have the potential to further advance towards
developing efficient and self-adaptive optimization algorithms based on the difference of vectors, which may
find use in a wider set of optimization and control problems.

(3) robust algorithms based on enumerative queries and efficient parallel reductions on the Graphics
Processing Unit (GPU) to tackle combinatorial generation problems, which is crucial to learn directed graphs,
undirected graphs, graphs with self-loops (loopy-graphs), and graphs with modules (hypergraphs). Our
computational experiments consisting of a relevant set of problem instances and gradient-free optimization
algorithms show that (1) it is possible to generate combinations in the GPU efficiently, with quasi-linear



complexity, (2) it is possible to tackle instances of the subset sum problem within a reasonable number of
function evaluations, and (3) Particle Swarm Optimization with Fitness Euclidean Ratio converges faster.
Since the search space of number-based representations is one-dimensional and amenable to
parallelization schemes (e.g., GPU), our work opens the door to tackle further combinatorial problems
efficiently.

(4) new graph representations and stochastic optimization algorithms to compute collision-free lattice paths
on binary occupancy maps with utmost efficiency, in about 10 ms. in complex navigation scenarios,
rendering a one-dimensional search problem. Our computational studies using ten state-of-the-art and
relevant nature-inspired swarm heuristics in navigation scenarios with obstacles with convex and non-
convex geometry showed the practical feasibility and efficiency in rendering collision-free lattice paths. Our
approach may find use in devising faster algorithms for planning and combinatorial optimization in discrete
search spaces.

(5) efficient algorithms for the subset sum problem based on enumerative queries and gradient-free
optimization algorithms with varying forms of selection pressure, exploration-exploitation, multimodality
considerations. The search space is defined by numbers associated with subsets of fixed size. Our
computational experiments have shown that it is feasible to find optimal subsets with fewer number of
function evaluations. Our approach realizes the one-dimensional search space and the amenable sampling
schemes under parallelization through GPUs. Our results open the door to study further classes of
combinatorial resource allocation problems efficiently using gradient-free and parallelization schemes based
on enumerative queries.

(6) a new scheme to learn motion planning functions in 6-DOF robot manipulators using the linear transition
in the C-space, whose effectiveness has been demonstrated by learning the architecture of Neural Nets and
Kernel Machines with utmost efficiency. Our approach contributes to realizing the practical efficiency to
tackle the learning-based motion planning problem. Due to the amenability to parallelization schemes, our
approach is potential to tackle larger degrees of freedom.

(7) the representations of higher order fairness functionals in curves to enable smooth and safe path
planning for multi-agent and robot systems. Our approach enables the generation of alternative smooth
curve profiles and safer paths for navigation and has the potential to extend towards fitting and fairing of
curves with utmost efficiency. Furthermore, our approach enables the possibility of computing smooth paths
from input reference trajectories by using higher order non-linear fairness functionals. Our approach has the
potential to enable the generation of simple and computationally efficient path planning and smoothing for
navigation in mobile robots.

(8) the learning of adaptive locomotion gaits for legged robots under conditions of leg failure and gait
adaptation by using enumerative queries. Our approach uses enumerative queries and samples the
factoradic search space of robot gait locomotion. Our results have the potential to enable efficient adaptation
to new locomotion conditions and to explore the canonical representations for adaptation in robotic
locomotion problems.

(9) the compact representation of convolution graphs by broadcast networks and its application to sound
classification. Besides achieving state-of-the-art accuracies, our approach offers insights and the potential
to enable compact and generalizable broadcast networks for sound classification.

(10) the new schemes to represent the folding behavior of flat and curved membranes with finite thickness
by using graph representations, whose governing equations render folding lines by juxtaposing spirals and
by accommodating membrane thickness. Our experiments using a set of topologically distinct flat and curved
membranes deployed by tensile forces applied in the radial and circumferential directions have shown the
improved deployment performance. From viewpoints of configuration and deployment performance, the
proposed approach has the potential to design versatile spiral folding and packaging mechanisms.

(11) the representation of curvature in the folding of planar membranes, allowing the representation of folding
structures by compact planar graphs. We present mathematical formulations that consider the curved
creases in folding networks and describe folding examples of a planar membrane with a defined thickness.
Our computational experiments have shown (1) the versatility to model a plural number of curvature profiles,
and (2) the feasibility of global deployment by using compliant and explicit numerical simulations. From
viewpoints of configuration and deployment performance, the curved crease patterns have the potential to
extend the versatility and smoothness of spiral folding mechanisms.



(12) the sampling of graph-based cable-driven robot manipulation structures, enabling the design of cable-
driven mechanical structures by enumerative sampling of the graph search space for cable-driven
manipulators, which are attractive for high payload ratio, low inertia, large workspace, and high-speed duties.
We investigated the optimal configuration of a cable-driven parallel mechanism under topologically variant
loads. Our computational experiments and comparison to five gradient-free particle-based optimization
heuristics has shown (1) the multimodal properties of the search space, (2) niching and stagnation
avoidance strategies in optimization offer competitive convergence to feasible solutions, and (3) using the
cost function based on the sum of square of forces while solving the tension distribution problem leads to
feasible yet not always smooth force distributions, implying the need to devise tailored objective functions
considering smoothness factors in the quadratic program. Our results have the potential to devise tailored
and fast algorithms to design cable-driven mechanisms under graph-based representations.

(13) the generation of robot manipulator trajectories by using graph-based representation and extreme
learning schemes, enabling the planning of robot manipulator trajectories with utmost efficiency, in the order
of milliseconds. This approach extends the path regression problem, that is the learning of motion planning
functions that render robot trajectories from initial to end robot configurations in a single forward pass. Our
computational experiments involving a relevant set of 6-DOF robot trajectories encoded in the linear
transition of the configuration space have shown path regression’s feasibility and practical efficiency with
attractive generalization performance in out-of-sample observations. In particular, we show that it is possible
to learn neural policies for path regression in about 10 ms. Our approach has the potential to explore efficient
algorithms for learning-based motion planning.

(14) the study on the visualization of resource distribution networks on the plane, enabling the possibility to
design optimal networks interactively. Our proposed approach has the potential to enable the interactive
design of distribution networks in virtual domains. We present several examples showing the feasibility of
our system.

(15) the algorithms for minimal enumerative representation of graphs, implementing the efficient framework
to generate graph and hypergraph representations with minimal space, and enabling to store, communicate,
and sample the search space of graphs and networks while meeting user-defined criteria via efficient
enumerative queries (both CPU and GPU-enabled). Our algorithms implement both the gradient and
gradient-free optimization algorithms suitable for utmost efficiency; as such, our computational experiments
using graph instances with varying degrees of sparsity have shown the merit of attaining minimal numbers
for graph encoding/representation rendered by exploration-oriented strategies within few function
evaluations.

(16) the learning algorithms for the optimal coordination networks in robotics planning problems,
implementing the optimal and efficient coordination of multi-robot navigation problems using graphs and
lattice-based roadmap configurations, enabling the collision-free multi-robot coordinated path planning
algorithms. Our results have the potential to elucidate new enumerative sample-based algorithms for graph
representation, network design and network optimization.
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